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All representation functions of ISO(n) have been found in explicitly closed form. They can all be
expressed in terms of Bessel functions and Clebsch—Gordan coefficients of SO(n ) involving the

most degenerate representation [k,O].

1. INTRODUCTION

The inhomogeneous orthogonal group ISO(n) is of
great importance in physics. ISO(3) is the Euclidean group
in 3-space, and is the basic group for the time independent
Schrddinger equation, which is the starting point for nonre-
lativistic scattering problems. ISO(4) is perhaps connected
with ISO(3,1), which is the Poincaré group. It will therefore
be useful to obtain the representation functions of ISO(n) in
general, both for its intrinsic significance and its application
to physics.

The irreducible representations of ISO(n) have been ob-
tained by Chakrabarti,' who showed that an irreducible re-
presentation in ISO(2k )and ISO(2k + 1)ischaracterized by
k numbers: ¥, which is continuous, and
{m, ;12 ¢ 130, . 1« |, Which are discrete. The
branching rules for [m,, , (,,...m, , | ] show that they are
equivalent to the labels characterizing an irreducible repre-
sentation of SO(n — 1). The relationship between ISO(n)
and SO(n,1) has been given by Wong and Yeh,? who have
also obtained the eigenvalues for the invariant operators of
ISO(n),’ and the shift operators with their normalization
constants.*

It has been known for a long time* that the representa-
tion functions of ISO(2) and ISO(3) are connected with ordi-
nary Bessel functions J, (z) and spherical Bessel functions I

II.REPRESENTATION FUNCTIONS OF ISO(2) and ISO(3)

J« (2) respectively. It is our purpose to show that this relation-
ship can be generalized to ISO(n). If one defines a Bessel
function of “nth order,” denoted by J \"}(2), as

J@=2"""J @) (1.1)

then one can make the following statement valid for all #:
The representation functions of ISO(n), n > 2, are express-
ible as a summation over k of J\"1(z), k = 0,1,..., .

We are able to obtain this result through the theory of
induced representations. For an excellent exposition, see, for
example, the recent book by Barut and Ragzka.” This ap-
proach was used by Wolf ® to obtain the representation func-
tions of ISO(n), as well as SO(n + 1) and SO(#n,1), in terms of
the d functions of SO(n). However, Wolf did not explicitly
evaluate the integral he has obtained through the induced
representation. We wish to show that the integral can be
evaluated in a simple way, with the result that the represen-
tation functions of ISO(#n) can be expressed as a sum over k
of J "/(y£€), multiplied by two CG coefficients of SO(n), in-
volving the most degenerate representation [k,0] of SO(n).

In Sec. 11, we rederive the results of ISO(2) and ISO(3)
in terms of our method, and discuss briefly Wigner’s con-
traction process. In Sec. III we obtain the representation
function of ISO(4) explicitly. In Sec. IV we obtain the gener-
al representation functions for all ISO(n). All these expres-
sions are in explicitly simple and closed form.

We derive all our results from the basic integral obtained by Wolf,?

(dim, Jdim, J)*  (VolH )
dim, ,Ldim, |, L' VolG VolK

ld}lLL'J'(g):

Xy dim, _, Mf sin" ~’0d6 di,, (8) exp(iyé cosf)d |, (0),
M 0

where
(VolH )? _
VolGVolKk

r(n/2)
70 (n — 1))

@2.1)

(2.2)

Equation (2.1) is valid for n > 2. For n = 2, the limit of integration goes from 0 to 277, and the integral should be divided by

2. So for ISO(2), we obtain

ldy

"y my,

2w

(§) — (277,) —1 J dbe ™ im,,6 eimizﬁ o'TE cosd
(0]

Now we use the well known expression® (Ref. 5, p. 73)
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erscost Z il J1(7’§) er’l@ . (24)

Substituting (2.4) into (2.3) and performing the integration, we obtain

"y (E)=0TTR (). 2.5)
This result was obtained by Wigner® through the contraction of the d function of SO(3), i.e.,
md., /1) =J, @) 2.6)

This result can be derived from the relationship between the Bessel function and the limit of Jacobi polynomials P *#*(cosz/n)
as n—wo,” i.e. (Ref. 9, Eq. 41, p. 173),

11m n “P'"B)cosz/n) = 11m n~ PPl —22/2n%) = (2/2) ~ ), (2). QN
For ISO(3), we have
d fnj"‘;;” ©) = [@my + D@mi, + D)L 3/2)7 7 J Sinfdod’,, (0)dr",, (0)r= @.8)
0

This time we use the expansion (Ref. 10, p. 128)

e = 3 LQL 4 1), (vE )P, (cos6). 2.9)
L =0
In terms of the d functions of SO(3), we have,
P, (cost)=d §,(8). 2.10)

Next we write

sL| ! mi, L| I
d™  (0)dE,(0) = c(m )c(m ‘ )d'm 6 2.11
24 12( ) 0( ) 2 2 0 m24 2 O "112 24m|z( ) ( )

From the orthogonality property of the d functions of SO(3),'! we obtain

f sinddf d7",, (@) d', .. 0)=2Q+1)"'5,, . 2.12)
; ‘

m, ) c (”:{3 L
my, 120

This result is in agreement with Miller® and Wigner,® with the additional remark that in both Miller’s equation (6.41) and
Wigner’s equation (12.24), m =n

Again Wigner has shown that this result can be obtained from contracting the d function of SO(4). This is done as follows:
Write the d function of SO(4) as

Substituting (2.9), (2.10), (2.11), and (2.12) into (2.8), we obtain

my;
). (2.13)

my,

) s L
Idr:f:n,\(é‘)= [(2m13 + D@2mi; + 1)]1/2 Z v JL(Vg)C(m 0

LOPILLIP

',::“":’41(9) = z [(2”111 + D@2my, + 1)]1/

myant

) myy +my)  dmyy, —my,) my,
m m, —m —m,,
% myy +my)  Mmy, —my,) mi; o —2im
m m;, —m —my,

mys %(mm +my)  Mmy, — Mmy,)
= X _l(mxa'*m:4)/2+K+mlzfm 2K+1
Z;( ) ( ) %(mm + my,) mi, K

(z(mm +mu) o 4 my) ’g) (m” i3 K) [@m,; + D@mi, + D]

m my, —m, O

UOT (m,, + My)  Hmyg — m24)}

K oy oy 2K+ 1 2m + 1)(2m + 1 1/2 ,
= >(— ( y@my; s+ D] 10m1s + ) m, K

I3
’
(m” mis K

X ) H(m.A + my)/2,.K (9 )1

m,; —m;; O
2.14)

where
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Mmy +my)  Mmyy +my,)

(myg+m)/2—m _2img| 2 2

H(m|4+m24)/2,K (0)::;(_ 1) N € ( —m m 0
=K!( (myy +my — K

My, +my + K+ 1)

The contraction process goes as follows: Write 6 as £ /m,, and take the limit as 7,,— oo . Then we have

im m; mis K N (— 1)2mh+m.4+mz4 ( My, mi, K) 2.16)
Wmy +my) Wmy +my)  Wmyy —my) (ms +my)'"? —my my 0

1/2
) Qising)X CE+1 _, (cosf). (2.15)

74> 0

and

m (m,, +my) ™" Hp,, + myyrox V6 /my) = (— D% je ), (2.17)

where (2.17) is a direct consequence of (2.7) and the relationship between Jacobi polynomials and Gegenbauer polynomials,’
ie, (Ref. 9, p. 174, Eq. 4),

A +,Cl@)=Q24), Pex), a=4—14 (2.18)

Thus Wigner’s result can be summarized as follows:

lim a5 /mi) =" d T (6, @19)

where the left-hand side is the d function of SO(4), and the right-hand side is the d function of ISO(3).

iIl. REPRESENTATION FUNCTION OF ISO(4)
For ISO(4), we have

[(mu + myy + D(myy —my, + D(miy + my, + D(mi, —m3, + l)]l/2

g (€)=
“mm {5 @mys + D@my; + 1)
1 J.” ) mym mim; i s@
X— sin‘0dB d ryimi(0) d im0 vE cosd 3D
Gy S ) d O (
Now write
erel = Nk, (YE)¥E)~'Ch(cosf)(n + 1)1, (3.2)

where C ! (cosf) is the Gengenbauer polynomial.
To obtain k, (¥£ ), we multiply both sides of Eq. (3.2) by sin’6C | (cos8 ) and integrate over d6 from 0 to 7. Then due to the
orthogonality property of the Gegenbauer polynomials,'? the right side becomes (Ref. 12, p. 462, Eq. 5)

s -k(’;%il— J " Cm(cos)C ™ (cos6 )sin*" d6
= 5 b ’(”5 ﬁ:’:):,’["ll el XN R (3.3)

In our case here, m = 1in Eq. (3.3).
The left-hand side becomes a Bessel function through the following formula (Ref. 9, p. 178, Eq. 38):

LA+ P, "GE) T, )l 'V = f €75 °%C 1 (cos8 ) sin**6 d6. (3.4)
(4]
In our case here, 4 = 1. Equating (3.3) and (3.4), we obtain
ko) =2(n + 1’7~ \J, ., (7). (3.5)
Now from the representation theory of SO(4), (See, e.g., Freedman and Wang"®), we have
did(@)=(n+ 1) 'Cl(cosd). (3.6)
00

Next we write
mi,my, n0 PQ mi,my, n0 PQ
dnini0)di3@)= Y dre, @)cl my, 0 my |Cl my 0 my | 3.7
MM 00 ne MM M 0 M M 0 M
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where the C’s are CG coeflicients of SO(4), whose value has been obtained by Biedenharn' in terms of 9-j symbols of SO(3). In
our present case, because of the presence of a zero term, the 9-/ symbols are actually reduced to 6-f symbols.
Next we use the orthogonality relation for the d functions of SO(4),"

" 2 12 1
zf dOsin’0 d 7 (0)d L2, (0) =8, » 6.0 m(2mys + D2my; + 1) .
M0 MM MM 2(myy +my, + Dmyy —my, + 1)
Substituting Egs. (3.2), (3.5), (3.6), (3.7), and (3.8) into Eq. (3.1) and collecting the results above, we obtain the final result
for ISO(4):

! d 3;‘:'-::’::4 m;am;s( g)

Py Mgy

— (_ l)m;4+’"£4+"+mu“""24+’"35+'"n [

(3.8)

(Mg + myy + Dmyy — myy + Dmi, +ms, + D(myy —mj, + 1]
x miy —my) Wmy —my) n/2 miy —myy) Mmy, —my) n/2
X 3 2mn+ D@E) I, | : P e ae

s

(3.9)

n=0 my, +my,) %(m;4 +my) ms myy +my) my, + my,) My

where |-} is a 6-f symbol as defined in Edmonds. !

IV. REPRESENTATION FUNCTIONS OF 1SO(n)

The procedures used in the previous two sections are now generalized to obtain the representation functions of all ISO(n).
First we use the following expansion:

er5 0 = N Ky (yE)C ;" (cosO)(yE) 2. 4.1
k
To obtain K, (y£ ), we multiply both sides of (4.1) by C ; ~ ""*(cos@ )sin” ~ € and integrate over d6 from O to 7. Using Eq.
(3.3), we obtain the left-hand side as
(kD=2 2720 ((n — 1)/2) 0 = 20, (V€)' i1 1w (VE). 4.2)

Using the orthogonality relations for the Gegenbauer polynomials on the right, we obtain, for the right-hand side,

B 2Pk +n—2)

K. 1 n/2 7T N
L(VENYE) 2" 3k — 1+ n/Dk N (— 1+ /D))
Therefore we find:

K (&)= {27720 ((n = 1)/2)i* (k — 1 + /)T (= L+ /D [(n — DIC DI iy 40 (FE). @4

However, it has been found by Vilenkin'? that the representation functions of SO(n) for the most degenerate representa-
tion [k,0] are expressible as Gegenbauer polynomials, i.e.,

4.3)

d 150 (8) = C o P (eosf)/C (L), 4.5)
where
'(n+k=-2)
C, ' " ()= ~—T1— = (4.6)
g O K\C(n—2)

We can then combine the two d functions through CG coefficients of SO(n):

", . mir]
d %”"u]‘ RS | (9) d i[g](?g] (6) = Z d {"’u ) [ 11(9)
fm, s)[m, :] (1101 i [m, 21 [m, 21 . .
[m.] (k01| [m}] [m,] (k01 [mr]
X C [mn + 1,2 ] [0] [mn + 1,2 ] C [mn -1 ] [0] [mn — 1 ] . (47)
[man] [0] [mn~2] [mn—-Z] [0] [mn~2]
Integrating over 6, using the orthogonality property of l dim, [m; [\2
the d functions of SO(n) [Ref. 8, Eq. (3.13)], we obtain a = (_#_) Z K. (EYWEY "2 C o (1)
Kronecker delta 8.}, |- Thus the sum over [m}]}in Eq. dim, [m, ] ko
(4.7) can be performed. The final result for the representa- < C( [, ] [k30] . ' [m.] )
tion functions of ISO(n) is: [m, 2.1 [0] [m, 2]
igrlmoael(g) (WH mmH[m])
(m.] [m2] xXC ; , 4.9
[me () m. ] [mn—l ] (0] [mn—l ]
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where K, (v€)amd C ' *"/*(1) are given in Eqs. (4.4) and
(4.6) respectively, and

[m, ])

[-]

(] 10]
is an isoscalar factor of SO(n).

This gives us a good reason to calculate the CG coeffi-
cients of SO(n) involving the most degenerate representation
[k,0]. In this paper we have made no attempt to calculate
these coefficients. It is worth noting that these coefficients
for SO(n), n>5, are not multiplying free. Therefore the cal-
culation of these coefficients is also intimately connected
with the solution of the multiplicity problem of the CG coef-
ficients of SO(n). Gavrilik and Klimyk'® have claimed that
all multiplicity-free CG coefficients of SO(#) can be obtained
in principle. As far as we know, no explicit expressions for
k > 1 have been obtained for SO(n), n>5. We urge the work-
ers in this field to obtain an explicit expression for the CG
coeflicients in Eq. (4.8).

ACKNOWLEDGMENT

We wish to thank Moorhead State University for finan-
cial support of this work.

5 J. Math. Phys,, Vol. 21, No. 1, January 1980

'A. Chakrabarti, J. Math, Phys. 9, 2087 (1968).

‘M.K.F. Wong and H.Y. Yeh, J. Math. Phys. 16, 800 (1975).

'M.K.F. Wong and H.Y. Yeh, J. Math. Phys. 20, 247 (1979).

‘M.K.F. Wong and H.Y. Yeh, J. Math. Phys,. 20, 629 (1979).

*W. Miller, Jr., Lie Theory and Special Functions (Academic, New York,
1968).

¢J.D. Talman, Special Functions: A Group Theoretic Approach (Benjamin,
New York, 1968).

’A.O. Barut and R. Ragzka, Theory of Group Representations and Applica-
tions (Polish Scientific Publishers, Warszawa, Poland, 1977).

*K.B. Wolf, J. Math. Phys. 12, 197 (1971).

’A. Erdelyi, W. Magnus, F. Oberhetting, and F.G. Tricomi, Higher Tran-
scendental Functions (McGraw-Hill, New York, 1953), Vol. 2.

"“G.N. Watson, 4 Treatise on the Theory of Bessel Functions (Cambridge
University, Cambridge, England, 1922).

"A.R. Edmonds, Angular Momentum in Quantum Mechanics (Princeton
University, Princeton, New Jersey, 1960).

“’N. Ja. Vilenkin, Special Functions and the Theory of Group Representa-
tions, Mathematical Monographs Vol. 22, translated by V.N. Singh
(American Mathematical Society, Providence, R.L., 1968).

"D.Z. Freedman and J.M. Wang, Phys. Rev. 160, 1560 (1967).

"“L.C. Biedenharn, J. Math. Phys. 7, 433 (1961).

A.M. Gavrilik and A.U. Klimyk, *“The Representation Matrix Elements
and Clebsch-Gordan Coefficients of the Rotation Group SO(n),” Pre-
print (1977).

M.K.F. Wong and Hsin-Yang Yeh 5



Asymptotic approximations for modified Bessel functions
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The behavior of a ¢,(x) = I(x)/I;(x), where I, is a modified Bessel function with
integral or half-integral index v and I the leading term of its asymptotic series, is
investigated for x»1. It is shown that ¢,(x) may be approximated by

e(x) = exp(— v/2x), the difference r(x) = ¢, (x)— e(x) being of order x

—1/4

Bounds for r,(x) depending only on x are derived for each of the two classes of v’s and
an application of these results in scattering theory is indicated.

1. INTRODUCTION

The modified Bessel functions 7, are well known special
functions’ closely related to the ordinary Bessel functions J,
I(x)=e~ ™3] (ix), x real. )
Their asymptotic behavior for large positive x and moderate
|v| (£x) is given by the asymptotic series
1_ 47— 1 @ — D@2 —-9) B ]
8x 21(8x)? ’

1,09~12)

@
I5(x) = Qmx) e,

and for |v| comparable to or larger than x (> 1) by the uni-
form asymptotic expansion

3
I,(x)~Qmv) (1 + xz/vz)'l/“e"’ll + 3t—3t + ],

24y

- 2,12 4 ] X ,
n (+x/ ) +n1/+(1/2+x2)l/2

The series on the rhs of Egs. (2) and (3) are both semiconver-
gent and the number of terms needed for the best approxima-
tion of the lhs depends both on x and v. However, taking only
a glance at Eq. (2) one could be tempted to replace the curly
bracket by exp( — v*/2x), putting up with an error of order
xL

The main result of this paper is that such an approxima-
tion is actually possible if the index v is an integral or half-
integral number. Let [v] and 7, (x) be defined by

[v] = [0l integer, )

{v] = [}J¢<==v half-integer,

r,(x) = I,(x)/I°(x) — exp( — v*/2x). &)
Then as is shown in Sec. 2 the following relations hold true:

|7, )| <), (6)

r(x) = 1,07x* for x>1, €)

7 2(x) = 23,06x*  for x>2. (8)

Furthermore, let the real function F!*), F = 4 or Z, be de-
fined by

A LOl(a) — (x/ﬂ.)l/«tex(cosa - _ (x/1r)"“e —x 2 Im (x)eima,
€))
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ZLO] — (477.3x)_l/4 Z e~ (m?/2x) + ima’ (10)
A E(l/z](t) — le/Zex(l— 1)
=@2m'"%e=* 3 I, 1,(x)Q2 + DP(), 11
1
ZLVZ](I) — x_1/2 Z e—(1+ 1/2)2/2x(21 + I)Pl(t), (12)
]

and let ||-|| be the L ? norm of the functions defined on
—7m<a<m([v]=[0D)and — 1 <t<1, ([v] = [3]), respec-
tively. Then it is also shown in Sec. 2 that
|4 1% — Z 19| <0,80x % for x>1, (13)
|41 — Z V) «20,17x7'2  for x>2. (14

Equation (13) implies Eq. (7) but not vice versa. Equations
(14) and (8) neither imply each other, but their proofs coin-
cide to a large extent.

Equations (13) and (14) are not only stated because of
their close connection with Egs. (7) and (8), respectively, but
even more since they are of use in a special problem of scat-
tering theory. This problem, the determination of the angu-
lar distribution of a scattered Gaussian wave packet, is brief-
ly outlined in Sec. 3.

2. PROOFS
A. The general method

Denote by {.,.) the usual scalar product in L 2( — a,a)
where a = 7 for [v] = [0] and a = 1 for [v] = [{], and by F
one of the following orthonormalized basis functions:
VM=[0]: v=m, F,(a)=Qr) ", (15)
WM=01 v=I4+} Fo,0)=0Q+1)""P@). (16)
The quantities to be compared with each other, namely ¢, (x)

= I (x)/I%(x)and e, (x) = exp( — v*/2x), are then propor-
tional to the scalar products {4 [',F, ) and (Z"),F, ) [see
Egs. (9)—(12)], the common factor y!"1(x) depending only on
[v] and x,

YOI) = (mx)4, P10 = X112 (17
Bounds of the difference 7, (x) = g, (x) — e, {x) are obtained
by means of Schwarz’s inequality,

|7, (x)/1 (x) — exp( — v*/2x)
= [P VL, ) — YV (Z DL, ) |
~ | (4 20
<7’M(x)”A mr_zM. (18)
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Since it is difficult to calculate ||[4 [*! — Z || directly a num-
ber of auxiliary functions B "), C'),... are introduced and
the rhs of (18) is estimated by means of the triangle
inequality,

4 = Z <N =B+ + 1YY = Z . (19)

This inequality and a suitable choice of auxiliary functions
yield the bounds (13) and (14). Since the rhs of (13) is of
order x'? and y!°!(x) is proportional to x'*, Eq. (7) is ob-
tained from Eq. (13) by multiplying both sides of (13) by
7'%%(x). For [v] = [4] the situation is less satisfactory since
some of the terms on the rhs of (19), say ||C ) — D ||, are
of order x~'/? which is proportional to ¥!'/?(x)"'. Fortunate-
ly it is possible to derive in these cases bounds of the differ-
ence of the scalar products (C*),F, ) and (D !')F, ) inde-
pendent of v and of order x ~#, p > 1. Hence, a combination of
Schwarz’s and triangle inequalities gives

|2,Ge)/1%(x) — exp( — v*/2x) |
<P {I4 Y — B + - + max |(C,F,)

—(DLYLE) | + -+ YT =Z M3, (20)

finally yielding the bound (8) for [v] = [1].

B. Estimation of sums

In the following it is often necessary to derive bounds
for sums of the form Zf(k ) where f'is a real function and
a<k (integer)<b. Suppose that fis concavein [a,b ] and define
g(A)and d (k) by

gl)= L_ o dcf(k), d(k)=f(k})—gk). (21
Then, as a consequence of the concavity of f,

O<d(k)<3flk)—4fk—P—1fk+1),

for all kefa + 4,6 — 1]. 22)

Repeated use of (22) gives

a+i<k<b—1:d(k)<gk)— 3 f(k— %) — sg(k + 1),
a+ 1<k<b — 1: d (k) <g(k) — 38tk — §) — Lg(k + 1),(23)
a4+ 1<k<b—%:d(k)<glk) —3gk — %) — 3k + ),

and hence, ifa + <k’ <k "<b — 14,
0< $ dl)<e®) — 17— — gk’ + )
+ 3 18— 4k~ — gk + )

k=K +1

i S B VAR
= | alre—see —

k'—1/72
N fk dklf®) —fGk" + 3. 24)

Next suppose fto be differentiable in [a,5] and let § + () be

bounds satisfying
55>,

Then inequality (24) can be simplified to

for k + 4€lc — Lc + 4. (25)
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k” +1/2

0< 5 £00— [ dkfu<HsKk) 0k

—122
(26)

The rhs of (26) gives an upper bound if the sum is replaced by
the integral provided that f’is concave. Equation (26) also
shows the integral to be greater than the sum if fis convex
( — fconcave). If fis neither concave nor convex, its domain
may be divided into parts where fis either concave or con-
vex, leaving out intervals of unit length containing the points
of inflection (f"(k;) =0, i=1,2,..). Let k, be the integer
belonging to the ith of these intervals, k,€[«,,x; + 1), fbe
monotone and differentiable in [«,,x; + 1), and

8(k.)>| f'(x)|, for ke[, x; + 1] 27
Then |d (k,)|<{6(k,) and
D+ 1/2
S rw< [ s
13 (8l )+ 80k, + 1)
+ 8.0k, — 1) + 8(k)]. (28)

The index is running over the number of intervals contained
in [p,q] where f'is concave. If fis concave in [p — 4,p + 1]
(and/or in [qg — 4,9 + 4]) 8(k\) [and/or 8(k,,, )] may be
dropped in (28).

C. Integral index

Here only one auxiliary function is needed, namely
1/4
B.(a)= (i ) o - 2X@/2y (29)
w

(the index {v] = [0] is dropped throughout this subsection).
Tocalculate ||[4, — B, || we note thatboth 4, and B, arereal
even functions and that 4, (a)> B, (a) since sin(a/2)<a/2
for a€[0,77]. Hence (4,,B, ) = (B, ,4,)> | B,|? and

”Ax _Bx”2<”Ax“2— ”Bxllz (30)

l4,])> and || B, ||* reduce to well-known integrals® defining
the special functions J, and erf,
([4x 1P = dmx)2 e ~ Z(2x), 31
||B |I? = erfrx'? = 1 — erfcmx'/%; 32)
whereas the error function erf and hence || B, (|* approach
unity from below very rapidly |4, ||? exceeds 1 by a quantity

of order x™' (as can be seen from the numerical tables® of I,)
so that the bound

4, — B, || < [(4mx)"2e = > I,(2x) — erfrx'/? ]2

is of order x*'2,
To calculate ||B, — Z, || we introduce the functions f:
Z—C defined by the Fourier coefficients of the functions F:

(— mm—C,
F(m) = @y~ j da F(a)e= ",

(33)

(34

and define for them a scalar product and a norm by
(f8) = X fHmpm)=(F,G), [f=IF|. (35
This makes

1B, — Z.|: = exfmx® + ||z, [P = 2(b,.2.),  (36)
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since z, and b, are real functions according to (10) and*

b, (m) = Re(mx) Ve~ "/ [erf(i o4 77\/ x )
Vax 2
- erf(i\/—n;_x_— )] 37

Now Re erf(im/V ;) =0and’

S )

=1 _l_e*(ﬂ' /2)x + (m?/2x) — irm
m

y { Vary
77'\/x —|- im/\/x

( v [+Vx + zm/\/x]>] (38)

by(m) =z, (m) + (— l)ﬁe

— (7 2)x

XRe{ Vard)
TI‘\/X + im/\/x
—RI(L_ [ﬁ\/;+im/\/;])], (39)
V2
where’

IR | <I"Q)/|2| Rez. (40)

Therefore,
|B, — Z,|* = erfmx"? —

lz:I* — 2R,
(41)

— (/DX RC{ } ,

R =(m)"? e ™P(—1)"—e

and because of the triangle inequality, Rez<|z|, and (40),
IRX | < (7TX)'1/2 Z e (m’/2x) — (7 */2)x _1_

m e
[ 21/21—*(%) 23/2F( ) }
X

mx'? (7 °x + (m*/x)yrx'?
<21/277.—2x-1e*(7r /2)x( 1 )
7%

X[ @mx)"? + Yex) 7], 42)
where the bracket [ - ] is the bound of Zexp( — m?/2x) ob-
tained according to (28). This method is also used to derive
the bounds

1 — Qme)y'*x ' < ||z, ||* < 1 + (2me) 27", (43)
Magnifying erf to 1 and combining (41), (42), and (43), one
obtains
1B, — Z.||* < Qme)'*x7!

+ 27321 + 72D + (8me)2x1]

X x‘1/2e — (7 Z/Z)x. (44)
For x>x, > 0it is possible to bound from above all functions
appearing in (44) by multiples of x™'. This yields

1B, —Z,.|l <0,492x'% for x>1. (45)
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Inequality (45) supplemented by
|4, — B.|} <0,306x'* for x>1 (46)

(which may be derived from the numerical tables*® of 7, and
erfc = 1 — erf) yields the estimate (13) from which inequal-
ity (7) is obtained by multiplying both sides of (13) by (7x)"*
(cf. Sec. 2A).

D. Half-integral index

In order to prove the estimates (8) and (14) five auxil-
iary functions are introduced: B,,....F, (here too the index
[v] (= [4]) is omitted in the following). These functions are
defined via their expansion coefficients with respect to the
orthonormalized basis {(2/ + 1)!/?P, : P, = Legendre poly-
nomial, / = 0,1,---}:

a, () =127l + D], (x) [¢f Eq.(1D], (4T

b.(1) = o(2x — 30)a, (1), (48)
e.l) = a(2x —31)( A+l )'/2[ I—e 2

¢ Zx)" ]( 141 ) @)
d.(l) = o(2x —31)( . ) 2( — ’;;1 ) (50)
ex(l)=0(2x—-3l)( 21:1 )m 1+ 0/ (51)
Sty = (2L ) e (52)
2,y = (L) e o (53)

X

The function ¢ appearing in (48)—~(51) is the step function:
oy)=1 for y>0, o(p)=0 for y<O. 54)

If G and H are defined via their expansion coefficients g(/)
and 4 (!), respectively, then

IG—H|P* = Zlg(l)—h(l)l2 (55)

Therefore, to estimate || 4, B ||, B, — C,||, etc. [whichis
necessary for deriving (14)] one has to find /-dependent
bounds for |a,(I) — b, ()|, |6.() — ¢, ()], etc. that allow
the summation in (55) to be performed. To derive (8) it is, on
the other hand, necessary to find bounds for
|a (1) —b.()], etc., holding for all values of /. The norms
|4, — B,|l, etc. provide such bounds but they turn out to be
too weak in two cases so that both /-independent bounds that
allow summation and /-independent bounds have to be
found there.

To calculate |4, — B, || we first use the integral repre-
sentation’ of 1, , , (x) to write a,(/) as

a. ()= [xQ2] + )]~ ( 32‘— )' % f | dre (1 — 12
(56)

Since (1 — £2)'**<(1 — t %' for te[ — 1,1] and k> 1, one has

P. Kasperkovitz 8



a,(+k)
_ w2, —xf X Y HE
=[x + 2k + 1)] “e (—2 )

1

X dter(1 —t
1

¢ x (21+2k+1)1/2a(1)
2(1+1) 21+ k) 20+ 1 *

)k—]/Z( X )1/2
(2[+2 21+ 2k

(21+2k+ 1 )max(l)

( >k— 1/2( x )1/2( 2042 )1/2
2142 20+2 2141

( 242 +1 )‘/20 @)
20+ 2k

(= Y(1+ L. (57)
2042 241

Obviously, inequality (57) holds true also for k£ = 0. Because
of

1
(+k)

2)l+k

”Ax _Bx||2 = Z ai(l)’ (58)

1> 2573) — 1

the coefficients of interest are those for which x/2/ <3/4.
For these coefficients

et o<(Z) (14 Lo

3
Hell+ -——-—)ax ). 59
<14 2 e (59)
Now let / " be the smallest integer larger than 2x/3. Then
4, ~B.[>= ¥ ax(" + k)
k>0
<io(1 + 3/4x)az(l") (60)
and, since a, (/) > 0 [cf. Eq. (56)],
l4. — B, |l <( %) 2(1 + 3/4x)a, (I"). (61)

To estimate a, (/") we use again the integral representation
(56) and the inequality

1 —zge™ ? (62)
with z = ¢ 2. This yields
11 (!

N

Since the integrand is positive for all 1R one may extend the
integration from ( — 1,1) to ( — 0,0 ) to get a closed expres-
sion for the integral.® This and Stirling’s inequality®

a, ()< [xQl + 1)]% *X( X ) dte"’*”z. (63)

_1_ <(27m)-1/2<i)n .
n! n

gives for /> 2x/3

0.« 2o L ALY (e

g I+1 [ 2/ o

y) (e ) (3)

<| = 14+ — Je "+ — ). 65
(2 2x 4 65)
Now /" <(2x/3) + 1 so that

(" <(i)]/2(1 i _é_)e_x(lf3/8—2/3~(2/3)ln(3/4))
* 2 2x
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(%)
BN 2p e

|14, -—Bx||<4(1 + %)(1 + —%)e"‘”. (67)

In calculating ||B, — C, || one has to consider the
coefficients

bx(l)=( 2+1 )m lf dy e

x(l— LY [=a0] 68)
)= (21)" ] f dye'
x(1 _ L;_;‘-) (69)

with /<2x/3 only [o0(2x — 3/) = 1]. Equation (68) is once
more the integral representation (56) of a, (/) with

y =x(1 — t). Equation (69) is easily checked using the
relation'®

dee‘yy”/n! =

Splitting the range of integration and using the bounds
(@—>b)b'~'<a' —b'<(@—b)la" !

—e 7 i y*/k! + const. (70)

k=0

for a>b>0, >0

(71)
one finds for / + 1 <2x, i.e.
x>
b, (1) —c. ()

=( 2+1 )vz 11' “’“dye,yy,
- )'—(1—’“)]
- 2)-(-2))
(Ey [

x—(l+1—)l(1 DLy
2x i
1 I+1 Y1
x—o—1-ni{1- LU
1

2x
f dye %y
I+1

2x
dye %y

+1

x(l— 1;;1 )”‘>o; (72)
3:
Zj(;)—c @
(21+1 ) 2x(l—1)'f dy[%e_yym]
x(1 _ %)‘ (73)
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Equations (72) and (73) show that
b,(0) — ¢, (0) =0,

b0 = e = (2 ) 2e 2, (74)

which also follows from the definitions (47) and (49). Using
(62) with z replaced by y/2x, extending the range of integra-
tion to infinity, and evaluating the integral by means of (70),
one finds for />2,

x>

b.(l)—c.(I)

<( 2l+ 1 )1/2 1 fhdye‘yy’“(l _ L)Ilz
Axx(/ —2) Jo 2x

21+1 ) 1 J dye ~Yy'e~
dxx(l — 2! Jo

(21+1) 1 (1+1_2),_
Axy (] — 2) 2x
2412 (0-DI(+ D

( ) 4x?

In the final step the inequality

for 0<z <, (76)

has been used for z = (I — 2)/2x. This inequality can be
proved by means of the series expansion of In(1 + z). Since
[+ 1<31/2and 21 + 151 /2 for I>2 and (z=1?)

[ —2)/2x]y

N

N

U+ 1y

e—(l‘/4x)+(l/x). (75)

N

(1 +z)—1<efz/2

250: e~ QZ<( 2 )", a7
ge
inequalities (72) and (75) may be weakened to
5] 172 31 3 R
b ()y—c, <(.__) 2 oA + (/%)
|6 | » .-
<3 11x* for x>3 (78)

which holds true also for / = 0,1 because of (74). Estimate
(78) is used in the derivation of (8). To obtain a bound for
|| B, — C,|| (75) is simplified to

x>
b, (1) —c.()

<< 21 + 1 )1/2 12(1 + 1) e—(i’/4x)+(l/x)_ (79)

x 4x?
Since (79) holds true also for / = 0,1 one has for
x>
”Bx - Cx H2
2/x
Y @I+ DI+ 1)e -2
16 > 10
<6(1 + 27172 ¥ x7 (80)

To obtain the last result the sums Z/” exp( — /*/2x),
4<p<7, have been estimated according to (28) and the re-
sulting polynomial has been replaced by a simpler one with
larger coefficients. (80) is equivalent to

B, — C.|l <6%(1 + for x>3.  (81)

-1/2)5/2 el/xx—vz
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To estimate [|C, — D, || we first note that here too all
the coeflicients vanish for /> 2x/3 and that

N R

because of (70). Hence,
0<d,(I)—c. ()

21+1)1/21 ( l+1)’
= — | dye {1 - =
( X ! ve v 2x
:(_21_+_1>‘”Qﬁe s L
X 1! 2x
l(l 1) Al ]( I+1 )’
4+ — et — |- —
(2x)? (2x)’ 2x
2]+ 1 )1/2 2x) _,, = ( ) )"( I+1 )’
L —— —_— 11— —— 1},
<( X I ¢ kgo 2x 2x

Using the inequalities [1 — (/ /2x)]"' <2, (64), and

A Ay
0<A <2x: (Z_x — ]) <(_2i _ 1) <(5— 1" =727,
A Ao
(84)

where A, is the solution of the transcendental equation
In[(2x/A4) — 1] = [1 — (44/2x)]™", allow (83) to be replaced
by

d.(l)—c.()

(L)Y i LY
x I 2x

21+1)1/2 _2x _121[2x( ! )]l
2 27l ) —f1l = —
< ZEE) e e B (1=

1/2
< ( £ ) ex122%e ¥, (8%)

T

provided that /> 1. For / = 0 Eq. (82) yields
d (O) —c (0) -1/2 — 2x (86)

Therefore, combining (86) and (85) and denoting by /'’ the
largest integer<2x/3, one finally obtains

2
”Cx ——D,(“
-1, - 4x 6 -1, —dxqx 21
<x'e 4+ —x'le ¥4 2 e
v 1<l
-1, —4x 6 =1, - 2(2 — In2 — 2/3)x
<X e -+ —————z—-x e
m(l —e™)

<41+l )xle ™7, 87
IC, — D, <201 4 fe= "2~ (88)

To find a bound for ||D, — E, || the coefficients &, (/)
and ¢, (/) have to be considered for /<2x/3. Definitions (50)
and (51) imply

d.(0) — e, (0)=0. (89)
For />>1 inequality (62) and, if x > 3/4, ({ + 1)/2x < 1, also
the inequalities

z<1, I»0: — (1 —2z)<lz—1 (Bernoulli), (90)
z FARY

0<z<l, I»0: — [e(1 —2)}'< — (1 -5 —2—), 91
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can be used to derive the relations
x>3
O<ex(l) - dx(I)

=( 20+1 )'/ze-1(1+1)/2x
x

I+ 11\}
1— (I+1)/2x(1 _ _____)] ]
X[ [e 2
<( 20+ 1 )‘/ze_1(1+1)/2x[1 . [l_l(l_-i"l)z
x 2 2x
Sl
2\ 2x

2l+1)v21(1+1)2[ (1+1)} I+ 12
—| — 11 — e .
<< X 2\ T\

92)
Since [ + 1<2/, 2/ + 1<3/ for I>>1 (92) may be weakened to

x>
3 2 72 / —1%/2x
e =)< ! (1 " ;)e @3
Use of (89), (92), (93), and (77) with z = I?, yields
|dx(1) - ex(l)l < 1,35(1 + 2x"12)x34, (94)

holding true also for / = 0. (94) is used in the derivation of
(8). To calculate the contribution of ||D, — E, || to the bound
(14) Egs. (89) and (92) may be used to derive the estimate
x>3:

D, — E,|I?

> @+ )+ 1)‘(1 + ——1;1 )e— 1

50
<H(1+aHx (95)
Here too the sums have been evaluated according to (28) and
the resulting polynomial has been replaced by a simpler one.
(95) implies
”Dx _ Ex ” <(§3§)I/2(1 + gx-l/Z)ll/Zx-l/2 for x >%. (96)
The method described in Sec. 2B is also used to find a
bound for

<L
64x>

IE, —F. 2= ~ 3 @I+ e-ta+v
X

[~

o7

The lower bound of the integral, /7 — }, is replaced by
(2x/3) — 4 and the derivatives are bounded by max g'(1),
8(1) = (24 + Dexp( — 4 [4 + 1]/x). Furthermore, x is cho-
sen to be so large that g'(4 ) = 0 for some A > 0.

x>

”Ex _ Fx ”2 <e~ (@x/9) + (1/4x) + i e 3x/2+ 1/4

3
<el/4(l + __eax)e—4x/9, 98
o (98
IE, —F.| < el/s(l n 4i e ")e “35 for x»3. (99)
x .
The final step is the derivation of a bound for
IF, — Z) = (1 — e~ “™|IE, . (100)
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This is reducible to the following estimate obtained in a simi-
lar way as (98).

x>
“Fx“2= i-+— —1-2(21.}. 1)e — 1+ 1=
X X 51
<— +1+ ——(2_ _)
X 8x X

+ ie—sx/z+1/4<1 + i’ (101)
X X
IF. —Z ]l <1+ 1/x)(1 —e~V*) for x>%. (102)

The bound (8) follows from (67), (78), (88), (94), (99),
and (101), by multiplying all bounds by x*/? and magnifying
all functions of x to multiples of x> (which is of course only
possible for x>x, = 2). If a function does not decrease mon-
otonically already for x>2, relation (77) is used to minimize
the error if this function is replaced by a multiple of x™'.
Estimate (14) is a straight consequence of (67), (81), (88),
(96), (99), and (102), if all functions are magnified to multi-
ples of x172,

3. AN APPLICATION IN SCATTERING THEORY

Nonrelativistic time-dependent scattering theory deals

with square-integrable solutions of the Schrodinger equa-
tion. The behavior of such a solution (in the following called
wave packet) is well controlled for #— + « if the potential ¥
belongs to a certain class of functions'’ [e.g.,
VeL '(R)NL %(R%)]. In the following it is also assumed that
the potential is repulsive (V>0) so that the spectrum of the
Hamiltonian is purely continuous. (This assumption is only
made to reduce the mathematical amount; it is not a neces-
sary precondition for applying the results of Sec. 1). Includ-
ing also two-dimensional problems (» = 2) the wave packet
is then given by (Ai=m = 1)

000 = [ a7k Gk« (), (103)
-
where ¥,€L (R ") and the generalized eigenfunction
Sxk) = (2m) = "™ + g(x,k) (104)

is the solution of the time-independent Schrodinger equation
studied in time-independent scattering theory. The scatter-
ing wave g is assumed to have the asymptotic form
g(x,k)—x" "%k (E k) for x— oo, (105)
where the convention a = aa, >0, ¢®> = 1 had been adopted
for a = k,x. Equation (105) entails that for — — « the
wave packet ¥, coincides with a free wave packet @, obtained
from (103) and (104) by putting g = 0. The function ¢, ap-
pearing in (103) is then equal to &, the Fourier transform of
@, The behavior of the scattered wave packet ¢, for f—
depends on ¢, and the asymptotic form of the generalized
eigenfunction, especially on the scattering amplitude
8. (E,%). If the potential is rotationally invariant, g, has the
following form:

n=2:
8 (g’K) — (Zﬂj)-l/zk -172,5i(m/4) Z sin5,,, (k )e"5m(k )eim(g - x)’

(106)
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€ = (cosé,sing),
n=3

gc(&k) = Qm) k' Y sind, (k )"

10
X @21+ )P, (k). (107)
The phase shifts 6,, (k),p = morl,depend on the details of V'
and can be calculated explicitly for a number of examples.
They can be used to define in L *(R") a unitary operator S
(unitarily equivalent to the usual scattering operator) via

n=2: S~1/~/0(k) = z lZOm k )efmk + 208,k )

k = (cosk,sink)

Jom (k) = Q)" f dcio(k)e ~ ™, (108)
n=3 Stk =Y doum k)Y, K"’
Im
Jom (k) = (4" fdmzo(k)m(x), (109)

the integrations running over the whole range of k. S proves
to be useful in calculating the probability of finding, in the
limit z— oo, the particle within the cone

C=C(nc) = {xxx-nxcx}, (110)

characterized by n and ¢ (n* = 1>c). For the scattering-into-
cones theorem of Dollard'? states

lim | d"x [¢,(x0)|*= fd"kyﬁzzo(k)v. 1

troe JC fo

Equation (111) may be simplified if the initial state (i.e.,
the #— oo limit) is of such a nature that i, may be factorized,

Yo(k) = R, ,, (k)4 (x), (112)

and if the radial function R, , has a pronounced peak of
width (2y)"'? at k = k,,. The physical meaning of

27k i>1 (113)
is that the mean wavelength (o k ;= ') is assumed to be much
smaller than the minimal extension of the wave packet in

ordinary space ( « \/27/). For a free particle (V' =0, § = 1-
operator) the separation (112) carries over to |¢,|? = |St,|”.

If |4, ]| = ||¥oll = 1 the angular function may be chosen to be
normalized on the n-sphere,
JdK 4 (x)|>=1, (114)

and Eq. (111) becomes

lim [ dx (B W= [ dep®. p0 = 146
o JC Knzc

(115)
since the integration over £ may be performed. In case of
scattering an exact factorization of Sy, is impossible since

the phase shifts 5,(k ) depend both on p and k. However,
condition (113) ensures the approximate separation

‘S:J’o(k)’iR ’\’mr(k )fI(K), (116)
n=2: A’(K) _ 2 Ameimx + 2i6,,,(k,,)’
Am = (277.)-1 J‘dKA (K)efimx, (1 17)
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n=3 A®= 3 4,,Y,,0e"",
Im

A, = @mr)"! deA (k) Y¥, (), (118)
to make sense since the main contribution to the rhs of Eq.
(111) comes from the intersection of C with a spherical shell
around k = k, whose thickness (2y) !/ is so small that the

variation of the phase shifts may be ignored. Physically this
corresponds to a situation where the delay time is negligible.
In this case

tim | dvx ju,00f = |

Ken

d p(k), p(k) = |A(K)|>
(119)
For a normalized Gaussian wave packet

~ n/4 .
Yy(k) = ( ﬂ ) e TRk
T

Although this function cannot be factorized into a radial and
an angular part it can be approximated (in the mean) by the
separable function

(120)

IZ'([)V(k) - (—2——7-/- )]/4]( [ n)/ze — ok — k”)ZA (k)
T
(121)

(n-— 1)y/4 2
A (k) = ( _.27_77/_) k gn — l)/zezyk RO 1).

By techniques similar to those used in Sec. 2 it can be shown
that

n=2 |lg— 9|l <0.91Q2rk )", (122)
n=3 |l — ¥l <067k 5y, (123)

so that ¢ is indeed a good approximation of ¥y if (113)
holds. The coefficients needed to calculate the final angular
density p are [cf. Egs. (117), (118), (121), and Eqgs. (9), (10)]

n=2:

L.Qvky) ...
e - imn

A, =@Bryki)y"! , (124)
G e Grkd)
n=3:
I 2vk 2
A, :< 277'2 )‘/2 14122V (;) Y3 (ko). (125)
vks I7,.,Qrky)

In principle ;; could be calculated from Egs. (124), (117), or
(125), (118), and (119). Looking at Eq. (124) or (125) it
seems to be difficult to estimate the number of terms that
have to be taken into account in the series expansion of 4.
But if (113) holds it is legitimate to replace the quotients in
(124) and (125) by simple exponentials, thereby making the
calculation of 4 simpler and more transparent. The final
result

n=2 A@W==@ryk2)y" S exp(—m?/4vky

+ 218, (ko) + im(k — ko)),
(126)

n=3 A@W~@8ryki)y'? S exp[ — (I + 12 /4yk §

>0
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+ 2i6,(ko) ] (21 + 1P, (x-Ky), (127)

is also obtained if the original angular function 4 (Eq. (121))
determining the angular distribution in the far past,

t— — o

lim | d"x |[¢,(x)|* = J d "k p( — K),
C Kn>C

p() = |4 ()|’ (128)

is replaced by functions proportional to (10) or (12). The
bounds (13) and (14) allow to estimate the error made by this
substitution which is seen to be a good approximation if
(113) holds.

Equations (126), (127) turn out to be useful if the angu-
lar distribution of the scattered wave packet is discussed as a

function of the ratio \/Zy/d where \/27 is the diameter of
the wave packet (at collision time t = 0) and the impact pa-
rameter d characterizes the range of the potential (5, (k,)~0
for p > d ). Examples of this kind will be discussed elsewhere.
Moreover, if a large number of terms has to be considered
(e.g., in the classical limit k,— o0 ) and analytical approxima-
tions of the phase shifts are available it is easier to evaluate
the sums (126), (127) by approximating them by integrals
than to deal with sums containing the original coefficients
(124), (125).

It should be noted that the considerations of this section
are not restricted to quantum mechanics but apply also to
classical wave theories (acoustics, optics) for which time-
dependent scattering theories exist.'* In these theories the
frequency appearing in Eq. (103)isk (¢ = 1) instead of k 2/2,
1, is a (complex) potential from which the (real) basic fields
can be derived, and Eqs. (128) and (119) represent the as-
ymptotic energy distributions for |7 |— .

4. CONCLUSION

The essential results of this paper are the following:

(i) A simple approximation has been given for the ratio
I,(x)/1%(x) where I (x) is a modified Bessel function with
integral or half-integral index v, I £ (x) the leading term of its
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asymptotic series [Egs. (2)], and x a large positive number.
Error bounds independent of v have been derived for this
approximation and shown to be of order x~""* [Egs. (5)(8)].
The approximation of the ratio may be transformed into an
approximation for I (x) the relative error being small for
27 &x Inx.

(ii) Similar approximations and error bounds have been
obtained for functions defined as series with coefficients pro-
portional to I, (x)/1%(x) [Egs. (9)-(14)].

(iii) These approximations have been shown to simplify
the calculation of angular distributions of scattered Gaus-
sian wave packets.

The results mentioned in (i) pose some interesting
mathematical questions. One is whether the order of the
bounds found here is optimal (the larger numerical factors
obtained for half-integral v are probably due to the more
indirect proof). The other, more fundamental one, is wheth-
er (and by what methods) the results obtained here can be
extended to arbitrary real values of the index v.
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The Planck integral cannot be evaluated in terms of a finite series of

elementary functions®
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It is shown that the Planck integral cannot be evaluated in terms of a finite series of elementary
functions. A relation is first established between the Planck and dilogarithm integrals. To prove
nonintegrability the Risch decision procedure for elementary functions is then applied to the

dilogarithm integral.

It is well known that the Planck integral in the wave-
length domain takes the form

1
I — ¥
f /1 S(el//l . 1) d ? (1)

where all physical parameters have been set to unity. A ques-
tion which has been stated in the literature, yet apparently
never settled, is whether this integral can be evaluated be-
tween two arbitrary points in finite terms'? (in terms of a
finite series of elementary functions). I shall now answer this
question.

Transforming to the frequency domain by A— x ~ ', Eq.
(1) becomes

f X ax. Q)

e —1

For convenience I shall use an indirect approach whereby
this integrand can be written as a power series and then inte-
grated to give’

j x’ dx = x’ie*’”‘dx
e —1

n=1

=3 (x3 3x? 6x 6 )

T 2 e,
n n? n? n?
€))

The first series on the right-hand side can be summed and
results in

n=1

— nx

= €

= —log(l —e™7). “)
n=1 n
Notice that summing the second series on the right-hand
side of Eq. (3) is equivalent to integrating log(1 — e ~*) over
x. Similarly, summing the other series in Eq. (3) is equivalent
to finding respective second and third integrals. Hence, since
the four series on the right-hand side of Eq. (3) are indepen-
dent, the nonintegrability in finite terms of Eq. (1) or (2) is
equivalent to proving that log(l — e ~*) is not integrable in
finite terms. This may be seen as follows: We transform the
integral with1 —e "~ —xto

flog(l —e"‘)dx:J‘mdx. (5)

0;
1—x

*'This work was sponsored by the Department of the Army. The views and
conclusions contained in this document are those of the contractor and
should not be interpreted as necessarily representing the official policies,
either expressed or implied, of the United States Government.
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This integral is known as Spence’s function* (or Euler’s di-
logarithm), and it is known to experts in the field of integra-
tion that the function cannot be evaluated in finite terms.
Since the proof does not seem to appear in the literature, I
shall now demonstrate this fact. From Risch’s algorithm one
knows that if Eq. (5) is integrable in finite terms, then it must
be representable in the form®

f __ll"g(x) dx = A2 log*(x) + Al log(x), (©)
—x

where Al and A2 are rational functions of x. Differentiating
Eq. (6) gives

lTog(_x)_ = A2, log¥(x) + 242 log(x) + Al log(x)
— X X
+ A4 ™
X

where the subscripts are partial derivatives. This leads im-
mediately to 42 = constant. Then, collecting terms in log(x)
and integrating with respect to x, it is seen that A1(x) cannot
be rational. Yet it must be rational if the integral exists.
Hence, the contradiction tells us the Planck integral cannot
be evaluated in terms of a finite series of elementary
functions.

The Planck integral is simply one function in a wide
class of functions in mathematical physics which contains
logarithms and exponentials. It is clear that Risch’s decision
procedure is a very powerful tool for looking at the integrabi-
lity in finite terms of functions in this class. One could per-
form a systematic study of other common functions to deter-
mine their integrability in finite terms. To this end it may be
noted that the algorithm has been implemented on
MACSYMA,*® and this provides not only a rapid check on
integrability in finite terms but, also, gives the closed form
for the integral when it exists.

'R.B. Johnson ez al., J. Opt. Soc. Am. 64, 1445 (1974).
IR.D. Tippets et al., Opt. Eng. 18, 313 (1979).
‘The second term in Eq. (3) arises as follows: Sincee "> 1,

(-1 "=e —e 9
=¢ ‘ze = ze e
o0

“M. Abramowitz et al., Handbook of Mathematical Functions (U.S. Govt.
Printing Office, Washington, D.C., 1964).

SR.H. Risch, Trans. Am. Soc. 139, 167 (1969).

“MACSYMA is the symbolic manipulation computer system of the Labo-
ratory for Computer Science, Massachusetts Institute of Technology.
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Linearization stability and a globally singular gange of variables
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An example is given showing that global properties of a change of field variables can affect the

validity of linear perturbation theory.

I. INTRODUCTION

Choice of variables can affect properties of the solution

set of an equation. For example, the solution set for x*> — y*
= 0 is not a manifold at the origin. As one consequence of
this, the equation is linearization unstable there: the linear-
ized equation 2x-6x — 2y-8y = 0-8x — 0-8y = 0 has arbi-
trary (6x,8y) as a solution, but only perturbations such that
8y = + & x are actually tangent to the solution set of the
nonlinear equation. The singular change of variables y*— y
removes the singularity so that the equation, x* —y = 0, is
linearization stable at the origin: {(6x,8 y):2x-6x — 8y

= 0-5x — & y = 0} is the tangent space to {(x, y)x’

— y = 0} so there are no longer any spurious linear
perturbations.

A nonsingular change of variables should not affect
such properties as linearization stability. However, it is easy
to overlook the fact that a change of variables may appear
nonsingular “locally” and have singularities “globally.”
This paper gives an example to show that linearization sta-
bility, which concerns the relationship between global solu-
tions of the linear and nonlinear equations, can depend on
global characteristics of a change of variables.

The example is a simple one: a real scalar field ¢ obeying
the linear field equation

Ob—p*¢=0 0]
on a particular flat, two-dimensional, spatially compact
background spacetime. Equation (1) is linear and therefore
trivially linearization stable. Following Kuchar' this prob-
lem can be reformulated so as to appear nonlinear by use of
embedding variables to parameterize the background. With
the restriction that the embedded surfaces be spacelike, the
problem is still linearization stable. However, a canonical
transformation of the embedding variables suggested by Ku-
char leads to a formulation of the problem that is lineariza-
tion unstable. (The singularity in the transformation which
causes this anomaly also occurs in the noncompact case.
This paper considers only the case of spatial compactness
because the linearization stability analysis is more delicate
on noncompact manifolds.)

Thus linear perturbation results can depend more sub-
tly on the choice of field variables than might first appear. In
particular, global considerations play an important role. The
example raises other questions. What other properties be-
sides linearization stability are affected by global consider-
ations? How does one recognize the correct set of variables
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for linearization and other purposes? Perhaps linearization

stabilty can be used as one criterion for this choice in some

situations. (However, as linearization instability is a type of
bifurcation, it is probably not desirable to rule out all cases of
such instability.)

Il. THE EMBEDDING VARIABLES AND LINEARIZATION
STABILITY

On the spacetime S = R X U(1), let (7,X ) be coordi-
nates, 7 and X real numbers and exp(27iX )eU (1). A func-
tion on U (1) may be represented by a periodic function of x
with period 1. Take the metric to be

_(—1 0)
gaﬁ'— 0 1

in these coordinates. [Choosing any other constant diagonal
matrix with signature ( — , + ) would not materially affect
what follows.]

This spacetime can be described by giving a time-depen-
dent embedding

e:RXU(1) -S: (t,0) 1T, (x),X,(x)),

wherex is areal numbersoexp(2mix)elU (1). T, X' = dX /dx,
and exp(27iX ) must be periodic with period 1, so integral
changes in x must correspond to integral changes in X (x).
With 7, 7, and 7 as the momenta for ¢ [in (1)], T, and X,
respectively, the constraint and evolution equations for the
field ¢ and the embedding are generated by the action

J-dt dx (m,¢ + 7, T+ 7y X — NH — N'H,),
U(l)

where
H=X'mr;+T'my + %ﬂ'j +1 7+ X — T2,
H =Tr+ X'y +'m,,

N = (X"? — T'®~ '"* times the usual lapse function,
N' = usual shift vector

[thus é* = (X2 — T')'2Nn® + N '¢*', where n * = future
pointing unit normal on the hypersurface ¢ = time

= constant], and dot and prime indicate differentiation with
respect to ¢ and x, respectively. (For discussion of notation
and derixation Qf equations, see Kuchar! Sec. 2 and 3. His
PrsPx, N, and H are 74, 7y, N, and H, respectively, in this
work.)

The constraint equations on the initial data for the

®© 1980 American Institute of Physics 15



fields are
¢=(HH,)=0. )

These are linearization stable, i.e., every solution to the lin-
earized equations associated to (2) is tangent to a one param-
eter family of exact solutions to the nonlinear equations (2).
(Linearization stability of the full set of field equations is
equivalent to that of the constraint equations because the
Cauchy problem is well posed.) The proof follows immedi-
ately from the implicit function theorem for Banach spaces if
the linearized equations associated to (2) are in some appro-
priate sense elliptic and surjective (cf. discussion of lineariza-
tion stability and its proof in Arms? or Fischer and Mars-
den?). A simple calculation (see Sec. IV) shows that these
conditions are met whenever X '> — T "*540. The Hamilton-
ian formalism described above requires that the hypersur-
faces 1 = constant be spacelike, so

X?—T750. 3)

Thus in the cases of interest, (2) is linearization stable.

lll. THE CANONICAL TRANSFORMATION AND
LINEARIZATION INSTABILITY

In order to obtain a Hamiltonian which is purely qua-
dratic in the momenta, Kuchar suggests the following ca-
nonical transformation of the field variables for the case
S = R X R. This transformation,

L : (T’X’7T'I'97TX )_>( §)n’77- _:;77-1,)

defined by
£=12" ’/2(T+ f 77'X), =2 '/2(— T+ f TTX>,
(4a)
me=2" VX ), T, =2 VX — ),
and with inverse given by
x=2 [ (@, +m) T=2 V(=)
(4b)

Ty = 2 l/Z(é—r + 7]:)’ T, = 27— 1/2(77_;: _ 77_7] ,

can also be used in the spatially compact case. H and H,
become

2

H=3{m, +m —m +6"+£7 ="
+ﬂ2¢ 2[(77.5, + 77-7/)2 - (g’ - 7],)2]}’

H =¢'m,+&m, +9m,.

This transformation seems nonsingular for all reason-
able purposes. It is well defined locally [on U(1)]. The ker-
nels of L and L ~ ' contain {X = constant} and { & + 7
= constant}, respectively, but this seems unimportant be-
causeonly X', &', and 5’ appear in the field equations. How-
ever, a more serious problem arises because perturbation
theory concerns global functions. If £ and 7 are single val-
ued, they must be periodic and so [, dx 7, must be zero.
Even if £ and  are coordinates on U (1) (like x and X)),

271/2J( dxmy = &)+ (1) — £(©) — 7(0)

must be an integer in order that exp(27/ & ) and exp(27in) be
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single valued. Thus L will be undefined for many functions
7. Similarly L ~ ' is underfined unless 2 = '2f dx(7 ;

+ 7,) is an integer. [By adjusting the coordinates X, & and
non U(1), § dx 7y and §} dx (7, + ,) may take on any
value, but the range of possible values will be discrete once
the coordinates are chosen.] If the integral of a function must
assume discrete values, then small perturbations of that
function must integrate to zero. In other words, a small per-
turbation must have been a zero constant term in its Fourier
series. Thus considering the kernels and domains of defini-
tion, L is nonsingular only if the canonically conjugate pairs
of variables (X,7y) and (£ + 5,7, + 7,) are considered
modulo constants.

The proof of linearization stability fails to carry over
because the transformation is singular. The linearized con-
straint equations are still in a suitable sense elliptic, but are
not surjective at some solutions. (See calculations in Sec. V.)
In fact, it is fairly easy to determine all such solutions. It is
shown below that surjectivity fails exactly when there is a
vector field on § which is a symmetry for all the fields. No
such vector field exists for the embedding variables, because
the flow along any nonzero vector field is a change in posi-
tion in S, i.e., in (7,X). But for £ and 7, it is easily observed
from (4) that there is exactly one symmetry, the vector field
d/3X. If ¢ has the same symmetry, then

¢ = Ccosu(T — Ty). (5

All symmetric solutions may be obtained by choosing a
Cauchy surface in S and determining the initial data there
for ¢, £, 7, and their momenta.

Thus the method of choice for proving linearization sta-
bility—the implicit function theory—fails. The proof of lin-
earization instability is the construction of a spurious linear
perturbation. At symmetric solutions, the second order per-
turbation of the constraint equations gives rise to a condition
on the first order perturbations alone; Sec. V exhibits a linear
perturbation violating this second order condition.

V. PROOF OF LINEARIZATION STABILITY

With respect to the embedding variables, the linearized
constraint equations
DD (qy:91+9xs Pos PrsPx) =0
are
DH=q,m; + X' pr+qrmy + T px + 74 ps + 65

+ 2P X7 = T)dq, + 247 6°(X gy — T'q7) =0
DH, =qym; + T ' pr +qx7x +X'px + 457, + 0y
=0,

where D stands for linearization (functional derivative) and

Gy, Gy Gxs Psr Pr and py are perturbations of ¢, T, X, 7,

7, , and 7y, respectively. The adjoint operator, D@ *, de-
fined by the equation

dx DD (q4,919x+Pss P> Px ) (NN )

U

- f dx (qdn‘I'l"q/\”pdnp'l" PX)'D(D *(Nle)’ (6)
U
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is given by
DD *N,N"Y)
={—(NY + 206X~ THN - (N'm,),
~ [Ny + 27 ¢°T)H) = WN'mr),
— [Ny — 217 ¢6°X)) — (N 'myY Ny + N,
NX'+N'T'NT'+N'X'}.
The weighting system devised by Douglis, Nirenberg, and
Hormander (cf. Hormander®) allows the choice of the princi-
pal part of D@ * as the first order part of the first three com-
ponents and the zeroeth order or algebraic part of the last
three. With this weighting, D@ * is elliptic, i.e., has injective
principal symbol, because the last two components of
symbol (D® *)(N,N') =0
are
NX'+N'T'=0,
NT'+N'X' =0,
which, using (3), imply (V,N ') = (0,0).
This ellipticity implies the splitting
Codomain D@ = kerD® * & Im D@, @)
so D@ is surjective if and only if D® * is injective. As the
argument for injectivity of the symbol of D@ * depends on
the algebraic components, the operator is injective by the

same reasoning. Thus D@ is surjective and by the implicit
function theorem (2) is linearization stable.

V. PROOF OF LINEARIZATION INSTABILITY

With respect to the transformed variables, the linear-
ized equations become

DH=¢'q, +p’* ¢ [(me +7,)" — (&' — 7'V ]4,
+ & —p (& —n)le;
+ (& —n)—7n'lg, + 74 py
+ e +pid*ms +7)]p,
+ @+ 7)) —m,1p, =0 (8a)
and
DH, =q7my +q.7;
+aq,7m, +¢'py +&' P +7'p, =0, (8b)
where the notation is analogous to that of Sec. IV. The ad-
joint operator, defined as in (6), is
DD *(N,N')
={-We¢YV+p’ ¢ [(m;+7,)
— € =7VIN-W'm,y (¢ (& — 1)
—EWNY = WN'm ) ([ = (€ —7INY
~WN'm,) 7, N+¢'N',
[Q+p ), + 12 ¢°m, IN+EN,
[P e’re + @ o> — Dm, IN+ 9N Y. ®

Itis still elliptic. Again weighting so that the principal part is
first order in the first three components and algebraic in the
last three, the principal symbol is

o(DP *)N,N ")
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={—¢'N-m,N', [ (& —n)—§'IN
— 7 N[y —p (&' —7)IN -7, N,
T N+¢'NL[(L+p¢Hm +pd’m) IN
+ &N [ ¢’m, + @ > — Dm, IN+7'N'].

Suppose (V,N N)Z(0,0) is in kera(D® *). At any point on
U(1) where N' = 0 but N0, the last two components of
o(D® *) = 0 force

Te=m =0 (10)

At any point where N = 0 but N '5£0, the second and third
components of o(D@® *) = 0 again lead to (10). Finally, if ¥
and N ! are both nonzero, solving the second, third, fifth, and
sixth components of the equation for the ratio N /N ', setting
these four quantities equal to each other, and combining the
equations appropriately yields

(m, + 7Y =0 =& 1
But in terms of the transformed variables, (3) becomes

(e +m, P> =&,
which contradicts (10) and (11). The contradiction proves
o(DP *) is injective so DP * is elliptic. Thus the splitting (7)
holds in this case also.

However, D@ * itself is not always injective (and so D@
is not always surjective). For example, if 4, £, 7, and 7, are
constant, then H, = 0and the equation H = Ohas a solution
with 7, and 7, constant. Then (NV,N ') = (0,1)ekerD@ *, as
is easily seen from (9).

In fact, up to choice of initial embedding this is the only
case in which D@ * is not injective. This follows because ele-
ments of kerD® * may be identified with simultaneous sym-
metries of all the fields (and, as discussed in Sec. III, there is
essentially only one instance of such a symmetry). From the
action

jdtf dx(myé + 7. &+ m,m— NH—N'H))
Uqly
the equations of motions are
d
5 (8, Emmry,me,m,) = JoODD*(N,N Y, (12)

where

0 Id)
J—(—Ia’ 0/

[This form of the evolution equations follows directly from
varying the action with respect to the dynamic variables and
generalizes Hamilton’s equations:

J
— (g, p) = JoDH *(1).
A2 (M

For a more detailed discussion of this form for evolution
equations, cf. Fischer and Marsden.’] Equation (12) gives
the change in the variables along the flow of a timelike vector
field

9
ot

on S. By linearity, (12) defines the change along any vector
field given by (13), timelike or not. From (12) it is clear that a

=3[(ms + 7,0 — (&' —7')’]"*Ny* + N'e (13)
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simultaneous symmetry for all the fields must give rise, by
the decomposition (13), to (¥,N "eker D *. Conversely,
suppose (N,N "eker D® *. Define Z* = J /It as in (13) on
the Cauchy surface. No matter how Z ¢ is extended off the
surface, by (12)
ag_a_ﬂ_aﬁg_é?ﬂn

i 34 di  dA

holds on the surface, where 4 = parameter for the flow along
Z“*. From (14) and (4b),

=0 (14)

d
zZe= ) — 15
(const)- —— (1)

on the surface. Extend Z “to S'by (15); then (14) will hold on
S, so Z * will be a symmetry for £ and 5. Now consider
d¢ /9L = Z ¢, , , whichsatisfies the scalar wave equation (1)
(using the fact that Z “is a Killing vector). From (12), d¢ /A
and its normal derivative on the Cauchy surface are zero, so
by standard arguments, d¢ /A = 0 on S. Thus (NV,N })
eker D@ * gives rise to a simultaneous symmetry of all fields.
At a solution with symmetry and at the most conve-
nient embedding, T = const and X = x, the symmetry
(N,N Y is (0,1). Consider the second order perturbation of
the constraint equations (2):

D¢ ((q.,s,q_pqn,Pas,Pg»Pv)a(%,qg,qmP¢,P§’Pn))
+D¢(Q¢,Q§)Q7,!P¢’P§)Pﬂ):O! (16)
where @,, Q,, Q,, P, P, and P, represent the qua-

dratic perturbations of the fields. Integrating the inner prod-
uct of (16) and (0,1) over U (1) yields

2 dx(qy ps + q: pe + 9, P,) =0, a7

U
where the second term in (16) has dropped out by integration
by parts because (0,1)eker D@ *.

To prove linearization instability it suffices to exhibit a
linear perturbation (g4.9 ¢,q,,, P4, P ¢» P,) satisfying the lin-
earized constraints (8) and violating the second order condi-
tion (17). At the chosen embedding the symmetric solution is
given by constant ¢, £, 7, and 7, with 7 . + 7, = 2'”*[from
(4b)]. Solving the constraint A = O gives the equations

77.5 :2—1/2(1 _#2¢2__ %77'55)
and

7T17 ___271/2(1 +,U2¢2+ %ﬂi)

Equations (8) reduce to

2ﬂ2¢4¢ + 7y Dy +2A1/2(ﬂ2¢2‘%7ri + I)Pg
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+27 (¢ —4m, — Dp, =0 (18)
and
Teqy + 7 9 + 7,9, =0 (19)
The desired perturbation is the following. Take any nonzero
function f(x)on U(1)suchthat f,, dx f(x) =0.Ifr, =0,
letg; =p, = f(x), 9, =g, =0, and choose p . and p,, so
that (18) is satisfied. If 7,40 but 7, (or 7,)) =0, let ¢
=p. =f(x)[or g, =p, = f(x)] and solve (18) for p,, let-
ting all other perturbations be zero. In both these cases the
integral in (17) becomes

2 Jum dx f*(x)+#0.

If none of the momenta are zero, suppose u” ¢ > — 45

+ 15£0. (Otherwise u* ¢ * — 475 — 1540, and the roles of £
and 7 and their associated momenta and perturbations
should be interchanged in the following.) Letg; = p .
=/f(x)and ¢, = p, =0, and solve (18) for p, and (19) for
g,,- The integral in (17) becomes

2 dx q; p,
U

2 _

=~ 2 axglatde, 2 (8
7T¢ U

- %77'; + 1)P§]

172 s o ,

= — dx (p* ¢* — 4y + 1) f3(x)=£0.
Ty Jum

Thus (17) is violated, which proves linearization instability.
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We report here an empirical algorithm to construct conservation laws of the Benjamin-Ono

equation.

1. INTRODUCTION

Recently,’ one of us (HHC) in collaborating with Lee
and Pereira have found multisoliton solutions of the so-
called Benjamin—-Ono equation?®?

9, + 299, + Hq,, =0, 0]
where H is the Hilbert transform operator defined by
Hox)= £ f 99 4, )
) z—x

These multisolitons are represented by N-pairs of poles mov-
ing in the complex x plane. The dynamics of these poles are
found to be exactly the well known Integrable Calogero—
Moser—Sutherland N-body problem.* Therefore, a complete
description of the N-soliton motion is known. However, N-
soliton solutions are only special solutions of the Benjamin-
Ono equation. There is in general, a nonsoliton part which
behaves like a linear wave packet. It disperses and spreads.
To our knowledge, there is yet no way to describe the time
evolution of this nonsoliton wave packet. On the other hand,
it is obvious that conservation laws provide information
about the time-evolution of the nonsoliton solution. The
more number of conservation laws we know, the more
knowledge we have in predicting the evolution of the solu-
tion. As a matter of fact, for an integrable nonlinear system
like the Korteweg—de Vries equation,’ it is believed that con-
servation laws are closely connected to the inverse scattering
scheme that solves the equation.® Therefore, we shall study
in this paper the conservation laws of the Benjamin-Ono
equation.

ll. EXISTING CONSERVATION LAWS

Ono’ seems to be the first one to study the conservation
laws of the Benjamin—Ono equation. He presented four con-
servation laws

Cl = f qu, (3)
e .
C, =1 f @ + %Hq,) dx, ®)

and

“Permanent address: Department of Physics, Clarkson Institute of Tech-
nology, Potsdam, New York 13676.
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df”
B, = — xq dx. 6
1 ai 7@4 6

In fact, the last one, B, is not an independent conserved
quantity. It is equivalent to C,. Therefore, Ono has indeed
found only three conservation laws, C,, C,, and C,. Meiss
and Pereiria’ subsequently found two more conservation
laws,

c, = 2f (¢ + 3g°Hq, +2¢7) dx ™

and
C = %J l¢° + g°Hy, + 3¢°H (9q.)

+39(Hq.)’ + $9q, + 39.Hq.. ) dx. (8
In fact, it is these two conservation laws that inspired the
discovery of multisoliton solutions.

lil. AN EMPIRICAL ALGORITHM

The conservation laws of the Benjamin—-Ono equation
are in fact global laws, in contrast to the Korteweg—de Vries
conservation laws that are local. In other words, if we now
define

C,= o, dx, €)]

then
0 =B,, ) +6,., for n=1234, and 5.
(10)
Here S, , | represents the collection of those terms that can-
not be written as total derivatives. We demand also that
6, .1 be of the form

6n+l = Zf;Hgl +g1Hf;’ (11)

in order to uniquely define 6, , ,. Note that Eq. (11) guaran-
tees that f~ &, , dx =0 due to the integral theorem

f:cﬂ‘lg dx = — ‘[Cm gHf dx. (12)

Otherwise, o, would not be conservation laws. For example,
we have

0, = —0;, + 8, (13)
with

o, =¢*+ Hg,,

oy =g’ + qHq, +3Ho,,), (14)
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and
53 = 2q\'Hq\' N

Obviously, &, is not a total derivative. But, according to Eq.
(12) we see immediately that

f g Hg. dx= — f q.Hq, dx=0. (15)

As a matter of fact, for the five known conservation laws, we
have

B.=—o0, n=234,5, (16)
or the empirical algorithm
¢, = —a,.,»+6,., forn=1234 a7
The quantities ¢, 8, can be written out explicitly:
g, =gq, (18)
o, =¢ + {Ho, .}, (19)
oy =q" + igHg,) + [Ho, (20)
o, =3l¢" +3¢°Hq, + 24 ] + 2[gH ('), — ¢°Hy,
+ 1(Hg,)’ — qq. — g + (Ho, ], 2))

o, =1[g" + Wg'Hq, + 39°H (gq.) + 9(Hg, )’
+ 9¢’ + 39 Hq, 1 + | — Yqg'Hy),
- 4[q(Hq)(Hq()]x - 8(q2qx )x - z(qux )xx

+ 8[gH (¢°q,) + 9°9. Hq)
+ 4[gH (gHq ) + 9(Hq . )(HY]

+ 4[(Hq, )Hqq.) — 9¢: ]

+ 4[(Hg)g. Hq, + 9H (9. Hqg,)]}, (22)
and
5, =6, =0, (23)
5, =2¢.Hq,, (24)
8, = 499.Hq — 4qgH (49.), (25)
b«

—8¢°q Hq, + 8¢ . H(q’q,) + 49, (Hq,) + 49.H (9. Hq,)
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+49.H (9Hq,.) + 4(Hq.)(qHq..) + 49 Hq... (26)

We do not yet have a proof of Eq. (17) for general n. But we
shall be very surprised to find it wrong for higher n.

IV. A NEW CONSERVATION LAW

Indeed, we tried the case for n = 5Sin (17) and we found
a new conservation law,

Co=% f [¢° + 34*Hq, + 5¢°H (94.)

+ 3q(Hq )(Hqq,) + 9 (Hq. ) + 24’4
+ 159¢. Hg,, + $q>Hq, + 39, ’1dx. Q7

We have not applied our empirical algorithm (17) to
n = 6 or higher. The algebra becomes more and more messy.
But we strongly believe that infinite number of conservation
laws exist. These conservation laws should reduce to the
conservation laws of the Calogero-Moser—Sutherland
many-body problems when we specialized to the pure V-
soliton solutions. Recent work® shows close connection be-
tween conservation laws and the inverse scattering scheme.
We hope that the eventual verification of our empirical algo-
rithm (17) would reveal this connection for the Benjamin—
Ono equation also.
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Asymptotic regularizations as an alternative to distributions for the study of

singular hypersurfaces
P.Gravel

Mathematiques, Universite de Montreal, Montreal, P.O., Canada H3C3J7
(Received 18 June 1979; accepted for publication 23 August 1979)

A technique designed to give shock wave surface and propagation equations of quasilinear
differential systems is given which can be used when the distribution method does not lead to any
practicable results. The technique, called “asymptotic regularizations”, uses a smoothing process of
the discontinuous functions which becomes negligible as a parameter » is made arbitrarily large,
thus revealing the behavior of the discontinuities on the singular hypersurface. This paper is also, in a
way, the answer to a conjecture formulated by Lichnérowicz to the effect that there should be a
theorem relating distribution theory to asymptotic expansions on manifolds (as defined by Choquet-
Bruhat) which could explain the formal similarity of their respective results when they are applied to

the differential systems of some relativistic fluids.

1. INTRODUCTION

Distributions in R " have been generalized to distribu-
tions on Riemannian manifolds by Lichnerowicz (a sum-
mary of this method can be found in Ref. 1). This author has
also shown how these distributions could be used to obtain
equations for infinitesimal shock propagation and for the
hypersurfaces on which they occur in the case of source-free
Einstein-Maxwell (E-M) equations and those of relativistic
magnetohydrodynamics (MHD) (cf. Refs. 2 and 3).

However this method fails to give infinitesimal shock
propagation equations when we consider for example, a non-
inductive, heat-current free relativistic fluid.

This failure to obtain propagation equations is due to
the fact that in distribution theory a continuous tensor 7,
defined on an open set {2, which has discontinuous deriva-
tives as it crosses a hypersurface 3 satisfies on {2 a distribu-
tion equation of the type
8[VuVoT 1=V, lgbT + 1, V8T + 1,V 8T+ 1,1, T (1)
(cf. Ref. 1), in which T is a tensor distribution, of the same
tensorial type as T, which is not given by distribution theory:
It is only known to exist. “Propagation equations” given by
distribution theory are thus of little interest if it cannot be
shown that contributions from those 7’s amount to zero.

* Although this can be done for the fluids mentioned above
(source-free E-M and relativistic MHD) it is not so, for ex-
ample, for the noninductive, heat-current free relativistic
fluids (to be considered in a later publication).

What we intend to show here is that there exists an
alternative way to find propagation equations in which no
function of indeterminate form appears.

On the other hand, the conjecture of A. Lichnérowicz
to the effect that his distribution theory should be mathemat-
ically related in some way to asymptotic expansions (as de-
fined and used by Y. Choquet—Bruhat in Ref. 4) is disproved
and replaced by a mathematical correspondence with as-
ymptotic regularizations, the former similarity being due in
fact to the similitudes encountered in computations occur-
ring both in asymptotic expansions and asymptotic regular-
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izations. Asymptotic expansions do not always give results
similar to those of distributions for all types of shocks and
fluids, whereas asymptotic regularizations do.

2. REGULARIZATIONS OF THE METRIC TENSOR

Suppose we are given an open neighborhood £2 of a
manifold ¥, on which are defined the local chart (x*) and the
regular function ¢ of the coordinates of this chart. Assume
also that the equation ¢ = Odefines aregular hypersurface
which divides {2 into two nonempty open sets £2, and {2, on
which ¢ > 0 and ¢ <0, respectively. Then we have either one
of the following possibilities:

A. Regular metric

By this we mean that the metric together with its first
and second derivative are continuous on {2.

(A) Consider first a tensor field °7" (x) which is continu-
ous on both {2, and £2_, but regularly discontinuous at X (i.e.,
Lim, ,. °T and Lim,_, °T are both tensor valued func-
tions defined on 3.

We shall denote the discontinuity field on 3 of a tensor-
ial quantity 4 by

[A]=Lim4d —Limd=4.—-4,,
&0 ¢—e0"

where the — and + subscripts should have obvious
meanings.

Letus construct a “regularized” field Tin the following
way. We shall have

T (x0¢)="T (x) + 'T (x,0¢ ), @

where 'T is chosen in such a way that 7 and its first deriva-
tives are continuous on 2. Of course, this implies that 'T is
itself discontinuous at 2. Actually we must have

['T]=-[T]

on 2.
If we restrict ' T to have its support in 2., we then have
'T=0 if ¢ (x)<0
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and
'T.=Lim 'T= [°T].
0"

We shall also demand that given w and x, on %, ' T (x,w¢ ) be
absolutely integrable with respect to the variable £ =wd,
these integrals being uniformly bounded on 2. The scalar
function

|4 ]l=sup
XX

8 = 0,0,
in which 7 is that integral path of the field [, =d¢ /dx*
which crosses 2 at x,, is then a norm when restricted to the
set of tensors which are continuous on {2, and 2. (expres-
sions such as “almost everywhere” are of no use here). It
follows that as @ goes to infinity, T converges to °T with
respect to this norm. Moreover, if we take the covariant de-
rivative of both sides of Eq. (2) we get, e.g.,
Va Tﬁy = VGOTBV + Va lTB}’
=V,Ty, +0'Tpl,
+ ITB%a - 1T"W‘r/lot - ITB}.F:}@’

where 'T'=49 'T /J¢ and the I §,’s are the connection
coefficients.

Since V,, T}, must be continuous, we get by taking the

limit as ¢ goes to 0 from both sides of £ and subtracting the
two limits on J,

0=[V,Tp,]
= [VaOT,By] + [wlTbyla]
+ [lTB%a - ]Tirrga - lTBAF;lza]
= [VaOTBy] + {wlTéy+ la
+ 1TBy.a+ - 1T/17’+ Fga - ITBA + F;{’a}’

whence for a non-null hypersurface (/,/“50)

fl |42 do,

!

lT ’ li
[VaoTﬂV] = la(_i;;_:— + wlTéV*‘ >+ +Va [OTBY]’ (3)

"

in which *V denotes the covariant derivative defined on X by
the restriction to this hypersurface of the metric and its
connection.

We note now that

8[V.°T 1=V, (8[°T1]) + L,6T, @)
the result given by distribution theory for that type of discon-
tinuity (cf. Ref. 5) is quite similar to (3). We shall suppose
from now on that ', ,/* = 0on 3. (3) and (4) then have
the same meaning when (4) is restricted to 2. Moreover, an
elementary development shows that @'T ,; constitutes a se-
quence, with respect to w, of regular distributions defined on
12 which converges to a singular one with support on 2.

(B) If we are given instead a °T continuous on {2 with
discontinuous derivatives as it crosses =, then it is known
from Hadamard that there exist quantities 4, of the same
tensorial type as T on 2, such that

[°T . 1=41,.

Thus, if we construct the regularization
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T (x,w¢ ) =°T (x) + %ZT(x,wcﬁ )s (5)

where °T has support in £2, (the left superscripts 0,1,2, etc.
referring to the order in w ~' of the respective expressions
once the norm has been computed) and require that 7" to-
gether with its first derivatives be continuous and absolutely
integrable on £2, it then follows that

Lim T’ = A4
b0
and
Lim’T,=0 on 3. (6)
b0

Hence, we get, since V,, T} is to be continuous,
0=[V,T;]
T, 1°
— or 270, Bp
[V. B]+[ T; + N ]la

H

1 2Ty, 1P
+ —[ZTBG — =22 il
@ ' U

If we assume, as in the previous case, that >T}; ,/” van-
ishes, we have

1
[V(IOT/J] = - [ZTb ]la - ;[zTﬁ,a - ZTAFga]
2.
= TB+l

a

from (6) and the continuity of *T; and I" §; on £2. This is
again to be paralleled by

5[V, °T,1=1,6°T,
which is the corresponding result from distribution theory
(we can go no further than just pointing out this similarity,
since the form of § °T is never exactly known, although it
should be obvious that on X they are identical, since the two
equations are Hadamard’s condition for that type of discon-
tinuity on 3'). It should be noticed that Lim,, , *7’ has
support in 2 only.

It is more interesting to look at [V, V; °T ], supposing
V. VT is continuous on £2 and that Lim, . *T;, /" van-
ishes. We get
[Vavﬁ 0T7’] = ZT;’I+ lalﬁ + lﬂ +Vﬁ 2T;’+

+1 VL Ty, 0T, Y,
+0(0™?),

where O (@ ~ %) means “terms of order 2 or greaterinew ~',”
with respect to the norm defined above. This result should be
compared with (1). Actually, they have the same meaning on
3, provided we identify 7; and ( —  *T j), and still associ-
ate 6 °T with 2T’ as we did above. Again, it can be easily
shown that the limit of the sequence of “regular distribu-
tions” {w *T '} as @ goes to infinity is an irregular, i.e.,
“true,” distribution which can be considered a multiple of
the usual Dirac §, on each integral path 7, of the field /,,
with support x,€ 2.

B. Metric with discontinuous derivatives

In this case, we have from Hadamard
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[OgaB,y ] = lyaafj' (7)
Since g itself is continuous, we do as in (5) and construct

8op = "up (%) + % 28 (X008 ) ®

as asymptotic regularization to °g,,z, ’g.s having support in
£2.. As we require that g be continuous and have continuous
first derivatives, we obtain by the usual process

Lim? =0,

dr—lg‘l 8ap

%y =0 if <0,

g0, =0 if <0,

Lim %g,, =a,s, ’g.s integrable alongé.

$—O
The two results we have from distribution theory are

86 8upyr 1 = 2170,880p + 81,085,

5[Fy ] = L.3F,, ®

where F ¢ = %***I",, are the so-called “harmonic quanti-
ties.”” On the other hand, using the asymptotic regularization
given by (8), we get first

2

g =" £ 10,

8
w
where the bar indicates indices raised with °g*?,
(°g*#°g,, = 7). We then get by subtraction of the two lim-
its as ¢—0" and ¢—0"
O = [gﬂvgaﬁ,yv ] _ _

= Og,l“’ [OgaB,yv ] + wl,ul# [2g(,1’B ] + 21# [Zgz,lﬁ,y ]

+8°1, ., [’8ls 1+ 0 (02,
that is,
O?“’[Ogaﬂ,yv] = 21—# zg;E+ T + Og_uvl;t,v 2g¢'xﬁ+
+wl 1*(Cgls), +0 (@ ?).

Hence we have to order one in @ ~ !, a result which has the
same meaning as (9) on 3, provided

L, l_"(zg;'ﬁ , =0.
3. REGULARIZATION OF PRODUCTS OF

DISCONTINUOUS FUNCTIONS
It may happen that the discontinuity of a product of
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discontinuous functions is required. When this happens, it is
an easy matter to obtain it using asymptotic regularizations.

Suppose for instance that we are given two quantities
%4, °B which are continuous on {2 with discontinuities of
their first derivatives at 2. Then we have, for appropriate
quantities a and b,

[*4,]=adl,, [°Bys]= bl,.
Regularizations of °4 and °B are of the form

A (xwd) =4 (x) + L2 (x08),
«w

B (x,0¢) ="B(x) + Lop (x,0¢ ),
w

for which we must have

Lim34’' =aq,
#—0"
Lim2B’'=b
P

together with the usual integrability conditions. From this
we get

A B,
—_ (OA,a + 2A ’la + l’ZA,a)(OB,B + ZB ,lﬁ + _1_ ZBﬁ)
1) ©
—°4,°B, +°d, *B'ly + 24" °B I,
+’4"’B'l,l; + O (0 ?)
and from the continuity of 4 , B ;, we obtain
[OA,a OB»B] = 0A,a+ IB ’+ lﬁ + 2A I+ 0B-B+ Ia
+47, B’ 1,1,

This has the advantage of being defined in terms of limits
taken from the £2, side of 2 only.
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A note on completeness
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Completeness relationships for eigenfunctions of second order differential equations are
presented in a form which employs a contour integration rather than the usual integration and
summation over eigenvalues. This technique which is particularly applicable for scattering
problems simplifies the usual procedures and the proper weight functions are easily obtained.

Some examples are given.

I. INTRODUCTION

In many applications of physics it is convenient to ex-
pand the general solution of a second order differential equa-
tion in terms of a complete set of eigenfunctions which are
chosen to satisfy appropriate boundary conditions. In gener-
al we must obtain all the bound and continuum states and
then determine the expansion coeflicients, a complicated
procedure indeed. This is also true for scattering problems
even though the incident wave packet has no overlap with
the scattering center. The bound-state contributions vanish
only if the incident packet is at an infinite distance from the
scattering center.

A technique is presented here which simplifies the usual
approach. The method involves a single contour integration
over complex values of a parameter. When the solutions sat-
isfy the appropriate boundary conditions this parameter is
just the eigenvalue. In this way, the bound and continuum
states are treated in the same way.

Our proof depends only on the existence of L * integra-
ble functions of a Hermitian operator. It is therefore more
general than the proof given previously' which depended
specifically upon that fact that the asymptotic scattering so-
lutions were plane waves.

We find that our expansion represents both the regular
and irregular solutions of the differential equation, even at
the singular points. The completeness relationships for Her-
mite polynomials and for spherical Bessel functions are giv-
en as specific examples. The formulation is especially suit-
able for scattering solutions since the completeness
relationship is manifestly written in terms of outgoing
spherical waves. Such solutions are treated extensively in
our previous work.'

1l. COMPLETENESS RELATIONS
Equations of the form
(L—A)=0 )

will be considered where L is an Hermitian operator. For the
radial Schrodinger equation, which can be put in the form

2
Lo 4> 1Uu+D 2mli(r), 0<r<om, (2)
dr r #
A corresponds to the energy eigenvalues
A =(0mE /#)=k". 3)
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One method for solving Eq. (1), with given boundary
conditions, is by use of a Green’s function which satisfies the
inhomogeneous equation

L —A)G, (rry)= —8(r—ry) 4)

Note that the /-dependence has been suppressed to eliminate
notational clutter. The Green'’s function G, can also be writ-
ten as an operator

G, =QA-L)", (5)

called the resolvent. It follows from Hilbert’s spectral theo-
rem for Hermitian operators® that the resolvent is an analytic
function of A except for simple poles for A in the discrete
spectrum and a branch line for A in the continuous spectrum.
These occur for real values of £.

Now cousider integration of G, counterclockwise on a
large circle in the physical sheet of the complex A plane. If
the operator is bounded then a circle can be chosen large
enough to include all singularities. Otherwise, the radius of
the circle must be allowed to approach infinity. Thus a
Cauchy integral representation can always be found such
that

Qmi) ! fﬁcﬁ di=1. (6)

This is an integral form for the completeness relationship for
the eigensolutions of Eq. (1). In configuration space, this
equation is

f dA G, (r, ry) = 2mib(r — ry), N

where the circle is collapsed into the contour Cshown in Fig.
1.

The Green’s function can be constructed from solutions
satisfying the usual boundary conditions at the origin and at
infinity. At the origin, regular solutions for the operator de-
fined in Eq. (2) are chosen.® These satisfy*

COMPLE X A-PLANE

- 0
—Co—e—e—mannsaansananann REAL N AXIS
C 2w

FIG. 1. Contour Cin the complex A plane.
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lim[r'~'4,(n]—1, ®)

provided the potential behaves better than r ~ > at the origin.
Since the boundary condition is independent of A, ¢, (r) is an
analytic function® of 1. The boundary condition at infinity

depends on whether or not a continuum exists. It is conve-

nient to treat the case where there is only a discrete spectrum
before considering the more general case.

For potentials that are unbounded at infinity, such as
the harmonic oscillator, which lead to discrete spectra only,
solutions that approach zero as 71 « can be found. That such
solutions, defined as f; (), exist can be seen from the asymp-
totic form obtained from the WKB method,

£ = WO -1 e| - [ (06 -217a),

&)
where U (r) = 2mV (r)/#i* and A isreal. The Green’s function
may then be constructed as

G, (r, r0)=—————-_ ¢4(£')ﬂ(r0), 0>
_ Lo 10
L,
where

L, =£,(0g () =[N ()
=W [f£(), 6,(0],

is the Wronskian which is independent of r and the prime
denotes differentiation with respect to the argument. For
values of A where the Wronskian is zero, the solutions £, ()
and ¢, (r) are clearly linearly related. This means that each
function must satisfy the boundary condition for 710 as well
as that for 71 «o. These must be the bound-state eigenfunc-
tions which occur for the real values of 4 which correspond
to the simple poles of the integrand of Eq. (7). Thus Eq. (7)
reduces to

f an ZDLE) sy, (11)
c L;
where the contour Cis counterclockwise around all the zeros
of L.

For the general case there is a continuous spectrum as
well as a discrete spectrum. The WKB method shows that
there exist asymptotic solutions such that

fi=fVa,n = expliVa ], (12)

provided the potential decreases faster than» ~'at oo. If 4 is
chosen to have phases 0 to 27 as shown in Fig. 1, then
SV A,r) is convergent for complex A in the cut plane. If the
cut is approached from above, outgoing wave conditions are
obtained, while if the cut is approached from below incom-
ing wave conditions are obtained. .

It is convenient to make the transformation k =V 4 .
Then

JQVG,‘.(r, ry)kdk = — 76(r — r,), (13)

where the contour is shown in Fig. 2. Here G, (r, 7, ) is an
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FIG. 2. Contour C' in the complex & plane.

analytic function of & in the upper half k-plane except for
simple poles on the imaginary axis. The Green’s function is

é (k) f(koro)

G.(r,ry) = —L—(k)’ for r<r,,
k) Sk
= __i;—(lr, for r>r,, (14)

where ¢ satisfies the boundary condition given in Eq. (8) and
[satisfies Eq. (12). The Wronskian, which becomes

L, (k) =f(ng (kr)—[f'(kn)é (kr),
=2/ + D lim [Af(k.n)],

is the Jost function. The function f(k,r) is an analytic func-
tion of k in the upper half £ plane® and the function ¢ (k,r)
may be written as

¢ (k)= — Qik) " '[L, (k) f(—k»r)—L_(K)f (kn)],
(15)
where
L_(k)y=¢'knf(—kr)—¢knf(—knr
=@+ lim [Ff(—k&n)].
It follows in the general case that Eq. (3) reduces to

¢ (k.r) f(k,ro)
< L (k)

in parallel to Eq. (11). The proof of Eq. (16) for the discrete
part of the spectrum is identical to that given previously.
That is, f(k,r) and ¢ (k,r) are linearly related for values of &
where L , (k) = O thereby making G, (r,7,) symmetric in »
and #,,. The remainder of the proof follows from the fact that
G, (r, r) has this same symmetry for values of k on the real
axis. To see this consider that part of the C’ integration that
corresponds to the integral

r o e $EDICr)
. L, (%)

k dk = inb(r — r,), (16)

=(i/2)J>I dk f(— k,r) f(k,ry)

— ) f Ak L R)/L, (O1S D Sy,
(17)

The change of integration variable from k to — k in the first
term of the rhs of Eq. (17) then gives, when f(k,7) is factored
from the two integrands,

o k, , o ,
[ ka 8 (orYf (horo) =J v g BGrY )
— L, (k) . L, (k)
T.A. Weber and C.L. Hammer 25



It follows from Eq. (16) that an arbitrary function g(»)
can be expanded either in terms of ¢ (k,7) or £ (k,7). For exam-
ple, either

[ kdka(k) k)
g(r)~f,——————L+(k) , (18)
where
a(k) = (im) " f g6 (k.r) dr, (19)

or fand ¢ can be interchanged.

Equation (18) is particularly useful if it is desired to
expand g(#) in terms of functions which asymptotically are
spherical outgoing waves. Note also that, if ¢ (k,7) is suffi-
ciently regular at the origin, a(k ) is finite even for function
g(7) that are singular at the origin. In the next section, as an
example, we illustrate how spherical Hankel functions can
be used to represent irregular functions in the closed interval
0to .

lil. EXAMPLES
A. Completeness for simple harmonic oscillator

The equation for the simple harmonic oscillator is
()

- _{I-—AlWw=0, 20
dar 4 Y (20)

where ris expressed in units 2maw/#) ~ ?and A = (E /#iw).
The solutions are parabolic cylinder functions. The bound-
ary condition on ¢ given by Eq. (8) gives an expansion for
odd functions only. The appropriate solutions are®

¢, (r) =y, (—4,), @D
which is regular at the origin and
Li(r) =U(=4,r), (22)

which is bounded at infinity. The Wronskian
Li=W[0é:) =727 /TG~ 1))

23

has zeros which occur for

A, =n+1% (n odd).

For these values of 4,
(=240

= —7 2 TG = ) U= 4,0, (24
where

U(=A,n=2""¢ " H,(/V2), 25)

and H,, is the Hermite polynomial. The completeness rela-
tion, Eq. (11), can be used to obtain the sum of residues

\/2/_77_ i (n!)— 1(2) n e("‘ + /4 H"(r/\/g)
n—=1
odd

X H, (re/N2) = 8(r — 1), 26)

which is the standard result. It is apparent that the functions
which are orthogonal for the range of integration r = 0 to
¥ = oo, are

(%)w (n!) = 72(2)~ "% T/ H, (\;5)
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The even functions can be obtained by requiring the bound-
ary condition on ¢ to be

O =1,

$'(0)=0.
The remainder of the analysis is identical to the “odd” case
described above.
B. Completeness for spherical Bessel functions

For ¥V = 0 the radial Schroedinger equation is

[ —@>dr)y+ [1(1+ D)/l =k, X))
The solutions of interest are spherical Bessel functions

o, (ki) = QL+ DKk ~'rj (kr),

and

Sk =11 ke hO(kr), (28)
where

L(ky= QI+ D)k (29)

The completeness relation, Eq. (16), becomes
7! J rj (kr)roh V(kro)k 2 dk = 8(r — r,). (30)

According to this relationship an arbitrary function g(r) can
be represented by spherical Bessel functions by choosing

ak)=7m"" er dr g(ryj, (kr),

gl = Jto k2dka, (k) rh{ kr). 31

Iflim, , »7g(r) = const, ¥ > 0, the integer / must be chosen to
satisfy />y — 2,ifa(k )isto exist. The expansion as written in
Eq. (31) will represent g(r) everywhere except possibly at the
origin. To assure that g(r) has the appropriate behavior at the
origin, we choose a limiting process such that

e —r f P dp a( p/h ' (p), (32)

which requires r10 following |k |1 0. That the expression,
Eq. (32), represents g(r) even at the origin can be seen by
substituting g(r) ~r " into Eq. (31). The result is
kvo? r{{—yr+1)
a,k) = 172 Ay - 172
Qw27 L{(+y+1)2)
=k *f(),
where the reflection property
afk)=(—1a(~k) (33)
follows directly from Eq. (31). Substitution for a,( p/r) in
Eq. (32) then gives

sO)=r @ [ 5 aph o

=r

for all #, as required.

C. Other completeness relationships

The relationship Eq. (16), can be written in terms of
regular functions also if one treats the bound-state wave-
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functions differently from the continuum wavefunctions. If
the contour shown in Fig. 2 is brought down to the real axis,
Eq. (16) becomes
[ kD) o,
L (k ) Res
= 7ib(r — ro)

The definition of ¢ (k,r), Eq. (15) can be used to rewrite this
equation in the form

ke (k.r).f(k.ro)
L, (k)

2 fw k2 dk ¢(k9r)¢ (k!r()) — 27 z k¢ (k,r)f(k’ro)
- L, (k)L_ (k) = L,Kk)
=7o(r — ry). (34
where the residues occur because of the zero’s
L + (kn) = 0
For these values of k,,
fk, o) = 2 (k ) ¢ (k.. ro), (35

which completes the proof. This result is the standard form
usually given for the completeness relationship.® For the
spherical Bessel functions there are no bound states to con-
sider so Eq. (34) reduces to

2 f " k2 dk (ke jyr) = 8(7 — r,). (36)
T Jo

Finally, we note that if f( — k,7) (and therefore L _ ) is
analytic in the upper-half of the complex k-plane, the defin-
tion of ¢ (k,r) given in Eq. (15) can be used to show

et [ akf (kSRR =80r) 6T

a result which might be expected considering the asymptotic
properties given in Eq. (12). In particular for the Hankel

27 J. Math. Phys., Vol. 21, No. 1, January 1980

functions,

Qm ! f k2dk rh\V(kr) ry hP(kry) = 8(r — ry),
) (38)

where the integration path must go either above or below the
origin (the residue vanishes).
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It is shown that the extremal functions associated with a general functional form a set of
biorthogonal and doubly orthogonal functions. The theory is applied to antenna theory to find
the doubly orthogonal functions of the E and H plane strip source antennas.

I. INTRODUCTION

Sets of analytic functions [ F, } which are orthogonal on
the interval — o« < u < o0 with weight factor 4, (u) and
which are orthogonal on the interval — 1<u<1 with weight
factor A, (1) are called doubly orthogonal. These functions
have proved to be of great value in the synthesis of continu-
ous antenna sources (it is assumed that the far field radiation
pattern of the antenna source is to approximate a desired,
ideal radiation pattern as closely as possible) when the anten-
na source is subject to an energy or magnitude constraint
(Ref. 1, pp. 154634 and Ref. 2).

The usefulness of doubly orthogonal functions arises
from the fact that the same functions {F, } may be used to
describe both the far field radiation pattern which is defined
only on the interval — 1<u<1 and the energy constraint
which is defined on the infinite interval — o« <4 < 0.

A drawback to the applicability of these functions is
that only a limited number of these functions are known to
be doubly orthogonal. At the present time the only known
doubly orthogonal functions are the spheroidal functions
{¥,..(c,u)} * (which include as special cases the prolate
spheroidal functions* and the even and odd Mathieu func-
tions*) and the generalized spheroidal functions.®

The object of this paper will be to greatly expand the
known class of doubly orthogonal functions and to also show
how these functions may be constructed. The first part of the
investigation will show that the extremal functions of certain
types of linear functionals are doubly orthogonal. The sec-
ond part of the paper will derive for the first time the doubly
orthogonal functions associated with the real and reactive
power of the E and H plane strip source antennas.

l. ANALYSIS

This part of the investigation will be concerned with
showing that the set of extremal functions associated with a
certain type of functional are doubly orthogonal. To formu-
late the problem let /(¢ ) be a function which is defined on the
interval — 1<r<1 and also let F (cu) be the finite Fourier
transform of £ (¢ ), where c is a positive constant. (In the appli-
cation to antenna theory ¢ equals 7L /4, where L is the
length of the antenna and A is the wavelength of free space
radiation.) The functional with which we are interested is
defined by

52 )| Flew)|*du  (fHLf)
= = =27
2] S A (u) | F (cu)|*du (LH.[) ®
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where
1

F(cu) = ) 1f(t Ye'™ dt )]

and where f(¢ ) behaves as
faH)y~( =% B> —1 &)

for ¢ arbitrarily close to 4 1. Also
1

(fg) = S*(e)g(t)dt
-1

is defined to be the inner product of fandgon — 1<#<1. The
integral operators H, and H, are obtained by an integration
interchange in Eq. (1) and are given by

H (¢1)

=fl dt’[f1 hl(u)exp[jcu(t—t’)]du}, (4a)
H,(c,t) | |

= flldt'{fw hz(u)exp[jcu(t—t')]du]. (4b)

The weight factors A, () and A, (1) are also assumed to be
even in # and nonnegative.

We have chosen this functional because the set of extre-
mal functions associated with it for

hlz(l"—'uz)a, Iul<1:
hz = (uZ__ 1)(1, |u1>1’ (5)
h, =0, |u|<l, a>—1,

turn out to be the spheroidal functions { ¥, , (c,u)}. We have
also chosen this functional because it describes the real and
reactive powers which are associated with a number of con-
tinuous line source antennas [Ref. 1, pp. 74-105] and is thus
of practical value.

The second half of Eq. (1) has been expressed as an
inner product of the operators H, and H, with the functions
f(¢). The kernels of these operators are the Fourier trans-
forms of /1, (1) and 4, (u) as defined in Egs. (4a) and (4b). Itis
clear that H, and H, are Hermitian, positive definite, and
real operators. It is assumed that £(¢ ) belongs to a class of
functions such that the functional [Q ] is always convergent
and that the value of 3 is consistent with this convergence.

Toidentify the extremals associated with the functional
of Eq. (1) we vary [Q] with respect to all functions which
meet the conditions (3) and cause the functional to be con-
vergent. This is a straightforward procedure which has been
described in detail in Ref. 6 {pp. 1108-9, Eq.(9.4.6)]. The [Q]
functional after variation may be written in the form
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(6/,(H, —QH,)f) =0, (6
where Q = [Q]], . is the value of the functional at the extre-
mum and 8/ (¢t )is thefirst variation of /(¢ ). The condition that

f(t)satisfy the boundary condition (3) is imposed by expand-
ing f(¢) and §f(¢) in the series

Fy =3 xe.), (7a)

k=0
of (t) = z Ox . (), (7b)
K=o

where it is assumed that the set of functions {¢,(¢)} are
complete and orthonormal in the interval — 1<#<1 and sat-
isfies the condition of Eq. (3). Examples of functions {4, }
which satisfy these properties are the Gegenbauer polynomi-
als [Ref. 6, p. 783] with

6, (t)=(1—t>TE(), k=0,,., B>—1(8)
and the spheroidal functions® with
G (1) = (1 —12)°W,, (cu), k=01,., B> —1
®
Another set which may be used when 8 = 1 are the functions
coskt, k=0,2,4.,
t) = -
(0 [sin&t,

k=135,
with k = [(k + 1)/2].

To proceed further with the analysis, we substitute (7a)
and (7b) into Eq. (6) and carry out the inner products of the
functions ¢, and &, with operators 4, and H,. After set-
ting the coefficients of the independent variation of 8x, . to
zero, the following matrix equation results:

[H, ]Ix] =@ [H, ][x], (11)
where [H,] and [H, ] are square matrices and [x] is a column

matrix of the coefficients of Eq. (7a). The matrix elements of
this equation are defined by

(10

1
[1;11 ]A.A' = f hl(u)di;,(cu)dik (cu) du, (12a)
-1

[{_Iz]k‘klzf hy ()P (cu) P, (cu) du,  (12b)

where @, is the finite Fourier transform of ¢,.
The finite Fourier transform of the { ¢, ] in Eq. (8) [Ref.
6, p. 621] is
FVarr (k+28+ 1)
ki(cu)P + V2

D, (cu) = Ji s gy (cu),
k=012, (13)
and the finite Fourier transform of Eq. (9) [Ref. 3, p. 187] is
@, (cu) = |V, ()| ¥y, (), k=012 (14)

The finite Fourier transform of the { @, | in Eq. (10) which
will be used later in this paper is given (Ref. 1, p. 115)

D, (cu) = f &, (t)e’™ dr
—1

.k[ — 2kcoscu k=02,
(cu)Z . &2
.k[ — 2§smcu2 ]’ — 13,
(cu)” —k (15)
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The @, in all three examples given above turn out to be
complete and orthonormal in the interval — o0 <2 < o.

It can easily be seen that the matrix elements of Egs.
(12a) and (12b) are zero whenever k is even and &k ' is odd (or
vice versa) since @, and @, . are even and odd, respectively
(recall that 4, and A, are even). Therefore it can be seen that
the matrix equation (11) splits into two separate matrix
equations one which describes the even coefficients and one
which describes the odd.

The solution to the matrix equation (11) consists of an
infinite set of eigenvectors which we denote

[xo,n, O’x2,n, 0-. ] T’ n= 0,294)"',
[x]] = ,

[0x,, 05, 1", n=1354,
corresponding to an infinite set of eigenvalues 0 < @, < @, -

As is well known these eigenvectors satisfy the ortho-
gonality relations

[x]pTr‘x[EZ][x]n =QnNn5m.n’ (173)
[x1n [Hi 1 x], = N,Spns (17b)

where N, is a positive normalization constantand d,, , is the
Kronecker delta.

The doubly orthogonal functions associated with the
functional of Eq. (1) may be constructed from the matrix
eigenvectors [x],. Let £, (¢) and F, (cu) be the functions de-
fined by the equations

L) =3 x,6,(0) (18)

k=0

(16)

and

1 20
F,(cu) = L@y dt=3 x,, @, (cu). (19)
—1 K=o
The double orthogonality relations that these functions
{F,(cu)} satisfy are given by the equations

1
<f;n ’!_il.fn) = f thr‘nFn du = Nnam,n’ (20)
-1

<fm,1y,,>=f hyFoF, du=Q,N,6,,. (1)

These relations are a result of the orthogonality relations
given in Eqs. (17a) and (17b) and are proved in the Appen-
dix. The first part of Egs. (20) and (21) shows the additional
interesting property that the set of functions {f, | is biortho-
gonal to the set of functions { H, f, }. This property is needed
in order to determine the coefficients when a known function
is expanded in a series of the set {f, | on the interval
— 1<l

We would like to point out that the construction meth-
od which has been presented here to produce doubly ortho-
gonal functions has the additional degree of freedom that the
boundary conditions on the set of functions {f, } from which
the functions {F, | arise may be specified. This is extremely
important at least in antenna theory where the sources
(which would presumably be represented by the set of func-
tions {f, }) are expected to meet physical boundary condi-
tions say in a slot or aperture.

In concluding this section we would like to note that the
formalism presented here for constructing doubly ortho-
gonal functions is numerically practical and easy to imple-
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ment. The matrix elements require only a few hundred
points of numerical integration for an accurate evaluation
and also many of the currently developed eigenanalysis com-
puter programs may be used to solve the matrix equations in
a few seconds for reasonably small matrices (25X 25).

lll. STRIP SOURCE ANTENNAS

In this section we will illustrate the preceding method
by finding for the first time the doubly orthogonal functions
which are useful in the description of the real and reactive
power of the E and H plane strip source antennas (Ref. 1, pp.
74-105). This set of doubly orthogonal functions will repre-
sent the real and reactive power of these antennas in their
simplest possible form and thus will greatly facilitate anten-
na synthesis methods which seek to limit the ratio of reactive
power to real power to a fixed value.

The ratio of the reactive power to the real power which
is called the quality factor Q " has been derived by Rhodes
(Ref. 1, pp. 74 — 105) for the £ and H plane strip source
antennas. The quality factor for the H-plane strip source
antenna is given by Eq. (1) with

hy () =00 —u>)'"? Ju|<l,
hy(u) =0, |u|<l,
hy(u)y =’/ — 1D'V2, |u|>1,

and the quality factor of the E plane strip source is given by
Eq. (1) with

h](u)z(l_uz)*l/zy |u|<1,
hz(u):o, ,u’<1;
hy(u) = (= 1)7 "% Ju|>1.

The function /(¢ ) represents the electric field in both anten-
nas and the boundary conditions for the E-plane and H-
plane strip sources are given by Eq. 3) withf = land 8 = 2,
respectively (Ref. 1, p. 89).

To obtain an approximate numerical solution for the
doubly orthogonal functions of both antennas, the functions
{®, ] of Eq. (15) have been used to calculate the matrix
coefficients of [H, .+ and [H, ], «- up to a value of k = 49
and k' = 49. The two resulting 25 X 25 matrix equations
which correspond to the even and odd coefficients of Eqs.
(12a) and (12b) have been solved on an IBM 360-158 com-

TABLE L

puter using Harwell’s eigenanalysis program EA12AD. The
resulting doubly orthogonal functions for both antennas
turned out to be well behaved and the double orthogonality
conditions of Eqs. (20) and (21) were verified.

Table 1 lists the eigenvalues Q, of the E- and H-plane
strip source antennas for ¢ = 6 and also displays for com-
parison with the E-plane strip source the eigenvalues of the
spheroidal functions {¥ |, (c,u)] which were obtained
from Ref. 3 (p. 208) with @, = 7, — 1. As can be seen from
Table I, the eigenvalues of the E-plane strip source antenna
as obtained with B = 1 [which is the only physically correct
value of B (Ref. 1, p. 89)] interestingly enough compare very
closely to that found by Rhodes with # = — 4. This result
seems to imply that reactive and real power of an antenna is
not greatly affected by the nature of the electromagnetic
fields near the aperture edge. This statement also represents
an answer to Rhodes’ question (Ref. 1, p. 40) about what
effect the edge behavior of an electromagnetic field has on its
associated value of quality factor. We remark that the eigen-
values of the H-plane strip source antenna and the associated
eigenfunctions have been obtained here for the first time.

IV. SUMMARY AND CONCLUSIONS

In this investigation it has been shown that the set of
extremal functions { F, (cu)} associated with the functional
of Eq. (1) are orthogonal on the interval — 1<u <1 and also
on the infinite interval — « < u < oo . Previously this had
been shown to be true only for the spheroidal functions and
generalized spheroidal functions. Now for the first time it is
shown that the class of functions which are doubly ortho-
gonal is a very large one and given by the extremals of Eq.
(1). We also note that the construction method presented
here offers the additional degree of freedom that the func-
tions £, (¢ ) from which the doubly orthogonal functions arise
may be made to behave as Eq. (3) near the points t = + 1.

We conclude this paper by noting that the preceding
theory of double orthogonality may be extended to function-
als of vectors Fi(c,u,,c,u; ), i = 1,...,n over multidimen-
sional variablesj = 1,...,m. The doubly orthogonal functions
which are associated with real and reactive power of rectan-
gular apertures (two dimensions) are an example of where
functionals of vectors F' over a multidimensional domain
(the real power is described in a region outside a circle in two
dimensions) would be useful.

Q of E-plane forc =6
(from matrix eq.)

3

Q of H-plane forc =6

Qof ¥ — L,n(c,u)
forc=6
(from Ref. 3)

0 0.111174 — 03 0.438691 — 03 0.103114 - 03
1 0.454066 — 02 0.201505 — 01 0.424436 — 03
2 0.721500 — 01 0.384336 4+ 00 0.682299 — 01
3 0.473604 + 00 0.374175 4+ 01 0.456053 + 00
4 0.187972 + 01 0.269618 + 02 0.180946 + 01
5 0.110122 + 02 0.227449 + 03 0.103794 + 02
6 0.128359 4 03 0.328553 404 0.118398 + 03
7 0.232237 4+ 04 0.714732 4+ 05 0.210748 + 04
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APPENDIX

To prove Eq. (21) we substitute £, and f, or Eq. (18)
into Eq. (21) and obtain

Sttty = [ | & wenta] [ ar

X [ fw h, exp[ jeu(t —1t")] du]

[ 3 xk‘,,¢,,” . (A1)

k=0

'

If weinterchange # and tintegration and interchange » and ¢
integration we obtain

(frrH.f,) = f duhz(u)[ i Xirm
— ocl k=0 .
XJ ¢m(t’)e"c""d"]
-1
o 1
[ )y xk,nf ¢n(t)ef“"dt]
k=0 —1

- fo h,(W)F".F, du (A2)
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= JW duhz(u)[ i xk._,,,(D,'"(cu)]
— ® k'=0

X [ i x,(,,,q),,(cu)].
k=0

This proves the equality of the first part of Eq. (21). If we
interchange summation and integral in the last part of (A2)
we obtain

Uity = $ 3 xemxe, f T heL®, du
k=0k"=0 — o0
= [x17 [H, ][x],. (A3)

Since the u integral in Eq. (A3) is just the matrix element of
Eq. (12b) and the double summation is just matrix multipli-
cation, we have

Sulifd= [ BFLE du=N,00,, (a9
by Eq. (17a). The proof of Eq. (20) is similar.
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The quadratic invariants of the three basic quadratic Hamiltonian systems—attractive
oscillator, repulsive oscillator, and free particle— are shown to be the same. These
invariants are divided into two categories, useful and nonuseful. The definition of useful
is in terms of contributing to the (quadratic invariant based) symmetry group of the
appropriate Hamiltonian. Usefulness is not invariant under a time-dependent linear
canonical transformation. Hence different classes of invariants produce the different
symmetry groups for the three different types of quadratic Hamiltonian considered here.
The paper concludes with a consideration of the useful transformation of arbitrary

quadratic Hamiltonians.

I. INTRODUCTION

The importance of quadratic forms in the mathematical
analysis of physical problems cannot be gainsaid. The rea-
sons for this importance lie both in physics and in mathemat-
ics. It is in the nature of things for a physical context to
produce, as a first approximation at least, a quadratic form
of some type or another. Mathematically, quadratic forms
are amenable to analysis without overmuch effort, are sus-
ceptible to elegant treatment and yield results which are of-
ten receptive to simple pictorial representation. The increase
in effort required to analyze higher order systems and the
lack of obvious significance in the results coupled with the
reasonable accuracy of the quadratic approximation in
many physical applications has served to concentrate atten-
tion on quadratic systems even further. It is therefore appro-
priate that we examine every aspect of such systems to ex-
tract the utmost understanding of their properties.

We are concerned here with a particular type of qua-
dratic system, that of the quadratic Hamiltonian. In a gener-
al sense the Hamiltonian is that of an n-dimensional system
although the examples used will be confined to three-dimen-
sional systems. Quadratic Hamiltonians are characteristic of
small motions about an equilibrium point and find applica-
tion from celestial mechanics to quantum mechanics. Such
Hamiltonians have attracted considerable attention in the
literature, including some contributions from the present
writer. In the course of our investigations of the invariants of
time-dependent Hamiltonians, both quadratic and of higher
order, it seemed wise to look again at the time-independent
isotropic harmonic oscillator." Of the four classes of qua-
dratic invariant found for that system, only two, the angular
momentum tensor and the Jauch—Hill-Fradkin tensor
seemed to be of physical significance.?* Certainly the other
two classes offered no contribution to a discussion of the
dynamical symmetry of the system..

When we turn to the other basic components of a qua-
dratic Hamiltonian,* the free particle and the repulsive oscil-
lator (in both forms), we see that these hitherto obscure qua-
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dratic constants do have a role to play. In this article we
examine the relationships between the four classes of qua-
dratic invariant, the four basic components of a quadratic
Hamiltonian and the associated symmetry groups. The pri-
mary tool in these investigations is the time-dependent linear
canonical transformation. This is not out of prejudice
against nonlinear transformation,’ but because of the natural
relationship between quadratic Hamiltonians and linear
transformations, both in classical and quantum mechanics.*
Indeed, in part we are looking for the maximal invariance
groups generated by a basis formed from invariants which
are quadratic forms.’

2. THE LINEAR TRANSFORMATIONS

The theory of linear canonical transformations has been
discussed elsewhere® and is summarized here. Writing the
dynamical variables as

q; 22‘“, i= l,n, H = l,n,

2.0
pi=z" i=1n pu=n+1.2n,
a (homogeneous) quadratic Hamiltonian for an n-dimen-

sional system may be written as
H =1z2"4z, 2.2
where 4 is a real symmetric 27 X 2# matrix.’ The Hamilton-

ian (2.2) may be transformed by a linear canonical transfor-
mation to

H=17"47, (2.3)
where 4 is again a real symmetric 2n X 2n matrix. Writing
the transformation as

zZ=2Sz, 2.9
the transformation matrix S satisfies

S =JAS — SJA (2.5a)

SIST=J (2.5b)

where J is the 2n X 2n symplectic matrix and the require-
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ment (2.5b), that .S be a member of the symplectic group of
matrices is the condition that the transformation be canoni-
cal. To avoid any misunderstanding we emphasize three
points. Firstly, (2.5a) has a real unique solution for a given
initial condition S (¢, ); secondly, if S (¢, ) is canonical, then
S (¢) is canonical, and thirdly, as S'is time-dependent, H and
H are not to be assumed to be scalars of equal value.

For our primary purpose we are interested in the fol-
lowing Hamiltonians':

H,=1z"2, H,=1z"Rz,
(2.6)
H =12"S2, H,=12"Fs,
where

—-I 0 0 I 0 0
R= [ 0 1]’ =1 o]’ F= [o 1]' @7
The subscripts a, 7, 5, and f are used to describe the four
classes of Hamiltonian in which we are interested. For the
sake of convenience and because of its familarity we take H,
as our starting point. The transformation matrices from H,
to the others are®

—(ae' +Be™"), (ae'+PBe ")

H —H,: . . R 2.8
i —(ae'+Be"), (ae'+Pe™ ") 28

where
a = A sint + B cost, B = Csint + D cost, 2.9

and 4, B, C, and D are constant matrices, as will be the case
for the transformations below. They are arbitrary subject to
the constraint of (2.5b).

— ae', ae'

Ha—’H’:[——Be", Be']’ (2.10)
where

a = Bcost — 4Asint, B =D cost — Csint. 2.11)

H;—»H,:[ —atth ‘”_B], @.12)

a, a

where

a = A cost + Bsint, = C cost+ D sint. (2.13)

The transformation matrices (2.8), (2.10), and (2.12) [with
the expressions given for a and Bin (2.9), (2.11), and (2.13),
respectively] are the most general solutions of (2.5a). Under
the constraint (2.5b) each provides the most general homo-
geneous linear canonical transformation from the homogen-
eous quadratic form H, to the homogeneous quadratic
forms H,, H,, and H,, respectively. Just as we restrict our
attention to homogeneous quadratic forms to avoid unneces-
sary complication, so also we restrict the transformations to
homogeneous ones, as our interest is in quadratic invariants.

To reduce the amount of computational algebra it is
convenient to select suitable matrices for 4, B, C, and D. This
does not reduce the generality of the results which we obtain.
In particular, for H,—H, we use

A= —U, B=l, C= -, D= -1, (2.19
for H,—H_ we use
A=1I, B=0, C=0, D=1 (2.15)
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and for H,—H, we use

A=1, B=0, C=0, D=1 (2.16)
3. THE QUADRATIC INVARIANTS OF A+,

The scalar quadratic form

I=1z"Mz, 3.0

in which M is a real symmetric 2n X 2n matrix, is an invar-
iant of H, (2.6) provided

z (UM + iM )z =0. (3.2)
Writing M in block form as
U
M= [ q, 33
wt vy 33
where U and V are symmetric, (3.2) is equivalent to
a’GU—-Wy=0, p"GV+WwTp=0,
(3.4

PPAWT— V) +ad"GW + Up=0.
It follows that the elements of the matrices U, V, and W are
the solutions of the differential equations
U= 2W;=0, V,;+2W;=0,
Uij =W;+ W, Vq = —(W;+ W), (3.5)
u./iiz—Uii+ Vm u.,zj+ W}i=“2Uij+2Vq
(no summation on repeated indices).
The solution set of (3.5) is found readily and is
U= C + Asin2t + B cos2t,
V= C — A4 sin2t — B cos2t, (3.6)
W =D + A cos2t — B sin2t.

The arbitrary constant matrices 4, B, and C are symmetric
while D is skew-symmetric. The number of distinct arbitrary
constants is n(2n + 1). Using (3.6) we may write the general
quadratic invariant for H, as

C D A —B
— 177 H
I=4 [—D C]+[—B —A]smz'
B A

+ [A _B]cos2t]z.

Given the existence of four distinct arbitrary matrices it
is evident that there are four classes of invariant, each of
which could be written down in a variety of ways. As there is
a standard form for the angular momentum tensor and for
the Jauch—Hill-Fradkin tensor, we use them and write down
the other two classes in similar forms. Thus, we have

2L;=q;p;—q: P (3.8)

24;=p,p;+ 4:9; (3.9

2C; = (p;p; — q:q) sin2t — (g;p; + p; ) cos2t, (3.10)

2D;= (p.p; — 4.4 cos2t + (g;p; + p; q)) sin2t,, (3.11)
In the usual notation, L; is the angular momentum tensor
and the components of the angular momentum vector are
given by

L,=¢€yuL; (3.12)

The constants 4; are the components of the Jauch-Hill-
Fradkin tensor, while the C;; and D;; do not appear to have

3.7
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received attention and have no specific name as yet.

The properties of the L ; and 4; have received adequate
attention elsewhere,?**!! especially in relation to their pro-
viding a basis for the generators of the symmetry group of
H,, SU(n). Unlike the L; and 4;, the C; and D;do not
have zero Poisson Bracket (commutator) with H,. Conse-
quently, they do not contribute to a description of the sym-
metry group of H,. We do note that the two sets of Poisson
brackets (commutator) [L;, C,] and [L;;, Dy, i, j,k,l = 1,
n, are closed. For the three-dimensional probiem there are
three linearly independent L, six linearly independent 4
six linearly independent C;; and six linearly independent D;;,
in all, 21 linearly independent quantities. The generators of
the symmetry group of H, SU(3), come from the nine L
and 4;;, As H,, itself is one of the linear combinations of the
L; and 4, there remain eight other linearly independent
combinations to provide the generators of SU(3).

ij*

4. THE QUADRATIC INVARIANTS OF H,

From (2.8), (2.9), and (2.14), the transformation matrix
for the transformation H,—H, is

I (sinht cost -— coshf sint)

[I (cosht cost + sinht sint ),
I (cosht cost — sinht sint)

I (cosht sint + sinht cost ),

4.1)

J [cosht sint, cosht cost]
& 4.2
Jt Lsinht sint,  sinht cost “2)

While the order of I is arbitrary, we take the systems to be
three-dimensional and so the order as three. Applying the
transformation (4.2), in the new coordinate system the in-
variants are"

2L;=4q;P;— 4;P» _ 4.3
24;= (9, p; + 4;9) cosh2t — (g, p; + pg)) sinh2t, (4.4)

2C; = (p, p; + 4;q)) sinh2t — (g, p; + p; 4)) cosh2t, (4.5)
2D;=p;p;—4q:4; (4.6)

The first observation which we make is that each of
these quantities is a constant of the motion described by H, .
The second is that it is now the L, and D;; which have zero
Poisson brackets (quantum mechanically, commutators)
with the Hamiltonian H, . From our knowledge of the attrac-
tive oscillator, the interesting invariants will be L; and D,;.
We describe some of their classical and quantal properties
below. We distinguish between those invariants which have
a zero Poisson bracket (commutator) with the Hamiltonian
and those which do not by terming the former useful.”

5. CLASSICAL PROPERTIES OF THE USEFUL ~H,
INVARIANTS

In the three-dimensional case the D;; have the following
properties:

D, =Dy, (5.1)
d(D;)/dt =0, (5.2)
T.0,)=H, (5.3)
D.D; — D:?} = - L?j = - %(Eljkl‘k)z G4

(summation on & only),
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DL, =0=L.D, (5.5)
Diijk =HD; — Liijk =HD, + %(Lz‘sik —LL,),
(5.6)
adj(D;) =L, L, =L, L, — L2¢5,-j), 5.7
qi{HIEij—Dij}quLijLij‘_“ 1z, (5.8)
q,{H5;— Dylp;=0, 5.9

pi{Hr‘sij_Dij}pjz Li[‘Lijz ZLLZ- (5.10)
The resemblance between the properties of D; and those of
the Jauch-Hill-Fradkin tensor is very close, the only differ-
ence being in (5.4) and (5.6), in which the angular momen-
tum terms are of opposite sign.

The invariants D; play a role for H, similar to the roles
played by 4,; for H, and the Runge-Lenz vector for the
Kepler problem. In particular, from (5.5) we observe that
the angular momentum vector is an eigenvector of the ma-
trix [D, ] corresponding to the eigenvalue zero. Equation
(5.8) is the orbit equation whose features follow from the
eigenvalues of [D;]. Apart from the zero noted above, the
eigenvalues are found [using (5.3) and (5.4)] to be

Ay =3H, +H?+ 1)) (.11

As expected, the orbit equation is an hyperbola with the ratio
of the lengths of the semiaxes given by (1 , /4 _ )'/?. The
plane of the orbit is normal to the direction of the angular
momentum vector.

In his paper Fradkin® noted that a complete description
of a motion with a conserved quantity was possible only be-
cause of the periodic (or closed) nature of the system. It
would appear that the statement must be amended to em-
brace the present situation in which the orbit is certainly not
closed. The important property of such a conserved quantity
is that it admits a quadratic form which satisfies an orbit
equation of the type (5.8), i.e., elliptic or hyperbolic.*

6. THE SYMMETRY GROUP OF THE USEFUL ~,
INVARIANTS

The similarity of the algebraic properties of the H, in-
variants D;; to those of the Jauch-Hill-Fradkin tensor sug-
gests that they, together with the L, provide a basis for the
generators of the dynamical symmetry group for H,. In a
quantum mechanical context we define the operators (fol-
lowing Fradkin)

D, = (2D33 — Dyy — Dyy),

D= — €Dy +ieD,), €= t1, ©.1)

Dy =Dy — Dy, + 2i€D,y), €= +1,
and use the angular momentum operators L; and

L. =L +iel, €= +1. 6.2)
All of these operators commute with /, . Amongst each oth-
er the commutation relations are

[L3,D] = [Do,D,] = [DeDse] = [Lapze] =0,

(Lol _ ] = [De’Dge] = —3[DyeD 5] = 2€ﬁL3,
[Le'D —el = ﬁDOJ (63)
€[LyL] =3 [DoD.] = — [D_ oDy =HL,
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€[LsD.] =7 [LoDo] = }[L _ oDy =D,
€[L3’D2s] = 2[L€’DE] = 2ﬁD2€'

These commutation relations are not those characteris-
tic of the operators of the SU(3) group. In particular the
results for
[DE’D — 6] ’ [DZG"D — 26]’ [DO’De] and [D — E’DZE] diﬁer
by a sign. This difference may be overcome by defining

D,=iD, D.=iD, D, =iD,,. (6.4)

Replacing unprimed by primed operators in the commuta-
tors of (6.3), the relations become those characteristic of the
operators which provide a suitable basis for SU(3). The
change of basis in (6.4) is called the Weyl unitary trick.” In
the new basis the symmetry group is SU(3) and so in the
original basis it is SU(2,1), as would be expected for H,.
Thus what was a nonuseful invariant for H,, is a useful invar-
iant for H,.

7. THE QUADRATIC INVARIANTS OF H,

From (2.10), (2.11), and (2.15) the matrix of the trans-
formation H,—H_ is

coste’, — sinte’

(1.1)

sinte ~‘, coste™'
As before, although the system can be of arbitrary order, we
restrict ourselves to a three-dimensional system. Under the

transformation (7.1), the invariants become

2Lij =4;P;—4q;P» (7.2)
24,=q,q9" > +p,pe*, (7.3)
2C1j = — (quj + p; qj)’ (7.4)

2D;=p,pe —q,qe " . 1.5
Each of these quantities is an invariant of the system de-
scribed by H,. Those which have zero Poisson bracket with
H_ and L;and Cj;, which contrasts with L ;and 4,;for H, and
L, and D for H, . It is this pair of invariant classes which
provides the interesting information about the dynamical
symmetry of H. .

8. PROPERTIES OF THE USEFUL INVARIANTS OF H,

Asitis the tensor invariant C; which provides the addi-
tional information about the motion described by H,, we
concentrate on its properties. Classically, these are

C,=Cp 8.1
d(Cy/dt =0, (8.2)
T(C)= —H, (8.3)
C.:D;— C?j = —-L 32, = - %(eijkka (8.4)
(summation on k only),
Cil,i=0=L,C, (8.5)
CCux=HCy —LjLy=HCy + 3{L?, — L, L},
(8.6)
adj(Cy) = Ly Ly = }{L, L, — L?5,}, (3.7
q:(H6; + Cy)q; =0, (8.8)
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g{H B, + Cpp;= — L2, (8.9)

PLHS; + Cyp;=0. (8.10)
These properties, with the exception of the last three, are
essentially those of the D;; given in Sec. 5. The eigenvalues of

the matrix [C;] are
A=0, { —H+H?*+L*»?, 8.1

which, as would be expected, indicate hyperbolic motion in a
plane normal to the direction of the angular momentum
vector.

What then is the difference between the properties of
C, vis 4 vis H; and D;; vis 4 vis H,? Essentially none, as is,
easily seen from the properties of the quantum mechanical
operators

Co=Q2Cy~ Cy; — Cy),

C.= —€(Cy+i€Cyy), €= +1,

Coe=(Cy1 — Gy + 2i€Cyy), €= £ 1.
We find that the commutation relations amongst these C’s
and with the angular momentum operators L; and L, are
exactly the same as those given for H, in Egs. (6.3). It follows
immediately that the symmetry group of H, is SU(2,1). The
role played by the C;; for H, is the same as that played by the

D, for H,. We emphasize, however, that the C;; and D, are
not the same invariants.

(8.12)

9, THE QUADRATIC INVARIANTS OF #~,
From (2.12), (2.13), and (2.16), the matrix of the trans-
formation H, —H, is
[t sin? + cost,
sint, cost
Under the transformation (9.1) the invariants become

t cost — sint

o1

2L;=q,p;—q;P; 9.2)
24;=q,¢;+ (L +t2)p:p;— 1 (q;p; + P:9), 9.3)
2C;=2tp;p;— q;p;— P:9p (9.4)
2D, =(1 —tPp,p;— q,q;+ t (g, p;+ p: ). 9.5)

We observe that only L;; has zero Poisson bracket with
H,. As they stand the other invariants are of no relevance in
describing the invariance properties of H,.'* However,
defining

2E;=A;+D;=p,p, 9.6)
we observe the following classical properties:

d(E;

E;=E, fh‘f) =0
T(E)=H,, E;E;—EZE;=0 (nosummation), (9.7)
E;,L;=0=L,E;, E;E; =H,E,, adj(E;)=0,
qi(Hfaij - Eij)qj = %Lz» qz(Hf(sij - Eij)Pj =0,
p:’(Hfaij - E[j)pj =0,
which reflect some of those of the Jauch—Hill-Fradkin ten-
sor. We note in particular that the eigenvalues of the matrix
[E,.j] are O, O, and H and that L is an eigenvector.

However, were we to define an E, E,, and E,_ in the
usual way, the commutation relations are not those of the

’
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generators of either SU(3) or SU(2,1). The invariant £ ; does
not provide any increase in the symmetry of H,.

10. COMMENT

Before making some remarks about the general qua-
dratic Hamiltonian, we have a few comments to make on
some aspects of the preceding sections especially with re-
spect to quantum mechanics. For the three-dimensional case
each of the Hamiltonians considered has 21 linearly inde-
pendent quadratic constants of the motion. Only those
which have been termed useful play a role in providing a
basis for the generators of the appropriate symmetry group.
It is only these which commute with the Hamiltonian under
consideration. Each Hamiltonian is Hermitian. This is not
the case for all of the invariants. As an example consider the
C and D invariants of H,. In the quantum mechanical con-
text it is appropriate to replace sines and cosines by the
imaginary exponential. We define two invariants as

2U;=2iC;+2D;=(p;p; — 4:4; et — iq;p; + p; qj)eZit
= (F,; — iG,)e*™, (10.1)
2V = —2C; + 2D; = (F; + iG)e ~ *". (10.2)

Since F; and G;; are Hermitian, it is obvious that U;; and V;
are not, and in fact

U=V, VE- = U, (10.3)
This situation, however, does not apply generally. For H,
the explicitly time-dependent invariants, when written in
matrix form, are Hermitian. For A they are symmetric and,
for H, two classes form Hermitian matrices and the third a
symmetric matrix. Those which do form a symmetric matrix
are individually Hermitian.

If we examine the time development of the various qua-
dratic invariants using Heisenberg’s equation (c.f. Ref. 7, p.
501)

O (t) = exp( — itH)O (0) exp(itH ), (10.4)

we find that those invariants which do not contain ¢ explicit-
ly satisfy the equation trivially (since they commute with the
appropriate H ). For those which contain ¢ explicitly, (10.4) is
still satisfied in all cases. Only the algebra is more difficult.
Toillustrate the result we consider the algebraically simplest
case, that for H,. We have

Hf: %Pkpk’
24)=q,9,+ (L +t3p,p;— t(q;p;+ P 9);

10.5)
2Cq(t) = 2tP1Pj - (qipj +P1Pj):
2D () =(1— tz)Pin —q,9;,+t(q:p; +Pp:9)
which, for the sake of brevity, we rewrite as
Hy=4B 24 (t)=a;+ (1 +1)B;— 17,
2CAt) = 2B, — v, (10.6)

2D(t)= —a;+ (1 — DB, + 1y,
The commutation relations between H rand a i ,ﬁ,-j ,and Vis
respectively, are

[H oa,)= —iy;, [HB;]=0, [Hy,]= —2B,

(10.7)
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It is relatively easy to show that

H'a,=aH" —iny H"~' —n(n — DBH"?,

(10.8)
H”B,-jzﬁ,an, H"}’,-j=7’,-jH"-2l'nB,v,-H"_l-
Using (10.8), it is just a matter of algebra to verify that (10.4)
is satisfied by each invariant in (10.6)

With these further considerations it is clear that the
properties of the quadratic invariants as invariants are not
affected by the presence or otherwise of explicit time depen-
dence. It is only in relation to the Hamiltonian that there is
any marked difference between explicitly time-dependent
and time-independent quadratic invariants. The latter invar-
iants, which we have termed useful, provide information
about the invariance symmetry of the Hamiltonian. The for-
mer do not.

11. THE GENERAL QUADRATIC HAMILTONIAN

As was noted in Sec. 2, the homogeneous quadratic
Hamiltonian

H=12"4z (11.1)
may be transformed to
H=17"47 (11.2)

by a linear canonical transformation. When the transforma-
tion is time-dependent, there need be no relationship be-
tween the natures of the matrices A and A. The few simple
examples given in Sec. 2 amply demonstrate this. The theory
of systems of linear differential equations guarantees a con-
tinuous solution of (2.5) under minimal restraints on the
elements of 4 and 4.

Given an arbitrary quadratic Hamiltonian the problem
of determining the nature of the motion is essentially one of
reducing it, by means of transformation, to a recognizable
form. A collection of difficulties occurs to make this a non-
trivial problem. Suppose that 4 is time independent. It does
not follow that it can be diagonalized by a time-independent
transformation. A symmetric matrix is diagonalized by an
orthogonal transformation whereas a canonical transforma-
tion is symplectic. The two coincide for one-dimensional
problems, but only accidentally for problems of higher di-
mension. The best which one can do with a time-indepen-
dent transformation is to convert the Hamiltonian to normal
form.!” The normal form may contain combinations of H,
H, and H, together with some other forms not discussed
here. While we can still make progress with such combina-
tions, it would be better if a simpler approach could be used.

When we turn to time-dependent quadratic Hamilto-
nians, the use of time-independent linear transformations is
not likely to be of much value as the resulting Hamiltonian
will still be time dependent. Hence, it is rather more useful to
use a time-dependent transformation. However, two diffi-
culties arise. Firstly, H and H are no longer equal and any
discussion of the symmetry of H is in fact a discussion of the
symmetry of the invariant [ associated with the system de-
scribed by H. The invariant [ is simply H expressed in terms
of the original coordinates. The second and more serious
difficulty, which appties to both time-dependent and time-
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independent systems, is choosing the appropriate form for
H, since any choice of H may be attained classically under a
time-dependent transformation. We saw in an earlier section
what happened to the useful invariants of H, under time-
dependent transformations. Then it was easy enough to see
which constants were useful. When H, 7, and the associated
invariants of / contain time explicitly, we shall distinguish
between useful and nonuseful invariants by their having zero
or nonzero Poisson brackets (or commutators in quantum
mechanics) with I (&H).

When the useful invariants of I have been identified, we
have the further problem of deciding whether they and 7 are
the appropriate invariants for H. This problem is closely re-
lated to that of the normal form. Classically, the choice of H
is immaterial for solving the problem (in theory at least,
some choices could be impractical). Quantum mechanically,
the choice is not so free. In an earlier paper'' we saw that the
energy eigenvalues of the three-dimensional anisotropic os-
cillator could be obtained by integral transform from those
of the corresponding isotropic oscillator. However, the same
procedure applied to the free particle using a classically ac-
ceptable transformation produces nonsense. Clearly, H
should describe a system which is qualitatively the same as
that of H.

Were it possible to diagonalize A with a time-indepen-
dent linear canonical transformation, there would be no
problem. With 4 diagonalized, the classical and quantum
treatment is trivial. We are faced with two tasks. The first is
to identify the relationship between the normal and diagonal
form of a given Hamiltonian. The second is to ensure that
any time-dependent transformation does not alter the nature
of the Hamiltonian. We hope to report on these matters
shortly.
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"Cf. J. Williamson, Am. J. Math. 59, 141 (1936), who gives a complete
classification for two-dimensional systems; see also A. Ciampi, Indiana U.
Math. J. 23, 513-26 (1973).
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The Hamiltonian for the Hénon—Heiles problem,

H= (1/2)(P12 '|‘Pz2 + qlz + sz) + q12q2 — (1/3)g;,

is a particular example of time-independent Hamiltonians for two-dimensional oscillator systems
with third degree anharmonicity. It has been used as a model for galactic motion. There has been
much discussion of the possible existence of an integral other than the Hamiltonian. In this note
we show that the Hénon—Heiles Hamiltonian in particular and the class in general does not

possess an invariant series which is explicitly time-independent other than the Hamiltonian itself.

1. INTRODUCTION

In recent years there has been a considerable body of
literature devoted to the constants of the motion described
by quadratic Hamiltonians.! Much of the practical motiva-
tion for this work is found in the motion of a charged particle
in an electromagnetic field. In the case of an axially symmet-
ric field this problem, in the first approximation, has as
Hamiltonian

H=p*+ g, (1.1

where p and g are the canonically conjugate variables and w
is usually time-dependent in the practical context. In this
case, the Hamiltonian (1.1) has been successfully tackled
from two viewpoints. The first, using Kruskal’s method,?
was the construction of an adiabatic invariant series which
proved to be exact.® The very fact of this result promoted
further work which led to the second approach. This was to
tackle the problem from the viewpoint of time-dependent
linear canonical transformations.*

A natural extension of this work has been to systems of
higher dimension’ with the Hamiltonian

H=-22"4x + B’z +, (1.2)

z'=gq, v=1n, i=1n,

" =p,
and the 2n X 2n real symmetric matrix 4, the 2n-vector B,
and the scalar C may be time-dependent. In particular it was
seen that there existed » ? linearly independent quadratic
constants for H (1.2).° One of these is the constant which
takes the place of the Hamiltonian and which may be inter-
preted as the Hamiltonian of a time-independent isotropic
harmonic oscillator expressed in transformed coordinates,
the actual transformation being that which transforms the
isotropic Hamiltonian to H (1.2).7

In view of the success which attended the quadratic
approximation, it is natural that investigation of anhar-
monic systems has been undertaken. Because the problem is
founded in motion in a time-dependent electromagnetic
field, the coefficients of the Hamiltonian have been taken as
time-dependent.® For the particular case of

H=:p"+ 0 () + 4 ()’ (1.4)

(1.3)

v=n+12n, i=1n
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sufficient work® was done for a formal invariant series to be
written down. The structure of that series was such that the
method would apply to Hamiltonians with different degrees
of anharmonicity. It should be emphasized that this series is
not an adiabatic invariant series. Work on such a series has
been done by Ottoy.'

A natural extension to the problems considered above is
the multidimensional anharmonic problem. Immediately we
come into conjunction with a different field of study, that of
celestial mechanics, in which a model for galactic motion has
been taken to be a two-dimensional oscillator with third-
order anharmonic terms. Admittedly the model Hamilton-
ian is time-independent, but, from the work on quadratic
Hamiltonians, it may be believed with some justification that
an understanding of the time-independent problem will pro-
vide some insights for the understanding of the time-depen-
dent problem.

One model which has been found to be useful is that of
Hénon-Heiles." Numerical work on this model' has sug-
gested that, for low energies at least, there exists a third"
isolating integral.'* The numerical work also suggests that
this integral either ceases to exist or ceases to be isolating for
sufficiently high values of the energy. As far as we know,
there has been no determination of an analytic form for the
third integral, although there has been work on an asymptot-
ic integral.’® One of the difficulties with this type of problem
is that there are opinions against the existence of a third
integral'® and opinions for its existence.'” The case against
such existence has been made in the generic case by Markus
and Meyer.'

While neither we, nor any of the writers whom we
quote, claim that the computer evidence can be regarded in
any way as proof, it is suggestive. In particular the discussion
of Hénon and Heiles does suggest an integral in series form
with either a limited range of convergence or which is isolat-
ing for low energies and becomes nonisolating for higher
energies.

The Hamiltonian of the Hénon-Heiles problem is time-
independent. In this note we shall explore the possible exis-
tence of time-independent integrals which may be expressed
as series.
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2. FORMULATION OF THE INVARIANT SERIES

The Hamiltonian of the problem considered by Hénon
and Heiles is

H=2(q}+ ¢ + 7 +pd) + i, — 303 3]

whereq, and g, are the canonical coordinates and p, and p,
the canonically conjugate momenta. As our interest is more
general, we shall consider

H=H® 4+ H®, 2.2)
where
H® =~(qg} + g3+ pt +1)), 2.3)
3 . .
HY = Y 4,4\, (2.4)

i=1
the A4, being real, time-independent, scalars. There is no real
reduction in generality in writing the coefficients of both ¢2
and g as unity.
We formally define an invariant series for H [(2.2)] as
I=19 1™ e, 2.5)
where /? is a homogeneous polynomial of degree j in the

canonical variables. In line with our comment above, I is
taken as time-independent and sois an invariant or integral if

(LH1p5=0 2.6)
o [ [I9H P =0, (2.7a)
(UPHPpg= — [IG-DH®] j=3... (2.7b)

Equations (2.7) define a recursion method for obtaining the
coefficients of the higher terms of the invariant series from
those of 72,

3. THE INVARIANT TERM /@
Writing 7@ as

J@ =

S S BlGalgprTipr TR (B)
)

n+rn=2j=0j=
(2.7a) is equivalent to the homogeneous system of equations
M®y? =0, 3.2)

where the 8 X 8 matrix M ® may be written in block form

K2 0 0
M= | o k2 o (3.3)
0 0 K2
The matrices K¢, K7, and K ? are given by
Ki=G}=G2=K1, (3.4)
K (G2 T
Y G%]’ )
where
[ 0 1 0
Gi=|-2 0 2], 3.6)
| O -1 0
G2 = [_01 (1)] G.7)
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The G matrices are skew-centrosymmetric and have zero or
pure imaginary eigenvalues (see Leach®; also Clement'®).
The eigenvalues of the K matrices are 0, + 2ifor K3 andK 3
and 0(2), + 2i for K3, the (2) indicating a double root.
The vector u® consists of the coefficients B ar-
ranged in the following order: r, =2,/ =0,1,2;r, =1, r,
=1j= O’jl =0Lr =1r= Lj, = O’jz =0,L;r,
=2,j, = 0,1,2. For subsequent invariants the coefficients
will be arranged in similar order.
The homogeneous system (3.2) has rank four ( = order
8-4 zero eigenvalues) and its solution may be expressed in
terms of four arbitrary constants. Thus / ® is a linear combi-
nation of four quadratic terms. There is no need to calculate
them here as the time-independent quadratic invariants of
H are well known (cf. Jauch and Hill," Fradkin,' and
Leach”). Indeed the purpose of the development above was
to indicate the flavor of the work below in the case of the
higher order terms of 1. We have

I®=B,(gi +p})+ B,(q9: +p:p2)

+ B:(q; + ) + Bi(@p> — 0:p1): (3.8)
the first three being the components of the Jauch-Hill-Frad-
kin tensor and the fourth angular momentum.

For the present we make no selection of which combi-
nation of the four invariants we shall use to obtain the higher
order terms. However, we note that the choice

B, =B,, B,=0=8, 3.9
results in I ® being a scalar multiple of H® and 17, j > 3,
being zero. In this case I is simply a scalar multiple of H. As
an integral of the motion must be independent of H for it to
be isolating, this I is of no value in the search for such an
integral.

4. THE INVARIANT TERM /®

Proceeding in a similar fashion to that of Sec. 3, we
write

I = z 2 ZZ ijln;zqihqézp:l *J’lp;z "jz’ (41)

i+ rn=3j,=0j=0

and, from (2.7b), with suitable rearrangement, obtain

MO = ¥, 4.2)
where M ¥ is the block diagonal matrix
M®=[K?], i=03 (.3)
with
K}=G}=G;i=Kj3, “4.4)
K3 = =K3, .
1 | 13 Gjl; 2 (4 5)
[ 0 1 0 0
—3 0 2 0
G} =
¢ o -2 o 3V
o o -1 0
[ o 1 0
Gi=|-2 o 2 (4.6)
| O -1 0
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e
S
ordering corresponding to that of the B \* used above. The
nonhomogeneous term v contains the coefficients of
— I®,H®)py in the same ordering as that of the C['”. As
the eigenvalues of M ® are all nonzero [for K Jand K 3, + 1,
+ 3iand for K jand K 3, 4 i(2), + 3/, it has an inverse and

u® = (MP) Ly, 4.7

The vector u® consists of the coefficients C 7% in an

Since M and so M @ ~ ! are block matrices, it is con-
venient to divide u® and v into corresponding subvectors
so that (4.7) becomes

WW=(K}H 'V, i=03 (4.8)
Calculation of the Poisson bracket of I ® with H® gives

- 0 0
0 0
Ve = , V= ,
6B,4; + B4, ByA, + 6834,
L B, —BA,
— 0 -
0
3B,A, + 2BA,
W= 0 ,
4B A, + 2B,A,
2B, A, — 3B A,
- 0 -
0
2B,A; + 3B,A,
v = 0
2B,A, + 4B A,
3B, A, — 2B,A,-
4.9)
Substituting (4.9) into (4.8), we obtain
- —2BA, 2B,A,
W=t g 1=t e, |
3 —3B,A, 3 3B A,
L6845+ ByA, B,A, + 68,4,
- —4BA, + 6B A, -
— 6B,4, — 4B, A, + 4B .4, + 2B,A4,
o —2B,A, +3BA,
TS 6B, +4BA, — 4BA,— 2B A, |’
_ 4B, + 6B A,
! 3B,A, + 2B.A, + 4B A, + 2B,A, -
_ — 6B, Ay + 4BA, -
— 4B, A, — 6B,A, + 2B,A, + 4B3A,
o] — 3B, A, + 2B A,
2 73| 4BA,+ 6B,A,—2B,A, —4B:A,
— 6B, A, + 4B.A,
2B\A, + 3B,A, + 2B,A, + 4B34,
(4.10)

40 J. Math. Phys., Vol. 21, No. 1, January 1980

5. THE INVARIANT TERM /@

nry
2
C ', the coefficients of 1 are required to satisfy the
equation

Again proceeding as before, but using D ;' instead of

M O — @ (.1)
where M @ is the block diagonal matrix
M® =K%, i=04, (5.2)
and
Ki{=G{=Gi=K}, (5.3)
Ko [G‘: 13]2 [G‘; 13] e
-1, G* -1, G*! ¥
5.9
G5 I 0
Ki= -2, G5 2I, (5.5)
o I, G}
The G matrices are
Ry 1 0 0 0
—4 0 2 0 0
Gy=1 0 -3 0 3 0},
0 0 -2 0 4
L C 0 0 -1 0©
Y 1 0 0
G4 = -3 0 2 0 ’
0 -2 0 3
. 0 0 -1 0
0 1 0
Gi= [—2 0 2}. (5.6)
0 -1 0

The eigenvalues of K §and K & are {0, + 2/, + 4i},of K } and
K %are {0(2), + 2i(2), + 4i}, and of K § are {0(3), + 2i(2),
+ 4i}.

As the matrix M ‘*' is singular, the solution of (5.1) will
be a solution of the corresponding homogeneous equation
(with nine arbitrary constants) plus a particular solution for
the nonhomogeneous part. For such a solution for the non-
homogeneous term must be consistent with the homogen-
eous term must be consistent with the homogeneous part.
Again we divide the matrix and vectors into their natural
blocks. We write the subvectors of u'*’ as uf and the compo-

nents as ! and similarly for v**’,

(2uy — vd) |
4

Yoo

u = . (5.7)
Uy
_ v&
| 5 (ut: + 05
with ug, arbitrary and

3vd, + v, + 305 =0, (5.8)
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4 - 4

F Uy Uy
4 4
Uy Uy

1

4 1.4 4
4 4 4 sy + < (V3 — U34)
U+ (V) — Uyy) 072

2 4 4
1 — Uy + Uy
4 4 4
uy;, + (v, + 0y7)
4 2 4 ut
ut = (5.9) ui = 24 ) (5.11)
! —uj, + v} 4
. " . 10 Uy + 03,
Uy + Vs 4 1.4 4
. . u20+;(v23——u24)
4 4
—uy — =(vy, + 3v7,) 4 4 4
2 — Uy + Uy + Uy

4 1,4 4 4
ulo+-(v], + 205, —v 4 1o 4
10 2( 11 13 14)_‘ B u20+;(v21 +025)_
with u3,, u3,, and u3, arbitrary and
4 4 4 4 _
Vyy — V33 + U35 — U3, =0,

with u}, and u}, arbitrary and Wiy + v, + 208, =0, (5.12)

V3o + 13, + V36 + 035 = 0.
The components of u} are those of uj with the first subscript
(5.10) 1 replaced by 3 and those of u} are those of uj, with the first
Vi — 3v}; — 3vt, + v}, =0, subscript O replaced by 4.

30‘:0 + U?z + U?s + 3”?7 =0,

The elements of v arise from — [I®,H ]. Using the results in (4.10), we obtain
0
0
B, A,{ — 124, — 44,
Ay{ — 6B,A, — 4B, A, + 4B, A, + 2B, A, )
B,A,{ —64; —24, |
[~ 0
0
B, {4, (84, — 124,) + A4; (364, — 244, )}
A, { — 18B,4, — 12B,A, + 12B, 4, + 6B, 4, |
+A,{8B,A, + 12B,A, — 8B, 4, — 4B, A, |
0
B, — 124,4, — 84,4, + 124,4,)
~24B,4;4, —4B,4,4, + 4B, 4,4, + 4B,A, 4, + 36B, 44, | | (5.14)
+ 24B,4,A4, — 24B, A, B, — 6B, A, A, + 2B, A, A,
| B — 24,4, — 44,4, — 64,4, + 184, 4, — 64,4, )}
B 0
0
B.{ — 18444, + 124,4; + 64,4,)
0
24B,{A4;4, — 4,4, }
B,{ — 84,4, + 124,4, — 164,4,) + B,{ — 44,4, — 64,4,
— 18404, + 244, 4,} + B, [84,4, — 124, 4, + 164, 4, )
B,{ — 64,4, — 124, 4, + 184,4, )
B,{ — 124,4, + 164,4, + 84,4, } + B, { — 184,4; — 64,4, | , (5.15)
+24A4,4, — 44,4, ) + B, {12404, — 164,4, — 84,4, )
B.{ — 24404, + 94, A, + 184,4,)

(5.13)

S
Il
e

{

—
Wl

J 1

Il

('S
L
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0 .
0
B, (A, (— 84, + 124,) + A, ( — 364, + 244, )}
A, {12B,A, + 8B, A, — 8B, A, — 4B, 4, |
+A,{ — 12B A, — 18B,A, + 6B, A, + 12B,4, }

W= :
B,{ —124,4, + 84,4, + 124, 4, }
— 6B,4,4, +2B,A\A, —4B,4,4, — 24B,A,4, + 4B, 4,4, | , (5.16)
+4B,A, A, + 24B A A, + 36B,4,A, —24B,4, A,
L B.{24,4, + 44,4, + 64,4, + 64,4, — 184,4,}
[ 0
0
vi =1 B,4,{124, + 44, } .17

A, { — 6B,A, + 4B,A, — 4B, A, +2B,4,)
L. B4A1{2A2 +6A0}

The requirements of consistency, (5.8), (5.9), and (5.10), (together with the corresponding ones for u} and u?) are, in
terms of the 4°’s and B’’s,

B,4,(34, +4,)=0,

B, (944, — 34,4, — 34,4, — 24,4, + A4,4,) =0,

B, (304;4, + 104,4,) + B, ( — 2144, 4+ 454, 4, —214,4,
— 74,4, + 24, A, Y+ B, (—304;4, — 104,4,) =0,

By 24, Ay — 44,4, + 2404, — 44,4,) + B, (5404, — 54,45)
+ B, (—24,4, +44, 4, — 24,4, +44,4,) =0,

B, (104;4, — 124,4, 4+ 34,45) =0,

B,(—94,A4, + 34,4, + 34,45 + 24,4, + 4,4,) =0,

B, (—304,4, —104,4,) + B, ( — 214, 4, +454,4, — 214, 4,
+ 74,4, +24,4,) + B, (304, 4, + 104,4,) =0,

B,A,(34, +4,) =0.

Note that the number of independent conditions is reduced by one owing to the duplication of (5.17), row 5.

(5.18)

HENON-HEILES PROBLEM i —cll B | =0 6.3)

6. THE CONSISTENCY REQUIREMENTS AND THE | a b —all B
c
For the Hénon-Heiles Hamiltonian, [ e f - j B,

Ay=1, Ag= —5, 4,=0=4, (6.1)

Substituting these values into (5.17), we see that the require- wherea, b, c,d, e, and fare the coefficients of the appropriate

ment of consistency leads to

B,=B,, B,=0=B8,, (6.2)
i.e., the quadratic invariant is a scalar multiple of H . Fur-
thermore, v * is then identically zero and 7 is just the same
multiple of H®, i.e., only a scalar multiple of the original
Hamiltonian satisfies the consistency requirements and then
trivially.

Apart from the trivial case discussed above, we may
well ask whether there is any set of values of the 4, and B, for
which the consistency conditions are satisfied. Examining
the terms in B, , the assumption that B, 40 leads in all ways
to each of the 4 ’s being zero, and so we must take 4 as zero.
Examining the other terms, we have the set of equations
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equations of (5.17). Clearly this has the solution

B, =B,, B,=0. 6.4
For any nontrivial solution we require that the rank of the
coefficient matrix be one, i.e.,

ad —bc=0, ¢f—de=0, fa—eb=0, 6.5)

or, equivalently, that there exist scalars a, £, 7, not all zero
such that

aa + Pc+ ye=0,
(6.6)
ab+pd + yf=0.
A little elementary algebra shows that this is not the case
unless the A4 ’s are all zero. The only other possibility is that
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b=0=d=f 6.7
In this case the solution to (6.3) is
B, =B,, B, arbitrary. (6.8)

The consequence of (6.7) as far as the 4 ’s are concerned is
that the following solutions are possible.

Ay=0=4, A4,=34,
A, =0=4, A,=34,
34,=A4, =4, = 34,
34p= —A,=A,= — 34,

Each one of these represents an exactly integrable case as is
readily seen by use of the transformation

q,= (@, + Qz)/\/za H=(—¢ + Qz)/\/2
(P, +Py/V2, py=(—P +Py/V2,

6.9)

(6.10)

It

y4

7. COMMENT

We have seen that a time-independent invariant series
does not exist for Hamiltonians of the Hénon-Heiles type
due to inconsistency in the determination of the coefficients
of the fourth order terms. Even had they been consistent, the
same question of consistency would arise at the determina-
tion of all even order terms. In one sense we may be regarded
as fortunate in not having to pursue the question of consis-
tency to the higher order terms.

The existence of the third integral is still an open ques-
tion. We have merely precluded one possible form. Clearly
the next step in the search is to introduce time dependence
into the invariant series to overcome the problem of inconsis-
tency which arose with the time-independent approach. The
results of that work will be announced in a further note.
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Global mobility is defined and is found to be decisive for the structure of a physical
system. The structure of some simple nonlinear systems is elucidated by studying their
dynamical mobility. It is shown that due to an excessive mobility a nonlinear system

may acquire some classical features.

1. INTRODUCTION

In the usual formation of a physical theory the elements
of geometry, such as the structure of states, the geometry of
the phase space, and the “logic” are introduced a priori. In
the quantum theories these structures have a traditional
form borrowed from the theory of Hilbert spaces. The Hil-
bert space formalism has also been used for the quantization
of nonlinear fields including Einstein’s gravity. However,
objections were raised, that the quantum theory cannot be
consistently extended to this new domain without question-
ing its traditional structure (Penrose). In fact, it has been
shown that even in their proper domain the quantum theor-
ies cannot be applied without worrying about consistency
(Haag). A development of this line of thought exhibited a
consistency link between the dynamics and the structure of
any theory. ' As it turns out, the basic structural elements
such as the quantum logic and the “conditional probabil-
ities” are not exclusive to quantum theories but exist also
though in a generalized form, in any statistical theory. More-
over, they are of dynamical origin. This suggests that the
usual formulation of a theory might be reversed, by starting
from the dynamics and then determining the structure.

Below, this idea is applied to determine the geometric
structure of some simple nonlinear systems. However, in or-
der to fix geometry, the dynamics must be understood in a
“global” sense. This leads to the idea of dynamical mobility
which is developed in Sec. 2, following ideas published earli-
erin Refs. 1 and 2. The structural consequences of the mobil-
ity are reviewed in Sec. 3. It is then shown that there is an
essential difference in mobility between linear and noniinear
wave mechanics. For the nonlinear models considered here
the phase space is so flexible under dynamical transforma-
tions that the system acquires some classical properties. The
consequences of this fact for the physics of nonlinear models
are discussed in Sec. 6. The possible significance of mobility
for other domains of physics is considered in Sec. 7.

2. CONCEPT OF MOBILITY

In many physical theories the dynamics is represented
by a one-parameter group of transformations of a physical
structure (dynamical group). However, if one is interested in

*Partly supported by Polish Grant MR7 and by the Norman Foundation.
®On leave of absence from the Institute of Theoretical Physics, Warsaw
University.
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the entire dynamical nature of a system, some wider algebra-
ic structures become essential.

Suppose that one knows the set @ of all pure states (de-
noted ¢, ¥, ...) of a hypothetical physical system. Below, only
minimal assumptions defining the structure of ® will be
adopted. It will not be assumed that @ must be a Hilbert
space. It seems reasonable to assume that @ is a topological
space with some physically meaningful topology. In what
follows, it will be assumed also that & possesses the structure
of a generalized differential manifold (possibly of infinite
dimension). This fact cannot be immediately motivated by
physical arguments, but happens to be true for the phase
spaces of existing physical theories (e.g., for symplectic man-
ifolds and for unit spheres in Hilbert spaces). For the mo-
ment, no more assumptions concerning the structure of @
will be made: it will be left open whether @ will give rise to a
classical phase space, or to a quantum mechanical phase
space, or, perhaps, to a new type of phase space correspond-
ing to a new physical theory.

Suppose further that the system with the pure states
$<® does not exist alone. It exists in a certain external world
whose possible states denoted &,7,... (called “external condi-
tions™) form a certain set =. Below, the external conditions
&€ = will be assumed of the *ideal” type, i.e., yielding a well
posed problem of evolution and not introducing any dissipa-
tion into the behavior of the system (the same idealization is
represented by external fields in quantum theories). Consis-
tently, it will be assumed that every £€ = induces a unique
familyofdiffeomorphismsg(t,t ;£ ):@—® (¢<t Ymappingthe
pure states onto the pure states and representing the evolu-
tion process which the system undergoes under the influence
of the external conditions £. The difference between the two
possible views of dynamics can be now put as follows: Ac-
cording to the standard approach, dynamics deals with a
concrete evolution process corresponding to some given ex-
ternal condition and represented by a unique family of evolu-
tion operations g(t,¢ ') = g(t,t ;&) (€€ =). According to the
point of view which might be called global, this description is
too narrow. The dynamics is a “plural” concept: it stands
not for one but for an infinity of evolution processes g(¢,: ;£ )
corresponding to all possible conditions € = One of the
mathematical structures reflecting the above global view is
the set of all operations g: ?—@, which can be achieved by
all possible evolution processes.

Definition 1: An invertible operation g: @@ is called
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achievable if it belongs to the closure of the set of all oper-
ations {g (#, ;¢ ): 1<t",£ € = } in the topology corresponding
to the following definition of convergence. Definition 2: A
sequence of mappings g, : ®—.7, where .7 is a topological
space, is called convergent to a mapping g: —.7 if for every
¢e® and every ¢, €®P (n = 1,2,...,), §,—¢, there is
g, (@,.)—g(¢). In what follows, all the limiting transitions
will be understood in the sense of Definition 2.3

Now let G denote the class of all dynamically achievable
differentiable transformations of @. The class G represents
one of global features of the dynamical theory. Since it may
be assumed that the set of external conditions = does not
distinguish between parts of the time axis, the achievable
operations can be repeated with a time delay. Hence, they
can be superposed. Moreover, the limiting transition con-
serves the product (superposition). Hence, the class G has
the structure of a topological semigroup. This semigroup is
wider than the traditionally studied one-parameter (dynami-
cal) semigroup. It represents the whole ability of the system
to be transformed: it has thererfore been called the semi-
group of global mobility.* The semigroup G is present in
many dynamical schemes which differ from the quantum
theory. Thus, for example, for the nonlinear Schrodinger
waves obeying the evolution equation with the “external
potentials”

i-‘%lﬁ: — Ay +ef(YPHW+ Vxt) ¢, Q2.1

G would be the semigroup of all nonlinear transforma-
tion of the manifold of i waves generated by Egs. (2.1) for all
possible potentials V (x,t).

Besides the semigroup aspect, the global dynamics ad-
mits also a certain group-theoretical description. Since the
external conditions £€ = are “ideal,” it may be assumed that
operations g(z,¢ ;& ) are invertible, and their inverse are again
diffeomorphisms of @. Henceforth the achievable oper-
ations span a certain transformation group of ®. Definition
3: The smallest topologically closed group of transforma-
tions @—@ containing the semigroup G will be called the
dynamical mobility group of the system and denoted M. The
information contained in M is more general and vague than
that represented by G: it only tells which transformations
&®—P are not “against the nature of the system” without
granting, however, that they can be effectively achieved. The
above idea of mobility is nonrelativistic. It acquires a relativ-
istic meaning if the system exists in Galileo or Minkowski
space—time and if the evolution equations are covariant.

In spite of the domination of the “fixed Hamiltonian
approach,” the global description of dynamics is gradually
making its way in recent developments. It is close to the idea
that the implications of the dynamics are best seen in the
theory of open systems (Havas and Plebanski). It is also re-
lated to the idea that the physical theory might be conve-
niently stated in terms of “impotence principles” (Bergmann
and Sudarshan). In quantum field theory some typical mo-
bility problems were posed by Schwinger by considering S
matrices depending on the external fields. * The global de-
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scription is one of the main points in the C *-algebraic ap-
proach due to Haag and Kastler ® and subsequent ap-
proaches dealing with infinities of “operations”.>* The
problem of mobility in quantum mechanics was raised by
Lubkin. ' It has been subsequently realized that the signifi-
cance of the global structures extends beyond the Hilbert
space formalism of quantum theories. The global mobility
semigroup is a flexible structural element which can exist in
any theory and is not limited by regularities required from *
algebras and quantum logic. Inversely, it is precisely the se-
migroup G which explains the origin of any possible regular-
ities of a dynamical theory.

3. IMPLICATIONS OF MOBILITY

(1) Invariance: As recently found, in quantum mechan-
ics the semigroups G and the group M both coincide with the
unitary group >'' This indicates that in the general theory M
is the right substitute of the missing unitary group.

(2) Geometry of the phase space: An idea arises that the
geometry of the phase space @ should not be a priori as-
sumed. It should be found by applying the Klein program to
the group M acting on the manifold @.

(3) Functional observables: One of the most essential
implications of the semigroup G concerns the statistical the-
ories. A statistical theory arises if the pure states g are not
observed directly but only via some secondary statistical ef-
fects called “observables.” In quantum mechanics the obser-
vables are quadratic forms of the state vector and theorefore
are represented by linear operators. This need not necesarily
be so in a general statistical theory based on arbitrary dyna-
mics. '>"'* Here one deals with functional observables. '
Definition 5: A functional observable is any continuous real
function f:®— R whose values f(¢ ) areinterpretable as aver-
ages over the pure states ¢ of a certain statistical experiment.
Given the manifold of pure states @, the statistical theory is
defined by specifying the class of these real functions on @
which are observables . This class will be denoted F. For
known reasons, Fshould be a linear class, closed in the topol-
ogy of Definition 2. As has already been found, the function-
al observables contain no less information than the algebras
of observables *'*!. In particular, they determine the geom-
etry elements of the statistical theory such as the convex set S
of all pure and mixed states ' and the quantum logic
et al.**'71>1% Given the manifold @, the contents of F may
serve to classify the theories: the richer F'is the more precise
perception of the statistical ensembles and the “more classi-
cal” the theory. '°

Now, it turns out that the class of observables is condi-
tioned by the mobility. Indeed, having a method of measur-
ing an observable fe Fand having an operation ge:G, one can
modify the measurement by letting the system undergo first
the transformation g:®--»@® and measuring f afterwards: the
resulting new observable is the superposition f Og: P —»
~—R. Hence, F must be closed under the mobility semigroup
FOG CF. If one wants the theory to have a group-theoretical
invariance similar to the unitary invariance of quantum the-
ories, it is natural to assume that the class F is invariant
under the whole mobility group FOM = F. The theory with
that property will be called group invariant. 2°
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If the invariance of the theory is assumed, the class of
observables F becomes a strictly group-theoretical concept.
The number of possibilities of constructing invariant statisti-
cal theories for a given dynamics depends on the number of
invariant function spaces (“‘special functions’) which the
group M allows to exist on the manifold @. To choose one of
these invariant spaces as the class F one needs only a minimal
statistical information. As a consequence, the traditional
geometric elements of the theory (quantum logic), previous-
ly studied by the axiomatic approaches, find their most natu-
ral explanation in the dynamical mobility of the system.
What one has here is a certain flexible mathematical mecha-
nism interrelating the motion and the geometry of the the-
ory. Below, this mechanism will be used to examine the
structure of simplified models of the nonlinear Schrodinger
dynamics (2.1).

4. TWO-COMPONENT MODEL

A simple spin model of the nonlinear Schrédinger dyn-
amics (2.1) is obtained by replacing the space continuum by
the discrete space composed of two points 1 and 2 and by
replacing the wave ¢ by a two-component complex vector

Y=1¢llj=12

, ¥ 01 Y,
Yallell T 7 Hl oH ) ¥,
+ f‘ f(llf;l )f(lx(l')zlz) ’ :,/;
HV1 0 A
oV, "/’2 ) “.1)

Here, the matrix || ;|| appearsinstead of the Laplace opera-
tor, the real numbers V|, ¥, represent an “‘external poten-
tial,” and the real function (£ ) continuous for >0, defines
the nonlinearity. The quantity |¢, |* + |¢, |* = |¢| is con-
served for all ¥;’s (“superconservation law”), therefore, fur-
ther considerations will be restricted to ¢ vectors for which
|¢|*> = R = const. Vectors differing only by a phase remain
so after the evolution (4.1); therefore, one can consider a
hypothetical system whose states are the rays of the vectors
¥. The geometric representation of the resulting manifold @
is obtained after the standard transition to real coordinates:

x =1, 12’2 + ¥, 121 = (o, 9),

y:i_l('/’l U, — i Y1) = (¥, 0,9),

z= h‘bl lz - I¢2 '2 = ( ¢’03¢)’
where o,’s are the Pauli matrices. Here, x? + y? + 2°
= (|¢, |* + |#,]%)? = R *and so, the manifold of pure states

is the sphere of radius R in R .
The equations (4.1) in terms of real coordinates read

4.2)

J
—x= 2)y+ Ay,
Fr €@y + Ay

iy: —~2z—ew(@)x — Ax,
ot
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at
where w(z) = w(z,R) = f[(R +2)/2] — f[(R — 2)/2] is an
odd function defining the nonlinearity and A = ¥, — V,eR
is an arbitrary constant representing the external force. In
what follows it will be assumed for simplicity that the func-
tion w(z,R ) is either strictly increasing or strictly decreasing
for — R<z<R. Toensure that the further considerations are
valid for every R sphere, this will be assumed true for every
R>0. This imposes conditions on f which are fulfilled, for
example, by a wide class of polynomials: f({) = £,
£3L36°.87,, ete. Below, the evolutions (4.3) will be repre-
sented by vector fields (generators)

g; =X= 21 t+ew@l, + A1,
where I, = z(d/dy) — y(3/92), 1, = x(3/3z),
— 2(d/0x),I, = ¥(3/3x) — x(3/3 y) are the generators of
rotations on the sphere @. In the expression (4.4) the part
X, = — 21, + ew(2)I, = A + €N stands for the free evolu-
tion.4 = — 21 generates the rigid rotation about the x axis,
while N = w(z)1, stands for the nonlinear part of the motion.
On every circle z = const., N produces just a rotation around
z. However, for different z’s the angular velocities of these
rotations are differnt. The resulting transformations are
“torsions” of the sphere @ (Fig. 1). The part A7, in Eq. (4.4)
contributes with a rigid rotation around the z axis with any
desired velocity A = V; — V,. It turns out that the dynami-
cal mobility defined by the vector fields (3.4) is much richer
than that of the linear system (¢ = 0).

(4.4)

Achievable operations

The simplest dynamical operations are of the form
exprX (7>0), where X are the vector fields (4.4). By super-
posing these operations and making limiting transitions one
can generate some new exponential operations. Thus, by tak-
ing a strong external force and letting it act for a short time
(A = y/€, 7 = €, €-0), one obtains in the limit the transfor-
mation exp ¥, = lim_ , exple(X, + ¥ I,/€)], an arbitrary
rigid rotation around z, interpreted as a “‘shock transforma-
tion” which the system undergoes under the influence of a -
like pulse of the external potential: ¥,(t) = I'; 8(t — t,);
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'L — I, = y. Having that transformation, one can now
generate the product of operations exp y I, exp X
X exp(— 7 I,) = expX, where Xis givenby Eq. (4.4), y€eR,
and the modified generator X is
X = —2(cosy I, + siny I)+ew@ I, + A1, 4.5)
By varying ¥ and A one obtains a family of vector fields
on @ generating achievable operations. It contains in
particular
X, = -2 +en(2) 1,
V=vlIl,
X, =21 +e0(2) 1, (4.6)
The class of dynamically achievable operations can be
further extended by applying the Trotter formula:

Y Y\
exp(r, ¥, +7, ¥5)= lim (exp ln Lexp 2n 2) . (47

n--owo

Given two continuous vector fields on @ both generat-
ing families of achievable operatorsexp 7, Y, andexp7, ¥,
(r,, 7, »0), one can also generate (4.7). Hence, the list of
vector fields generating the achievable operations contains
all positive combinations of the fields (4.5). In particular, by
taking LY, + 1X, one ends up with

eN = ew(x) 1,. 4.8)

This signifies that by using adequate external forces one
can maneuver the system to perform an operation dictated
by the purely nonlinear part of Eq. (4.1), the linear part pro-
ducing no final effect. Taking more general positive combi-
nations of the fields (4.5), one sees that the operations exp ¥
for the following vector fields Y are also achievable:

Y= —2(r, cosy, + 7, cosy, )1,
+ 2(r, siny, + 7, siny,) I,
+ e(r, + 1)o@, + A 1,

A, 71, v2€R; 71,7, 20). 4.9

In particular, taking cos ¥, = — cos ¥, = 1, one ob-
tains the following two-parameter family of vector fields:

Z=—-Ur, —m) I +e(r) + )o@ I, + AL,
(AeR,7,,7, >0). “4.10)

To read the information contained in Eqs. (4.8)-(4.10),
some differential geometric representation of dynamical mo-
bility is needed.

5. MOBILITY CONES

Even in the simplest dynamical theories the effective
knowledge of G is limited by the impossibility of resolving
the evolution equations explicitly. However, there is essen-
tial information which can be obtained without integrating
the evolution equations. Below, @ is assumed to be a differ-
entiable submanifold of a real Banach space and G denotes
any topologically closed semigroup of transformations
D—-P. Definition 6: A continuous vector field X on @ gener-
ating a one-parameter group of diffeomorphisms exp 7X
PP is called a generator field of G if exprXeG for every
72>0. Here, it is not assumed that G is the mobility semi-
group. If so, it is still not assumed that the operations
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exp 7X (>0) are achievable in turn by one single evolution
process or that 7>0 is a measure of time. Indeed, it may
happen that the transformations exp 7.X are achievable sepa-
rately each by its own process and that there is no common
evolution process which would accomplish all of them in
succession (Fig. 2).

Among the generator fields of G of special interest are
those which are bounded and fulfil the Lipschitz condition;
they will be called fields of BL class. The fields of BL class
are integrable; moreover, they make the Trotter formula
(4.7) convergent in the sense of Definition 2. Now, if the
fields Y, and Y, are generators of G, of BL class, and if
7y,75,20, it follows from Eq. (4.7) that the field
7. Y, + 7, Y, is a generator field too. Hence, the set of all
BL-class generators of G has the structure of a convex cone of
vector fields on @. In practice, it is also of interest to consider
smaller cones of the fields. Definition 7: Any topologically
closed convex cone of BL-class generators of G is a cone of
generators. Note that every cone of generators covers @ by a
field of convex vector cones in the tangent spaces. Definition
8: Given a semigroup of diffeomorphisms of @ and given a
cone of generators K, the mobility cone K, at a point ge® is
the cone of vectors obtained by taking the values at ¢ of the
vector fields XeK. Intuitively, the “mobility cone” at a point
¢ encompasses all the “allowed directions” in which the
point ¢ may be displaced by the small semigroup operations
exprX (7>0) with generators XeK. A particular importance
must be assigned to the mobility cones defined by all BL-
classes generators of G: they will be called the cones of the
semigroup G on the manifold @. One has the following
lemma:

Lemma: Let @ be a real Banach manifold covered by
the field of mobility cones of the semigroup G. Let 7—¢ (7)
(7>0) be a differentiable trajectory on @ whose tangent vec-
tor at every point is contained in the local mobility cone
(integral trajectory of the cone field). Then every point ¢ (7)
on the trajectory can be achieved (at least approximately)
from the point ¢ (0) by means of motions generated by the

semigroup G: ¢ (7)eG ¢ (0) (Fig. 3.). It is thus seen that, be-
sides defining the directions, the mobility cones also provide
information concerning the finite displacements of any point
of @: this information is obtained by constructing the inte-
gral trajectories of the field of cones. It turns out to be obvi-
ous that the mobility cones play a role in the global dynamics
similar to that of characteristics surfaces in the theory of
hyperbolic partial differential equations.

The mobility of a single point does not yet exhaust the
dynamical information. What one would like to know is,
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also, how one can transform the manifold @ as a whole. This
involves the following question: how can one simultaneously
displace any number of points on ¢ ? For a finite set of n
points this information is again represented by mobility
cones. As a semigroup of transformations of @, G acts also as
a semigroup of transformations on every Cartesian product

P XX P

according to

8(¢ XX ¢,)= g(¢,) XX g(4,)
(2<€G, &, ,..., $,€P).

Consequently, G determines on @ X... X @ a field of mobil-
ity cones: this field represents the possible simultaneous dis-
placements of » points on @ by the transformations of the
semigroup G. A part of that information can be represented
geometrically on the initial manifold @ without the need for
constructing Cartesian products. Let ¢ and ¢, be two points
on @ and suppose that one is interested in the possibilities of
moving ¢ while ¢, is kept fixed. This corresponds to the
subsemigroup G, = {geGgd, = @, } (“little semigroup”).
The semigroup G, has again some mobility cones on the
manifold @: they represent the freedom to move ¢ while @, is
fixed. More generally, one can consider any subset ¢, C P
and the corresponding subsemigroup G, = {geG:gd = ¢
for peP, |. The mobility cones of G, on @ represents the
freedom of moving any point ¢ while all the points of @, are
fixed, They might be called little cones of G. As is seen, the
problems of mobility always lead to a similar type of
structure.

Definition 8: A mobility manifold is a (generalized) dif-
ferentiable manifold @ covered by a field of convex cones
defined in the tangent spaces to ¢, which are interpreted as
the sets of allowed directions in which the points of the mani-
fold are free to move. The cones can be of arbitrary dimen-
sion and can degenerate at some points. (The vanishing of
the mobility cone at any point ¢, €@ means that ¢, is “‘sta-
tionary.”) An example of a mobility manifold with no degen-
eracy is relativistic space—time, if the “future cone” at every
point is distinguished. Another example of that structure
arises in the theory of the two-component model of Sec. 4.

4. TWO-COMPONENT MODEL (CONTINUATION)

If @ is the sphere with dynamics defined by Eqgs. (4.3),a
class of generators of G is given by Eq. (4.5). Since  and A in
Eq. (4.5) are arbitrary, the values of the fields X at any point
cover all the direction on the local tangent plane. Hence, the
mobility cones of G on @ are just the tangent spaces. As a
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consequence, given any point ¢e@, there are no points on @
which could not be, at least approximately, achieved from ¢.
In fact, one can even show that every point of @ can be
achieved exactly (Gé = @), which makes ¢ a homogeneous
space of G. In this respect nonlinear dynamics does not yet
differ from linear dynamics. The difference emerges when
one considers the simultaneous displacements of many
points of @,

Let ¢, €@ and consider the motions of any point ¢c@
arising from those transformations which keep #, invariant.
The generators of the corresponding subsemigroup G 4, can
be found by distinguishing among the vector fields (4.4)-
(4.10) those which vanish at ¢, . Since G contains rigid nota-
tions around the z axis (shock transformations), it can be
assumed without loss of generality that ¢, lies on the x,z
plane: ¢, = (x,,0,2) = (R cosa,0, R sina). A family of gen-
erators vanishing at ¢, can be now constructed from vector
fields (4.10). At ¢ = ¢, the field (4.10) coincides with
I= —2r, —7) I +€e(r, +7,)oz) I, + A I,. To van-
ish at ¢, this field must be proportional to the generator I, of
rigid rotations around ¢, axis: I, = cosal, + sinal,. The
condition I = Al (AeR == ((r, — 7,) I, + [e(r,

+ 7)0(z0) + A )1 I, = A cosal, + A sina I, leads to

B _L e(r, + m)w(zy)mA

2 T, — T

= tana=A = —2(r, — 7,)

Xtana — (1, — 7;)o(Z,).

Assuming cosa > 0 and putting 7 = (7, + 7, )/cosa
and € = (7, — 7,)/{(r, + 7,), one obtains the following cone
of vector fields vanishing at ¢, :

Y=r{2e I, + € cosa [0(z,) — @(2)] 1, }

720, — 1<e<] 4.11)

They cover the sphere @ with a field of mobility cones whose
boundaries are marked by two vector fields:

Y, =21, +ecosa [o(z,) — w(2)] I,
and
Y_ = -2, +ecosa [(z,) — (@] I,.

For € >0 and «(z) decreasing, this leads to the following
differential picture of mobility (Fig 4).

FIG. 4.
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Figure 4 exhibits an essential difference between the
linear and the nonlinear models. In the linear case the evolu-
tion transformations are the isometries of the sphere and so,
having fixed any point ¢,€®, one can move the other points
only along the circles around ¢, . The corresponding mobil-
ity cones are one dimensional (straight lines). This is no long-
er so in the nonlinear model (¢£0). Here, for any fixed ¢,
the second point ¢ acquires a higher degree of mobility: it is
not bound to move along the circles but can be displaced in
the directions forming the cones on Fig. 4. By constructing
integral trajectories of this field of cones one can see that in
the nonlinear case no forbidden domains for the point ¢ exist
on the sphere ®: keeping ¢, fixed, one can still maneuver the
other point ¢ into any desired vicinity on @. In particular, ¢
can tend to either “north pole” (z= R) or “south pole”
{(z= — R) of @ (this maneuver involves an integral trajec-
tory spiraling around the corresponding pole). Now, by ap-
plying a sequence of dynamical transformations (first mov-
ing ¢ and leaving ¢, invariant, then moving ¢, and keeping
¢ fixed), one can see that the dynamical system (4.3) enjoys a
curious property. Any two distinct points on ¢ can be simul-
taneously displaced to two arbitrary neighborhoods by an
adequate dynamical transformation. In particular, every
two points can be moved arbitrarily close to the north and
south poles of @. In terms of complex vectors in Eq. (4.1) this
means that for every two vectors ¢ = ||#,,¥, || and
7 = ||7,,7, || there exists a dynamical transformation
which simultaneously reduces almost to zero the first com-
ponent of ¢ and the second component of 7.

The increased mobility of the nonlinear system (4.3) has
consequences for its physics. This is seen by comparing the
two component vectors ¥ in Egs. (4.1) with the quantum
mechanical state vectors (as for example, that of spin or po-
larization). It is an essential property of quantum states that
they cannot be arbitrarily maneuvered. This is due to an
impossibility law of quantum mechanics which forbids the
precise separation of pure states (“second impossibility”)."
Given two state vectors ¢ and, 7, one cannot, in general,
produce a filtering process which would accept all the sys-
tems in the pure state ¢ while rejecting all systems in the state
7. Every filter which transmits all ¢ particles must unavoi-
dably transmit at least the average fraction |(¢, 17)| > of the 5
particles. ' The above law finds consistent expression in the
quantum mechanical evolution equations. The dynamical
operations generated by these equations are unitary and con-
serve the scalar products. As a result, one cannot displace
two state vectors arbitrarily: where one goes the other fol-
lows at a constant distance. The above separation impossibly
holds no longer for the nonlinear dynamics (4.3). As seen
from the mobility cones in Fig. 4 every two states, however
close at the beginning, can be arbitrarily separated at the
end. This makes possible the construction of infinitely selec-
tive measuring devices, contrary to the quantum mechanical
impossibility principle. Indeed, if at least one pair of states
on @ can be distinguished sharply, without an element of
statistical uncertainty (e.g., the states ||1,0|| and [|0,1|| at
the poles of @ ), then there is also a sharp distinction between
any two states: the method consists of first displacing them
toward two opposite poles of @ and then applying the selec-
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tive measurement. The existence of infinitely selective filters
is one of the features of classical theories. This indicates that
because of an excessive dynamical mobility the nonlinear
system (4.3) acquires some classical properties.

This statement can be given a more exact sense if it is
assumed that Eqs. (4.1) define the dynamics in an invariant
statistical theory. Then, in agreement with the consider-
ations of Sec. 3, the class of observables F depends on the
mobility group M defined by Egs. (4.1). The group M can be
described in terms of generators which now form a Lie alge-
bra of vector fields spanned by Eqgs. (4.4)—(4.10). Since
among the generators are X, = —2I, + €N and eN

= €w(2)],, the algebra must contain also 1(eNV — X;)

= I,. On the other hand, it contains 7, . Hence, it must also
contain I, = [I,,1,]. Thus, the Lie algebra of generators of
M is spanned by the three rotation generators /,,/,,I, and
the “nonlinear generator” eN = ew(z)I, . The first three vec-
tor fields generate the rotation group SO(3). Consistently, M
is the group spanned by SO(3) and by the nonlinear rotations
represented in Fig. 1. Now, the problem of the special func-
tion spaces of M on @ becomes simple. Since M D SO(3),
every invariant function space of M must be also invariant
under SO(3) and so it must be composed of some number of
the spherical function subspaces. By examining the operator
w(z)I,, one proves that it yields transitions (either direct or
indirect) between any two subspaces of spherical functions
(except for the subspace of constants). The class F contains
constants and is invariant under M. Moreover, F must con-
tain some functions besides constants (otherwise the states
would not be distinguishable and the theory would become
trivial). Hence, F contains all the spherical functions sub-
spaces. Since F'is closed, this implies that F coincides with
the class of all continuous real functions on @ [F = C (®)].
As a consequence, all the quantum mechanical imposibility
principles are broken (see Ref. 1), and the construction of the
convex set S described in Ref. 7 leads to a generalized sim-
plex with the resulting quantum logic distributive. Hence,
every group invariant statistical theory built up upon the
nonlinear evolution equations (3.1) is “‘structurally classi-
cal” in the sense of the classification of Sec. 3.

6. NONLINEAR LATTICE MODEL

The considerations of Sec. 4 also permit one to deter-
mine the mobility of a more general lattice model of the non-
linear Schrédinger dynamics. Here, the wave function # is
replaced by an infinite-component complex vector of
I*$ =|1¢;|,j = ..., —1,0,1,-- Instead of the Schrédinger
wave equation (3.1), one has a differential-difference equa-
tion with a finite difference operator playing the role of La-
placian (4¢), = ¢, ., — 2¢; +¥,_, . As the term —2¢; is
inessential and can be absorbed by redefining the potential,
the resulting equation is

.9y
la_; = “(¢j+1 +¢j_1)+ff(|'/’j|2)¢i+Vj'//j’ 6.1)
where the numbers V;(j = ..., — 1,0,1,...) form an analog of

the external potential and the real function R *—R defines
the nonlinearity. Below, fis assumed continuous with its
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first derivative. The quantity 9| = Z* = _ |¢;|*is con-
served by the evolution (6.1), and further considerations will
be restricted to the subset of unit vectors

¥ = el *:[¢|” = 1. Since any two vectors of ¥ which are
proportional remain proportional after the evolution (6.1), it
may be assumed that they label the same pure state. With
this assumption the manifold of pure states ¢ becomes the
set of unit rays in /. Below, it will be convenient to use ¥
instead of @ to label the pure states, remembering, however,
that the unit vectors e ¥ are redundant. Before any ele-
ments of a statistical theory are introduced it is worthwhile
to examine the dynamical mobility of the 3 vectors obeying
Eq. (6.1). As before, the semigroup of mobility will be de-
scribed in terms of the generator fields now acting as differ-
ential operators on the functions geC ~(¥) of an infinity of
coordinates: ¢ () =B (...¥ _,, ¥ _ 1\ Yy, Yo,...). To write
down these generators explicitly it is convenient to rewrite
Eq. (6.1) as

., .
5;1//1' = ’('ﬁﬁ-] + '/}jfl)

—ief(, D¢, =iV, ¢ (6.22)
ai'z i(lszrl +$j~1)

+ief(|4;D ¢ + iV, ;. (6.2b)

Now, the form of the vector field X generating Eq. (6.1)

is found from the condition (0 /dt) ¢ (¢) = X¢ (1)

[YeW, deC=( W)}

X= z [z(;/z,ﬂ +¢H)7] — i1+ z/7f~1>a—a,;7
—ief (I, IZ)( i 5;)

The field (6.2) is an analog of the Hamilton operator in
the nonlinear theory. In particular, the choice ¥, =0
(j=..,— 1,0,1,...) gives the generator of the free evolution
X, . By regrouping terms in Eq. (6.3) one obtains

X,= 5 @ +D)+ S DD, 64
where
Dyt =i('//j+1 % — ¥ 5%)' (6.5)
B =i(w,-ﬁl 5{91; — 3 b%)’ (6.6)
Ny
9 6.7
(dlj Y, — Y alﬁ,-) ©D

The operators (6.6)—(6.7) are the elementary “‘tenden-
cies” in the evolution processes (6.1); they act on the compo-
nents of ¢ according to the simple rules
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Dj—# . Dj7 : Dj:
=it i =Y,
wj:,j*u/},.l *ﬁf;"”p"*l fﬁl . (6.8)
_k —0 "k ] —0 _k } —0
o ] ¥, 12
(k) (k) e

Since the summation in Eq. (6.4) runs from — « to
+ oo, the generator X;, may equivalently be written

X, = 5 @ 4050+ z ef(I4,) D,

Je = s

(6.9)

The transition from Egs. {6.4) to (6.9) involves only a
simple rearrangement of terms, and so does not affect the
convergence of the infinite sum (6.4). The operators
A, =D ;" + D, produce the “circular operations” in the
pair of components ¥; and ¢; , |, and vanish elsewhere:

) _ d J
Aj B Dj. +Dj+ (¢j+] —¢; ¢j a¢’1+1
- d - d
— 1/) —_ = ¢ T_>:
ey, Vo,
I —1i
¢j : ¢j+1’ l!}_/ : l/jj+l9
i —i
¥, —0, ¥, —0. (6.10)
Their natural counterparts are
d a d - a
B =t — —p  — + U — | —=
i J a¢j+1 /+1a¢’j J a¢1+1 J+la¢j
-1 -1
wj : ¢j+ls ij : i+ 1
+1 +1
¥, —0, ¥ —0 6.11)
C,= D, —D—z(x/; + ¢ 9
: | o T
d d
_ + — }
b B a%“)
¥, l/@-—* y
¢j+1—"1"/’j+1, '/’j+1_’i'/’j+1’
U,—0, ¥, —0 (k#£)). (6.12)

The differential operators 4;, B;, C;, when acting on the pair
of components ¢;, and ¥, , ,, behave as Pauli matrices mul-
tiplied by the imaginary unit i. The evolution generator (6.2)
can now be written

X= z A, + z 6f(|¢12)D+ 5 v,

j= — >

=A +6N+ V, (6.13)
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the meaning of 4, N, and V self-evident. Notice that the
“nonlinear” and potential parts N and ¥ can be equivalently
written in terms of C; by applying an Abel transformation.
One has

+ oo
V= 3 w,C, (6.14)
j= - =
where the numbers w;(j = ..., —1,0,1,...) represent a super-
potential: w, _, —w, = V,. Ifthesum 22~ _ f(|¢,") is

convergent, N can be written explicitly in any of the forms

v= 5[5 remp)c)+-

Je= - k=j+1

= 5 [L;wf(mv)] C,} ¥

j: - 0
The terms dropped in Eqs. (6.14) and (6.15) generate
only trivial rotations in .

(6.15)

Achievable operations

The vector fields (6.13) are the basic generators of G,
the simplest achievable operations being of the form exp 7.X,
where 7>0 and X is given by Eq. (6.13). More general oper-
ations can be now obtained by taking products and limits of
the operations exp 7X. In particular, by taking a strong ex-
ternal potential ¥, = (1/¢€) a; and letting it act during a
short time interval 7 = €—0, one achieves the dynamical op-
eration exp «, where the generator  has the form of the pure
potential part of Eq. (6.13) (shock transformation)

+ o
a= Y a,D; (aR). (6.16)
j: - w0
By now superposing the “natural evolution” exprX
with two opposite shock transformations generated by Eq.
(6.16), one can produce a new class of dynamical transfor-
mations of the form expa exprX exp( — @) = exprX, where

X= expaX exp( — a). Since e ¢je—“ = eiia"lﬁ

j?

e Yo~ % =& ¢h,,e" (0/0 Y )e = €(3/,),
e*(0/3))e = e~ “A3/3Y,),
and
e*Die "= D,
hence the modified generator becomes
_~ + > . ad . ad
X=i (e’y’lﬁ- — +e 'Y
j:E_:w J+lalﬁj Ja¢j+l
iy = d iv, 7 O
— e ’y/lﬁ- —_—J{—e'y/!/l- — )
oy, "9
+eN+ ¥, (6.17)

where v, = a, — «;, ,. After an obvious decomposition
j j j+1

— + >
X= (cosy;A; + siny;B;) + eN+ V. (6.18)
j= — o
The vector fields (6.18) now induce a wide class of
achievable operations. In particular, taking cos y;, = — 1
(j=...—10,1,.),V =0, one can obtain an analog of the

free evolution generators with the sign of the “linear part”
reversed
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X, = —A+eN. (6.19)

More generally, taking cos ¥, = €; = + 1 and V540, one ob-
tains an analog of the generator (6.13) with only some of the
signs in A reversed:

X.= S5 ea+eN+ v, (6.20)
j= —
The unit sphere @ admits a natural embedding in a real Ban-
ach space. If the potentials V' = ||V, ||,j = ..., — 1,0,1,... are
bounded, the vector fields (6.2)—(6.20) are bounded and fulfil
the Lipschitz condition which makes possible the applica-
tion of the Trotter formula (4.7). This formula allows one to
approximate the evolution operations corresponding to posi-
tive linear combinations of the vector fields (6.20). In par-

ticular, one can approximate

exp 7eN = exp(3 7X, + 1 7X|) (7>0). (6.21)

This means that in a single evolution act one can annihi-
late with any desired accuracy the effect of the linear part of
the free evolution, forcing the system to perform an oper-
ation dictated by the “‘pure nonlinearity.” The Trotter
mechanism provides also an analog of the evolution gener-
ator (6.13) with only a part of the linear terms cancelled and
part of them still present. This is done by taking an average of
the vector fields (6.13) and (6.15). The resulting new gener-
ator is

Xo=3X+X)=

J
where 8, = L(¢; +1) takes the values 0 and 1 for
j= .., —1,0,1,.... The existence of the vector fields (6.22)
among the generators of the semigroup G means that by
applying adequate external forces one can influence the sys-
tem to perform a selective operation, where some of the lin-
ear terms of A do not contribute but some are essential (for
6, = 1). Obviously, if §, = 0 for a certain , then the evolu-
tion operation leaves the subsets of components {¢,: j<k |
and {#,:j> k | decoupled. If 8, = 8, = 0 for two integers
k,,k <1, then the subset of components {¢, ,,,....¢); | be-
comes decoupled from all the rest [meaning that the compo-
nents ¢, _ , ,....4, of the vector ¢ = (exp 7X,) (¥} depend
only upon the coordinates ¥, , ,,...,¢, of the vector ¢]. The
simplest “decoupled operations”™ are obtained by taking
0, = &, in Eq. (6.22). The corresponding generators are

Xpwon=A,+eN+V. (6.23)

The operations exprX,, , . ;, transform the 3 vectors
very simply. Every component ¢, with j5£k, k + 1 is multi-
plied by a phase factor. The only two components trans-
formed nontrivially are ¢, and ¢, ,. In the two dimension-
al subspace of these components the generator (6.23) induces
the transformations correspondingly exactly to the ones of
Sec. 4. Thus, employing adequate external forces, one can
operate on every two components ¥, and ¥, , ,, making
them imitate the model of Sec. 4. This fact has important
consequences for the mobility of the lattice model (6.1). In-
deed, one can see that by operating on successive pairs of
components of ¢ one can produce evolution operations sepa-
rating two arbitrarily close state vectors. As an example,
consider two *“wave packets” ¢, 7e€¥ both with finite num-

+ o
S G4, +eN+V, (6.22)
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FIG. 5.

bers of nonvanishing components, differing slightly one
from the other: [¢,|* = [7,]* + &, [t |* =7, |* — 6, ¢;
= N3,eltly = N5 Ui = M = 0k #1,...,n). (The absolute
values of 3 and # are drawn in Fig. 5). Now, by using the
operations expTX g ;,, one can make the pairs ¥,, ¢, and
70, 7, to behave like replicas of the system of Sec. 4. In
particular, one can perform an operation which almost com-
presses both components of ¢ into the single cell j = O while
simultaneously shifting the components of 77 to the cellj = 1
(north and south poles of the sphere in Fig. 4). Having ac-
complished this manuever with a sufficient accuracy, the
next transformation must be of the form exprX,, ,, and oper-
ate in the cellj = 1,2. As before, the contents of ¢ in this cell
are shifted to the left (to subcell j = 1) whereas the contents
of 7 are shifted to the right (subcell j = 2). Proceeding so,
one defines a sequence of separation operations in the succes-
sive cells (0,1), (1,2), (2,3),..., (n —1, n) always shifting the
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local contents of # to the left and that of 7 to the right. The
successive stages of these operations can approximate, with
any desired accuracy, the sequence of picture in Fig, 5.

As a final result, the waves packets i and 7, though
almost identical at the beginning, are almost completely sep-
arated at the end: the packet 7 is compressed to the single cell

J = n whereas the packet ¢ is filtered to the left. The exis-
tence of the above separation operation allows the construc-
tion of infinitely selective measuring devices able to accept ¢/
and simultaneously reject 57 with any desired accuracy: for if
there is a method of distinguishing precisely the space-sepa-
rated packets (which is likely to be assumed), then there is
also a method of filtering unmistakably any two packets,
however little they differ from one another. As in Sec. 4, the
existence of the infinitely selective measurements violates
the quantum mechanical impossibility principles and shows
that the nonlinear wave packet (6.1) acquires some classical
features.

Assume now that an invariant statistical theory is built
up on the dynamical equations (6.1). Then one deals with the
mobility group M generated by Eqgs. (6.1). The contents of M
may be estimated according to the Lie algebra of its gener-
ators fields of BL class. Because of the arbitrary ¥,’s in Eq.
(6.13), this algebra contains every pair of vector fields 4;,
B;(j=.., —1,0,1,...). Consistently, it also contains every
C,(j=..,—1,0,1,.). For any fixed j, the triple of vector
fields 4;, B, and C; generates all possible unitary transfor-
mations of the pair of components ¢; and ¢, ,, . By super-
posing many unitary transformations in the successive two-
dimensional cells of components 1, and ¢; , , , one can gener-
ate, in the limit, any unitary transformation in the whole of
/2. Hence, M contains the unitary group in /2 The other
dynamical operations are due to the vector field V. Hence, M
is the smallest topologically closed group of transformations
of ¥ which contains the unitary transformations and the
nonlinear operations expreN. The corresponding transfor-
mation group of the set of rays @ is so rich that the theory of
special functions on @ becomes trivial: the only admissible
class of functions F invariant under the group M and essen-
tially wider than the subspace of constants is the whole class
of real continuous function on @ [F = C(®)]. As a conse-
quence, every group invariant statistical theory built up on
Eqgs. (6.1) has a classical structure of states (a simplex). As
already noticed in Sec. 3, this does not mean, however, the
existence of hidden parameters or the possibility of returning
to a causal scheme (see also Ref. 12).

7. CORRESPONDENCE

The results of Sec. 6 exhibit certain special features of
nonlinear wave dynamics. The nonlinear system (6.1) is
characterized by an excessive mobility. If only a nonlinear
term is present in Egs. (6.1), the mobility group “blows up.”
The class of observables becomes so rich that the convex set
S becomes a generalized simplex (classical geometry). The
same phenomenon has been already observed, for a different
class of nonlinear equations, by Haag and Bannier. 12 A
question arises whether the return to the simplex geometry is
a general tendency in nonlinear theories? Another problem
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concerns the correspondence principle: it looks as if thereis a
structural discontinuity between the linear theory and the
nonlinear theory with nonlinearity tending to zero.

This last phenomenon arises from the fact that the
scheme of Sec. 3 has a global character. The structures intro-
duced in Sec. 2 contain a limiting transition which does not
commute with vanishing of nonlinearity (¢—0). Indeed, the
semigroup G is the family of all transformations @—@
which are dynamically achievable, no matter how long a
time may they require to be accomplished. Similarly, F was
defined as the class of functions representing all possible ex-
periments, no matter how much time and accuracy they may
require to be performed. Hence, the class Frepresents a kind
of absolute knowledge.

The above global description cannot be consistently
avoided if one is interested in the complete nature of the
system. However, for some practical purposes it may be-
come overloaded with information. The operations of sepa-
ration of the wave packets represented in Fig. 5 always exist:
however, if the nonlinerity is too small, it may take too long a
time to accomplish them and therefore they are of no practi-
cal importance. This suggests that in some circumstances the
global scheme might be ignored in favor of partial
descriptions.

Instead of representing the system in terms of the whole class
of observables F, it might be convenient to introduce some
subclasses '’ C F corresponding to restricted types of experi-
ments. An interesting example of “‘partial perception” arises
if the measurements are confined to a finite time interval
[t,'] and limited by a finite accuracy. Let F|,,,, denote the
corresponding class of observables. Fort = ¢/, F}, ,,, contains
only the “immediately measurable” observables. For the
system of Sec. 6 they may be assumed identical with the
primitive observables of the “Born interpretation””:
pi(¥)= |¢’j|2;[7( V=2 wp(¥).lfr=1t"—1¢>0,buteis
very small, so that €7 is small, the higher order contributions
to the quadratic probabilities are still beyond the threshold
of detection. An observer confined to the interval [1,7 '] there-
fore will not register the existence of the higher order obser-
vables: the class £, reflecting 4is approximate experience
will coincide with the class of quadratic forms as in the linear
theory. The situation changes if the interval [¢,¢ '] increases.
The terms proportional to (e7) " (n = 1,2,...) then successive-
ly cross the detection barrier and Fj, , , is gradually extended
to include the higher order forms of ¢. This produces a se-
quence of increasingly precise schemes with expanding ob-
servables and regressing impossibility principles. ! Finally,
the class of observables extends to include all the real forms
of ¥, thus providing an infinitely precise perception of the
pure states (rays) characteristic for classical theories. This
process is conditioned by the value of €: the smaller the non-
linearity, the longer the time necessary to enrich the observa-
bles. It is thus seen that the nonlinear theory with e—0 tends
to the linear one in the local sense, simultaneously conserv-
ing its different global shape.

The description in terms of partial observables is known
in the %-algebra approach to quantum theories. In particu-
lar, the class Fy, ., is an inexact analog of the Haag algebra of
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observables localized in space-time. However, there is an
essential structural difference. In present day quantum the-
ories the partial pictures of a theory can differ only in size but
not in shape: they all reproduce the same type of structure
based on s algebras and Hilbert spaces. This is not necessar-
ily soin a generalized statistical theory. Here the system may
reveal different shapes to different observers. An example is
precisely the nonlinear system of Sec. 6 which exhibits a
whole variety of geometric structures from the orthodox
quantum one up to the orthodox classical. ! It thus looks as
though Haag’s idea of partial observables, when translated
to the domain of nonlinear theories, might reveal a new
mechanism of consistency between many simultaneous
structures of the same physical system. If a finite accuracy is
assumed, it can also show how the nonlinearity can provide
an asymptotic return to a classical geometry, which does not
imply the return to a causal scheme. The nonlinear system
(6.1) becomes classical when it grows old. The system for
which this happens might be called “asymptotically
classical.”

8. OPEN PROBLEMS

The considerations of Secs. 6 and 7 illustrate the some-
what special place of global mobility. This concept is likely
to appear in any dynamical theory of open systems. Once it
exists it starts to play a decisive role: for because of the con-
sistency links it conditions the geometry of the theory. This
may be of interest for some domains where the dynamics has
been already postulated but the physical interpretation is
still missing.

(1) Recently, certain c-number fields have been studied
because of the existence of solitons. The most consistent
quantization of these fields seemingly leads via Feynman
path integrals. > One might also think, however, that the
soliton fields are the soliton fields, are already the proper
nonlinear representations for the physical quanta (as in de
Broglie’s proposals) and therefore should not be further
quantized. Instead, they should be investigated ““as they
are”. This would involve the study of the soliton geometry
and prolongation structures. > In the case of an open system
this would lead to the problem of mobility. An interesting
example of an open soliton system of form (2.1) with loga-
rithmic nonlinearity f( { ) = In and with external potentials
was discussed by Bialynicki-Birula and Mycielski. 2
Though the function w(z) = | In[(R + z)/2]

— In[(R — 2)/2] has singularities, the results of Sec. 4 sug-
gest that the gaussons of Bialynicki-Birula-Mycielski are
structurally classical, even though they may appear in a pro-
babilistic theory.

(2) One of the gaps in the present day theory lies in
between the quantum theories and general relativity. The
attempts to quantize gravity by means of the standard for-
malism have not been conclusive. One of the most intriguing
problems concerns the hypothetical graviton. There are
opinions that the single graviton in vacuum (if any such enti-
ty exists) should be described like any other particle with
spin, in the spirit of the linear laws of quantum mechanics,
and that the nonlinearity of the macroscopic gravitational
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field is simply due to the interactions in a cloud of many
gravitons. A completely different theory of a nonlinear gra-
viton has been proposed by Penrose, >> who postulates that
the graviton is described by a left-flat complex Einsteinian
field and carries its own portion of the curvature. An alge-
braic theory of complex Einsteinian fields has been devel-
oped recently by Plebanski. > The theory of the nonlinear
graviton is not yet complete as the graviton exists “in itself”’
and the statistical interpretation is missing. The general sta-
tistical theory of Sec. 3 is not directly applicable here, as it
was formulated in a flat space-time, and moreover there is
not yet a theory describing the graviton as an open system
Still the scheme of Sec. 3 is at least devoid of some handicaps:
for it seems that the general mobility group rather than the
unitary group and the functional rather than the operator
observables are general enough to describe the hypothetical
entity.
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Generalizations of H-J theory have been discussed before in the literature. The present
approach differs from others in that it employs geometrical ideas on phase space and classical
transformation theory to derive the basic equations. The relation between constants of motion and
symmetries of the generalized H-J equations is then clarified.

INTRODUCTION

The Hamilton—Jacobi form of dynamics derives much
of its importance today from the analogies it has with quan-
tum mechanics. At a purely classical level, it has application
in celestial mechanics where it provides the framework for
canonical perturbation theory.

In the usual form of the theory, the momenta turn out to
be the gradient of a function on configuration space called
Hamilton’s principal function. Rund' suggested that one
may give the momenta alternative representation and arrive
at a generalization of the theory. In Rund’s theory the mo-
menta are expressed in terms of # functions on configuration
space (n being the number of degrees of freedom). It was
pointed out by Baumeister? that the classical problem of
Pfaff was relevant in choosing the representation for the mo-
menta. The number of functions in the representation here
lies between 1 and #n. Baumeister’s form of the theory con-
tains as special cases both Rund’s theory and traditional H-J
theory.

Mukunda’ has discussed Hamilton—Jacobi theory using
geometrical ideas on phase space. As pointed out in Ref. 3
working in phase space rather than configuration space is
advantageous because the action of canonical transforma-
tions is easy to visualize. The present approach to general-
ized Hamilton-Jacobi theory relies largely on geometrical
ideas developed in Ref. 3. It is not clear at the moment
whether the generalized theory has any relevance to quan-
tum mechanics. It does seem safe to say however that analo-
gies with quantum mechanics, if they exist, are not straight-
forward and will require some unearthing.

The material to be presented is arranged as follows. In
Sec. I, surfaces in phase space and their behavior under ca-
nonical transformations of phase space are discussed. In Sec.
I1, the surfaces are given a representation (following Ref. 2)
in terms of so called Clebsch potentials. The behavior of
Clebsch potentials under the action of canonical transforma-
tions is also worked out. In Sec. II1, the fact that the time
evolution of a system is a canonical transformation is used to
write down the equations for time evolution of the Clebsch
potentials. These constitute the system of generalized H-J
equations. In the last section, it is shown that a constant of
motion may be used to generate new solutions of these equa-
tions from a given one.

I. GEOMETRY OF PHASE SPACE SURFACES

Consider the 2n-dimensional phase space of a dynami-
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cal system: (p, ,¢" ), r = 1,...,n. Let M be an m-dimensional

surface embedded therein. The points of M may be parame-
trized by u,, a = 1,...,m so that the surface now appears as
(p, (1),q" (1)). Given a phase space function 4 ( p,q) one may
restrict its arguments to M, thereby obtaining a function of
u,

(4 (p.9) s = A (p(u),gw)). (L1

The symbol on the left denotes restriction to M.
The Lagrange bracket of two parameters u,,, u »is de-
fined as

o ]:( dpu) dg'w) 9P ¥) dq'(u)
P Juy  du, du

These form an m X m, real, antisymmetric matrix. The rank
of this matrix is assumed constant over M and is called the
symplectic rank of the surface M. It is even and independent
of the choice of parameters u,. The rank of the augmented
mXm + | matrix

). (1.2)

du 4

a

g’ (u) ) (1.3)

([umuﬁ]rpr(u)‘a—ua"

is called the character of M. From its definition it is clear that
it is either equal to the symplectic rank or exceeds it by one.
Canonical transformations of phase space will be
thought of in the active sense as a one-to-one mapping of
phase space onto itself. Only infinitesimal transformations
are considered and in what follows, higher order terms than
we require will be dropped without comment. Under the
action of a canonical transformation generated by 4 ( p,q), a
surface M parametrized by u,, will go over to a surface M’
which we once again parametrize by »_ . Thus a point
(p, (1),q" (1)) on M will go over to a point ( p’(u),q" (1)) on
M '. The relation between the new and old surfaces is given by

piw) =p(u) + €{4,p,}
(1.4)
q" () =q'(u) + €{A,q"} oy
€is an infinitesimal parameter and the braces are restrictions
of Poisson brackets to M.
Canonical transformations have the property
dq"(u) _ og'(u) | dw(u)

pi(u) o =plu) Ew Ew

[24 a

(1.5)

a

where w(u) = €(4 + p,{A4,q"} ) s
The well known invariance of Lagrange brackets under
canonical transformations follows easily from Egs. (1.5):
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[Uatpglypy = [Uaptiglyp (1.6)
Thus the matrix of Lagrange brackets and therefore the sym-
plectic rank are canonical invariants. Under a canonical
transformation the last column of the augmented matrix
(1.3) will increase by a gradient while the other columns
remain the same. Since at a given point, by choosing 4 ( p,q),
one can make this term have any value, it is clear that the
character in general may change under a canonical transfor-
mation. For this reason the character of a surface will not
play an important role in our considerations.

Under a canonical transformation generated by 4 ( p,q),
if the points of M remain in M, then the transformation is
said to leave M invariant; or more briefly, M is an eigensur-
face of 4 (p,g). If (p,'(u),q"" (1)) and ( p, (u),q" (1)) describe
the same surface M, it is clear that for some «’,

piw)y=p(u), qw)=qW) (1.7

This leads, via a Taylor expansion for ( p, (¢'),g” (1')), to the
2n equations

dpAu)
Su, = €{A.p,} s
o B =l Lo
(1.8)
9g'(4) Su, = €e{A,q"}

where Su,, = u!, — u, are m suitable quantities. Thus if M is
to be an eigensurface of 4 ( p,q), the 2n-m conditions (1.8)
must be satisfied by M and the phase space function 4 ( p,q).
By means of laborious but quite straightforward manipula-
tions with Eqs. (1.8) one can show that if M is an eigensur-
face of two phase space functions A and B, it is also an eigen-
surface of their Poisson bracket {4,B }. One might have
expected this from the Baker-Campbell-Hausdorff formu-
1a* for the composition of canonical transformations. Its ver-
ification, though tedious in our present description of sur-
faces, is easy in an alternative one which we now discuss.

An m-dimensional surface M may be characterized by
2n — m independent phase space functions, @ ( p,q),
o= 1,...,.2n — m, whose restrictions to M vanish. This de-
scription is suggested by the theory of constrained systems®
and we will freely use theorems and vocabulary developed in
that context. A phase space function 4 ( p,q) is said to vanish
weakly on M if its restriction to M vanishes.

This is written

A=0. (1.9)

If the restrictions of its first derivatives with respect to g and
p also vanish on M, then 4 is said to vanish strongly. This is
written

A =O0. (1.10)

We refer to Ref. 5 for the result that a function which vanish-
es weakly on M is strongly equal to a linear combination of
the ¢’s which describe M.

Under a canonical transformation, if M goes over toM ',
one may describe M ’ by the vanishing of ¢,,'( p,g). The rela-
tion between the two sets of ¢’s is

PP =@ (pg) +el@, 4}, (1.11)
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A being the generator of the transformation. The condition
for a canonical transformation generated by 4 to leave M
invariant is

{@, 4} =0. (1.12)

With use of the Jacobi identity and the result following
Eq. (1.10), it is easily seen that for two phase space functions
AandB, {¢,,4}=0and {g,,B}=0imply {p, ,{4, B }}
~0. Thus, an eigensurface of 4 and B is also an eigensurface
of their Poisson bracket. The corresponding result in the
theory of constrained systems is proved in Ref. 5. Its state-
ment in that context is that the Poisson bracket of two first
class functions is also first class.

We now specialize to the case where m = n. Further let
us assume that the ¢’s themselves may be made to serve as
parameters on M. We thus restrict the surfaces under consid-
eration and this restriction will hold through the rest of this
article. The points of M now appear as p,(g). The Lagrange
brackets take the form

dp. @) @

dq’ a
Under a canonical transformation a surface M described by
p,(g) will go over to M ' which we describe by p,'(g). We use
the same ¢’s to describe both surfaces. This is at variance
with an earlier convention whereby the original point on M
and the transformed point on M ‘ shared the same parameter.
Taking this into account in Eq. (1.4) we have

ap.(q) (é.i) (1.14)
dg’ an M, .

(1.13)

¢..9]=

@) =p.(@) + e( Z:, )M +€

or rewriting,

A

r

(1.15)

Pi@=p. @) +e€ +€lg,.9. 1{4.9" u.

This completes the geometrical framework which will be
used in subsequent sections.

Il. THE CLEBSCH REPRESENTATION

With every n-dimensional surface M we associate a co-
variant vector field p (¢). From p,(g) let us form w = p (q)dq"
and think of it as a Pfaffian form. The character and sym-
plectic rank of the form are defined as the character and
symplectic rank of the associated surface.

Given a Pfaffian form o with symplectic rank 2m the
theory of Pfaffian forms® gives a systematic reduction proce-
dure for arriving at an equivalent form

P.(q) dQ(q) + di¥(g) @.1)

where @ = 1,...,m and P,, @, and ¢ are 2m + | functions
on configuration space. The P’s and @’s are functionally in-
dependent of one another. If the character of w is 2m + 1,
then ¢ is functionally independent of the P’sand Q *sand Eq.
(2.1) is in fact the most economical (in the sense that it em-
ploys the smallest number of functions) representation of w.
If the character is 2m, then ¢ is functionally dependent on
(P,,Q %) and may be got rid of by a further Pfaffian reduc-
tion. Since the possibility of this last reduction depends on
the character, which is not a canonical invariant concept, we
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will not make use of it. We content ourselves with the repre-
sentation (2.1) for w hereafter called the minimal one. The
P’sand Q ’s are 2m independent functions and ¥ may or may
not depend functionally on the P’s and Q’s. This leads to
what is called the Clebsch representation for p (¢)

@) =P. aQa;f") + az;?) . @2

The 2m + 1 functions (P,,Q 1) will be referred to as
Clebsch potentials. The Clebsch potentials may be thought
of as providing a third description of surfaces in phase space.
Of course, only n-dimenstional surfaces parametrizable by ¢
are thus described.

The representation (2.2} is not unique. Two sets of
Clebsch potentials are said to be related by a Clebsch gauge
transformation if they describe the same surface p,(g). The
relation between the two sets is now clarified.

P, dQ%+dy=P.dQ"" +dy (2.3)
implies
P,dQ® —PLdQ"“=d{ —y)=dy. 24

As shown in Ref. 6, P/, Q'% and y are functions of P, and
Q “ only. Equation (2.4) implies that the two sets (P ,Q ")
and (P,,Q %) are related by a canonical transformation in the
2m-dimensional (P,,Q “) space. All minimal representations
are thus related by such transformations. Conversely, any
such transformation will provide a new minimal representa-
tion starting from a given one. If the transformation is infini-
tesimal, the relation between the two sets of potentials may
be conveniently expressed with the help of the infinitesimal
generator of the transformation F(P,Q)

IF (P,Q)

5Pa=Pal—Pa:6_'__’
aQ“°
6Q(z:Q'a_QU: _ea_Fé(}I:’_Q)_’ (25)
o (p OFPQ)
Sp=v — G(P"_—_aPa F(P,Q))-

Fis an arbitrary function of its arguments and € is an infini-
tesimal parameter. There is a risk of confusion between ca-
nonical transformations in the 2m-dimensional (P,,Q %)
space and phase space. To avoid this, in what follows the
former will only be referred to as Clebsch gauge
transformations.

Let us introduce the shorthand notation 7(q) to stand
for the 2m + 1 Clebsch potentials (P (¢),Q “(¢),¥(q)). 7(q)
defines a surface p,(¢) via Eq. (2.2). Under a canonical trans-
formation (in phase space!) the surface p,(¢) will go over to
p.(g) which we may represent by new Clebsch potentials
7'(q). It follows from the canonical invariance of symplectic
rank that the new set 7'(g) has the same number of functions
(2m + 1) as w(g). It is also clear, because of the Clebsch
gauge degree of freedom, that 7'(¢) cannot be determined by
(g) and the canonical transformation. We expect arbitrari-
ness in 7'(g) to the extent of a Clebsch gauge transformation.
Use of the Clebsch representation (2.2) in Eq. (1.15) gives

PLdQ" +dy = P, dQ" +dy + e dA,,
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a* IP,

9’ {A’qj}M

(2.6)

A is the generator of the transformation and M the surface
A

P.dQ " +dy/

= (Pa —eldq’}y

+ e[dPa

(;sj )d<Q"- €fA4,q7) 5 i )

+d (z// + €Ay + €P, aan {A,qf}M). 2.7
q9

Comparing the two sides of this equation with the use of
Eq. (2.5) yields

. gP
5P, = —eldql)y—2 + e ELD)
dq’ ag e«
n 0Q“ IF(P,Q)
6 = — A; 4 X )
0= —eld/ly T +e S

(2.8)
8= edy + €P, Q‘.’ (4.4} o

+ e(Pa 25(%91 _ F(P,Q)).

a

These equations give the change in the Clebsch poten-
tials as a result of a canonical transformation of phase space.
The appearance of the arbitrary function F (P,Q ) on the right
is as anticipated.

lil. THE GENERALIZED H-J EQUATIONS

Consider a system with the 2n-dimensional phase space
(p,,¢") and Hamiltonian H ( p,q,t ). Wecanat ¢t = Othink ofan
n-dimensional surface in phase space whose points appear as
2,/g,0). Let the points of this surface move with time obeying
Hamilton’s equations. The points, as they move, fill out an
(n + 1)-dimensional region of phase space which can be
viewed as consisting of an n parameter family of classical
trajectories. At any time ¢, the points define a surface M
whose points appear as p,(g,7 ). The correspondence between
the one parameter family of surfaces and the # parameter
family of trajectories is to be noted. The surface M may be
given a Clebsch representation (g, ). The time evolution of
a system is a canonical transformation generated by its Ha-
miltonian. To obtain the equations that determine the time
evolution of Clebsch potentials, we replace 4 by H and € by

— &t in Eqgs. (2.8) and take the limit. The results are:

JP, oP, IF (P,Q,t
—(Hg'), = P.Q.1)
at 8qf dQ"
a0« a0 IF (P,Q,
Q — (Hg'},, Q_ _ IF( Qt)’
ot dq’ P,
3.1
a¢ Qa
—_ = — H P, F(PQ,t
It — [Hgq lw g’ + F(P,Q,t)
P, IdF(P,Q,t) '
apP,
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M is the time dependent surface whose Clebsch potentials
are 7(q,t ). Equations (3.1) constitute the system of general-
ized Hamilton—Jacobi equations. They are coupled first or-
der partial differential equations for (P,,Q °,¥) with inde-
pendent variables ¢” and ¢. If some specific choice is made for
the arbitrary function F (P,Q,t), then a well-defined initial
value problem results.

From the remarks in Sec. ITitis clear that the number of
Clebsch potentials required to describe the surface does not
change with time. Neither is the functional independence of
the P’s and Q ’s affected by time development. The functional
independence of i however may change with time. A specif-
ic choice of the arbitrary function F (P,Q,¢ ) will be called a
choice of gauge. The choice of gauge F = 0 seems to enjoy a
certain importance over others. In this gauge, P, and Q“
turn out to be constants along the classical trajectories, while
the rate of change of ¥ is equal to the Lagrangian. That is to
say, if p,(t) and ¢'(¢) are solutions to Hamilton’s equations,
then

P (q(t),t) = P,(¢(0),0),
0%(g(t),t) = @ “(4(0),0),

;;’; (g t)] = L (g gt ).

(3.2)

Although P and Q * are constant along the trajectories,
they must not be thought of as “constants of motion” in the
usual sense of the term as they are not phase space functions
but configuration space functions.

IV. SYMMETRIES AND CONSTANTS OF MOTION

Given asolution 7(g,t ) of Egs. (3.1) one can effectonita
canonical transformation (as described in Sec. II) to give
7'(g,t ). Here we discuss under what conditions 7'(g¢,¢ ) is also
asolution. If G ( p,g,t ) is the phase space function which gen-
erates the transformation, a sufficient condition is that the
effect of two successive transformations generated by G and
H is the same regardless of the order in which they are ap-
plied. This diagram makes matters clearer:

eG(t+6t)
m(t+ 6t) ——— 7 (t+61)

— 5tHT — étHT

m(t) > (1)

With each of the 7°s occurring in (4.1) one can associate
an n-dimensional surface in phase space which may be de-
scribed by the vanishing of n independent phase space func-
tions @ ( p,q), o = 1---n. The effect of canonical transforma-
tions on such functions has been discussed in Sec. 1 to first
order in infinitesimals. Here it is necessary to keep terms up
to the second order in infinitesimals € and 8¢ jointly. Com-
puting @ /( p,q,t + 6t) [corresponding to 7'(¢t + 6t )] by the
clockwise route in (4.1) gives
P+ 8t)=@@+5t)—e{G(t+6t)p(t+ 6t)}

2

+ % (G +6)1G @+ 8t)p (4811},
4.2)

@.1)

eG(1).
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where the index ¢ has been dropped and

P+00) =g (1) + 6t [He ) + o= (HIHp O}
(4.3)
This gives
pt+t)y=9() —€{Ge} + 5t {Hep)
e ot
+ 5 {G{Ge}] + BN {H,{Haep}}
—e&{G,gH,m}—e&{‘Z—(:, ] 4.4)

where ¢ denotes that this has been evaluated following the
clockwise route. All time arguments on ther.h.s. of 4.4 are 1.
Likewise, following the anticlockwise route,

@ 1+ 6t)
2

=9+ 5t Hy | —elGp| + 2 (HHg |)

+ %Z{G,{G,go}} —ebt {H,{Gp }}.

The difference between the two is given by

@t +8t) — @ (e +61)
= — bt {G,iH,¢)}}+¥H’[¢”G”+[é€ ”

o’
(4.6)
Use of Jacobi’s identity in (4.6) gives
L+ ) —@lt+6t)= —e&t[{G,H} + %?—,cp],
4.7)
which can be written with the aid of the phase space function
G
A={GH}|+ — 4.8
GH Y+ < (“8)
as
Pt+6t)—@Lt+6t)= —ebt{Ap], (4.9)

which is the change in ¢ ( p,q.t ) due to a canonical transfor-
mation generated by 4 ( p,q,t ). This might have been expect-
ed, save for the explicit time dependence of G ( p,g,t ), from
the BCH formula* for the composition of canonical transfor-
mations. In all of the above we have dealt with the effect of
canonical transformations not on the Clebsch potentials
themselves but on the underlying phase space structures. We
can of course apply the transformations to the Clebsch po-
tentials directly. This involves some algebra and yields the
same result. In terms of Clebsch potentials, (4.9) may be
written (save for a pure gauge) as

7+ 8t) — mt + 8t) = — ebtAn(t), (4.10)

where the rhs is a symbolic notation for the change in 7(f)
duetoa canonical transformation generated by 4 ( p,g.t ) [see
Eqgs. (2.8)].

If G is a constant of motion, A4 from its definition is zero.
It then follows from (4.10) that the route followed in evaluat-
ing7'(t + 8¢t )isimmaterialandso7'(g,t )isalsoasolution of
the GHJ equations. Thus a constant of motion can be used to
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map the manifold of solutions onto itself. If the surface de-
scribed by the vanishing of @ ( p,g,t) is an eigensurface of G
then the new solution is Clebsch gauge related to the old one.
Note in this context that since G is a constant of motion its
eigensurfaces remain eigensurfaces under time evolution.
Thus the two solutions are “the same” or distinct for all
times.

Conversely let G ( p,q,t ) be a phase space function which
generates a transformation which takes every solution of
Egs. (3.1) onto another such solution. Then the difference
(¢t + 6t) — m, (t + 8t)in (4.10) must be a pure gauge. This
means that the surface described by the vanishing of @,

( p.g,t) must be an eigensurface of 4. Thus every n-dimen-
sional surface parametrizeable by ¢ must be invariant under
the transformation generated by 4. Since any point in phase
space can be thought of as the intersection of two such sur-
faces, the transformation generated by A must take every
point into itself. 4 must therefore be a pure function of time
which can in fact be set to zero after a harmless redefinition
of G. Thus, G is a constant of motion.

V. CONCLUSION

A distinctive feature of the Hamilton-Jacobi form of
dynamics is its grouping together of separate phase space
trajectories into families.” Thus one solution of the H-J
equation corresponds to an entire family of solutions of
Hamilton’s equations constructed in a special way. It is en-
lightening to view the generalizations of Rund and Baumeis-
ter in this context. The generalizations result in greater free-
dom in the manner in which families are to be constructed.
Thus, solutions of the generalized Hamilton—Jacobi equa-
tions correspond to a larger set of families of phase space
trajectories than do solutions of the Hamilton-Jacobi
equation.

The form of the theory as put forward here is essentially
the same as Baumeister’s. However the considerations that
lead to the generalized H-J equations in Ref. 2 are different,
being analytic and mainly concerned with configuration
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space. The Eqgs. (3.1) are identical in content to the corre-
sponding ones of Ref. 2 but they differ in viewpoint and in
emphasis.

This discussion of generalized H-J theory parallels
closely Mukunda’s discussion of H-J theory. Geometrical
ideas like the association of phase space surfaces with solu-
tions of the H~J equations have come over whole into the
generalized theory. However the surfaces under consider-
ation in Ref. 3 are a more restricted class since it was as-
sumed there that they have zero symplectic rank. This as-
sumption has been dropped in the passage from the usual to
the generalized theory. As had better be true, the consider-
ations in this article agree with those of Ref. 3 for the case of
surfaces with vanishing symplectic rank. It is remarked in
Ref. 3 that the discussion has been implicitly restricted to
local properties of phase space. This remark would seem to
apply here too. While understanding such limitations of the
method, we feel that the phase space approach to generalized
H-J theory is a useful and enlightening one.
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On electromagnetic multipole fields in a finite, spherically symmetric region
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The electromagnetic eigenfields for the region bounded by two concentric spheres are discussed
and compared with the corresponding eigenfields of a spherical cavity. These characteristic fields
are the solenoidal and irrotational multipole solutions of the vector Helmholtz equation that
satisfy the source-free boundary conditions. They constitute a complete set for the expansion of
an arbitrary, square-integrable electromagnetic field, which may be generated by surface and
volume sources. The frequencies of the solenoidal and irrotational eigenfields for the annular
region are analyzed as functions of the radius ratio, a = r,/r, (r, <r, = constant), of the two
concentric spheres. The results are illustrated by graphs and tables. Two relations obtained by
applying the implicit function theorem to the transcendental eigenfrequency equations are also
derived by calculating the work performed against the radiation pressure as the electromagnetic
field is compressed adiabatically. The multipole fields are expressed in terms of vector spherical
harmonics and vector spherical multipoles. Two formulas for the reduction of vector products of

multipole fields to sums of vector spherical harmonics are derived.

INTRODUCTION AND SUMMARY

In afinite space region with well-defined, but not neces-
sarily perfectly conducting boundary surfaces, a square-inte-
grable electromagnetic field can be expanded in terms of the
(solenoidal and irrotational) eigenvector fields of the bound-
ed region.'” These eigenvector fields, referred to as cavity
modes, are the solutions of the vector Helmholtz equation
that satisfy certain boundary conditions. In this communica-
tion we consider two types of finite regions, a cavity bounded
by a single sphere and a cavity bounded by two concentric
spheres, with emphasis on the latter type of domain. As the
eigenvector fields of these (spherically symmetric) domains
we take the solenoidal and irrotational multipole solutions®’
of the boundary value problems consisting of the vector
Helmbholtz equation and the requirements that the tangen-
tial components of an electric multipole vector and the nor-
mal component of a magnetic multipole vector vanish at the
boundary. These boundary conditions are satisfied by an
electromagnetic field on a perfectly conducting surface. Al-
though the multipole eigenvectors satisfy these ideal bound-
ary conditions, they constitute a complete basis for electro-
magnetic field expansions even if the actual boundary
surfaces are not perfectly conducting.' This property of the
eigenvectors is essential, since in a bounded domain an elec-
tromagnetic field may be generated not only by charge and
current distributions within the domain, but also by surface
sources on the boundary (e.g., waveguide openings); further-
more, an electromagnetic field may be attenuated through
imperfectly conducting boundary surfaces. The solenoidal
modes are also called normal modes because they represent
the characteristic electromagnetic oscillations of an isolated
(no surface or volume sources) cavity.

"Work performed under the auspices of the U.S. Department of Energy by
the Lawrence Livermore Laboratory under contract number W-7405-
ENG-48.
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Three physical systems which may be idealized as elec-
tromagnetic field domains bounded by two concentric
spheres are (1) a spherical microwave cavity which is partial-
ly filled with a central plasma,*'° (2) the cavity bounded by
the surface of the earth and by the ionosphere (in this cavity
the so-called Schuhmann resonances!’ may be excited), (3)
pulsar cavity radiation in the region between the surface of a
rotating magnetic neutron star and the radiation-plasma
interface."”

Normal mode frequencies for the cavity domain of the
first system were calculated and measured by Boyen et al."”
In the part of their work dealing with a cold uniform central
plasma, these authors assume that the cavity shell is a perfect
conductor and that the tangential components of the electric
and magnetic field vectors are continuous across the plasma
boundary surface. Their results are displayed as graphs. The
same boundary conditions were used in Ref. 14 in order to
compute tables of normal mode frequencies for the region
bounded by a spherical cavity shell and the surface of a cen-
tral, nontransparent plasma core, characterized by a nega-
tive dielectric constant.

In Sec. 1 the solenoidal and irrotational multipole solu-
tions of the vector Helmholtz equation are derived from the
multipole solutions of the scalar Helmholtz equation. The
vector multipole solutions are expressed in terms of vector
spherical harmonics and vector spherical multipoles." Sec-
tion 2 contains the construction of the solenoidal and irrota-
ttonal characteristic multipole fields (modes) for the cavity
£, , bounded by the sphere » = r,, and for the cavity
£2(r,,r,), bounded by the concentric spheres r = r, and
r=r,(r, <ry). Asshown in Sec. 1, there are no solenoidal
fields of multipole order zero. Irrotational (oscillatory)
modes of multipole order zero can exist in 2, as an electric
or as a magnetic field, in &2 (r,,7, ), however, only as a mag-
netic field. On the other hand, an electrostatic field can exist
only in £2 (r,.#,), since only for this cavity is the boundary
not singly connected. A magnetostatic field can exist neither
in 2, norin £2(r ,r,), since both domains are simply con-
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nected. For either cavity, the frequency spectrum of the
transverse electric solenoidal modes is identical with the fre-
quency spectrum of the irrotational electric modes whose
multipole orders are not zero. Furthermore, for either cav-
ity, the frequencies of the irrotational magnetic mode of mul-
tipole order zero are equal to the frequencies of the irrota-
tional electric mode (and therefore also of the transverse
electric solenoidal mode) of multipole order one. The fre-
quencies of the solenoidal and irrotational modes of

L2 (r,,r,) are functions of the ratio parameter @ = r,/r;. A
discussion of these functional dependencies for , = con-
stant and O < @ < 1 is the subject of Sec. 3. The following
features emerge: (1) All the eigenfrequencies of the trans-
verse electric (solenoidal) and electric irrotational modes in-
crease monotonically with a. (2) For each multipole order /
(! = 1,2,-+), the smallest frequency of a transverse magnetic
(solenoidal) mode and the smallest frequency of a magnetic
irrotational mode decrease monotonically as « increases in
the open interval (0,1), both circular eigenfrequencies tend-
ing towards the minimum value (c/r,) [[({ + 1)]'? as a
approaches unity. (3) All the other frequencies of the trans-
verse magnetic (solenoidal) modes, and of the magnetic irro-
tational modes, each have a minimum for some value of a in
the open interval (0,1). (4) For particular values of a certain
frequencies that belong to different multipole eigenvectors
coincide, thus giving rise to mode-crossing degeneracies.
Transitions between degenerate modes, referred to as mode
instabilities may be induced by surface currents. Numerical
values of roots of the transcendental equations which deter-
mine the eigenfrequencies of the domain £2 (,,r, ), the mini-
ma of some of these roots, and values of certain degenerate
roots are tabulated in Refs. 16—18. Section 3 also contains
graphs displaying mode-crossing degeneracies as intersec-
tions of curves that represent these roots as functions of a.
When multiplied by ¢/, , these roots are equal to the circular
eigenfrequencies. Some of the analytic results of Sec. 3,
whose derivation is based on the implicit function theorem,
are derived in Sec. 4 by calculating the work performed
against the radiation pressure if the electromagnetic field in
{2 (r,,r,) is compressed adiabatically. The force exerted on
the boundary by the field of a normal mode is positive (in the
direction of the outward normal) only when the correspond-
ing frequency increases with increasing «. The Poynting vec-
tor, the momentum density, and the angular momentum
density of an electromagnetic radiation field can be ex-
pressed as sums of vector spherical harmonics by means of
two formulas that are derived in the Appendix.

Electromagnetic field expansions in terms of the solen-
oidal and irrotational multipole eigenvectors, constructed in
Sec. 2, are not uniformly convergent on a boundary which
carries surface sources. Term-by-term differentiation of the
field expansions are then not permissible.’*

For the expansion of an electromagnetic field generated
by boundary surface sources alone, it may not be necessary
to invoke irrotational modes, provided that the normal
modes satisfy the boundary conditions that conform to these
surface sources (rather than the boundary conditions for a
perfectly conducting surface). This was demonstrated by
Schelkunoff® for a rectangular cavity.
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1. THE MULTIPOLE SOLUTIONS OF THE VECTOR
HELMHOLTZ EQUATION

The homogeneous wave equation for a vector field
F (t,x) with harmonic time dependence,

F(t,x) = re[F(x)e '] = L[F(x)e =" + F*(x)e”' ], (1.1)
reduces to the vector Helmholtz equation
(V2 4+ kHF(x)=0, 1.2)

where the wave number & is assumed to be constant. In
spherical coordinates, x = (r,6,¢ ), three independent solu-
tions of (1.2) are’

FO(r,0,6) = (1/k)V(r,0.4) , (1.3a)
F(])(r’6’¢) =rxv¢(r19v¢) = — Vx[r¢(r,0,¢)] ’ (13b)
FO(r0,6) = — (1/K)VXVX [r(r,6,4)] , (1.3¢)

where ¥ is a solution of the scalar Helmholtz equation

(V2 + k)(r,0,) =0. (1.4)

The vector field (1.3a) is irrotational,

VXF? =0, (1.5)
while the vector fields (1.3b) and 1.3c) are solenoidal,

VF" =0, VF?=0. (1.6)
The vectors (1.3a) and (1.3b) are perpendicular,

FO.FD =0. (1.7

From (1.4) it is immediated that (1.3a) is a solution of (1.2),
and that

VFO = _ ky. (1.9)
The vector fields (1.3b) and (1.3¢) are related by

VX ED =k F?, (1.9a)

VXF? =k FV, (1.9b)
From (1.9) follows

—UXIXF 4+ kF) =0, o=12. (1.10)

By virtue of (1.6), the two equations (1.10) imply that (1.3b)
and (1.3c) are solutions of (1.2). The substitutions

F) = (ve)E (1.11a)
, o0 =12, od#o

F' = i(vu)H (1.11b)

k=Weuw)w/c) (1.11¢)

transform the reduced Maxwell equations (1.9) into the ordi-
nary Maxwell equations for the electric field E and the mag-
netic field H in a source-free domain characterized by the
dielectric and magnetic permeabilities € and p. The multi-
pole solution to (1.4) of order (/,m),
[=0,1,2,, m= —1 —1+4 1,1
which is regular on the unit sphere,
S = {0<0<m,0< < 27},
can be expressed as

U, (n0.9) =Ci(kr )Y, (6,4),

where
§ikr) = Cyj(kr) + Dn,(kr),

(1.12)

(1.13)

(1.14)
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with j, and n, denoting spherical Bessel functions of the first
and second kind. The constants C, and D, are determined by
normalization and boundary conditions; D, = 0, if the radial
domain contains the point r = 0, where the function n, is
singular. The spherical harmonics, Y, (6,4 ), are normal-
ized such that"

fd(9,¢)Y?'im,(0,¢)Y,m(9,¢) =818 mm (1.15)
where
T 277"
fd(9,¢)...-_— f sinedef dge . (1.16)

In accordance with the definitions (1.3), the scalar multipole
solutions (1.13) generate the vector multipole fields

F(r,0,4) = (L/k)VY,, (r6,4), (1.17a)
F,)(n0,6) =XV, (r0.¢), (1.17b)
FQ(r,0,4) = (1/k)VX [rX VY, (n0,6)],  (1.17¢)

which are solutions of (1.2). As the functions (1.13) consti-
tute a complete set for the expansion of a solution to (1.4),
the three types of vector multipole fields (1.17) are three
independent complete sets for the expansions of the corre-
sponding three linearly independent vector fields (1.3). With
the normalization (1.15) of the spherical harmonics, it fol-
lows from (1.13), (1.14), and (1.17a) that (with e, =r/7)

(0) _ 1 d
Foo = ( aar) o ® ))e'
- L [Coji (kr) + Dyn,(kr)]e, . (1.18a)

Var
Since the operator r X V does not act on the radial coordi-
nate, (1.17b) and (1.17¢) imply that

F =0 (1.18b)
and
FY =0. (1.18¢)

The expressions (1.17) involve complex vector fields on
the unit sphere #2. In the Hilbert space, 5#°(?), of these
vector fields, the inner product is defined by

(@) = Jd (6:6)0*(6,6)V(6:8) .

A set of orthonormal basis vectors in #°(*?) which trans-
form according to the irreducible unitary representations of
the three-dimensional rotation group are the vector spheri-
cal harmonics

Yp0.8)= 3 Gulrlim)Y, 6.4, .

T

The spherical basis vectors, €, are related to the Cartesian
unit vectors e, ,e, e, by the equations

(1.19)

(1.20)

B
Therefore,

e=(-1De__, (1.22)
and

€. =90, . (1.23)
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From (1.15), (1.23), and the orthogonality of the Clebsch—
Gordan (CG) transformation it follows that
<@l”:j'; ’@;ﬁ = 51'15j'15m'm .
On account of (1.22),
Y3 6,6)=(—1yY, _,(0.4)
and
Gulr|lm) =(—1) /"G, —ul, — 7|l, ~m),
the following relation holds for the complex conjugate vec-
tor spherical harmonics:

Y*0.9)=(— 1) 1Y 0,8). (1.25)
The scalar and the vector components of expression (1.20)
normal to the unit sphere are given by

(e, %)= —(1010[j0)Y,, . (1.26)
The relation (1.26) can be derived by expressing the unit
vector e, = r/rin terms of the spherical basis vectors (1.21),

477- 172
e, =(_3—) T Y, 0.4, ,
yel

and by reducing products of the spherical harmonics Y,,
and Y,, by means of the CG transformation. From (1.26) it is
immediate that %7 is tangent to the unit sphere,

e, V=0 (1.28)

whereas %7, | and %7} _ | have radial as well as tangential
components. The representations in terms of vector spheri-
cal harmonics of the multipole fields (1.17) are [Egs. (B11),
(A14), (B5), and (B.14) of Ref. 8]

Fi(r.0.4)
= [/ + D[+ D2, ((kr)P ], 1 (0.8)

(1.24)

(1.27)

+ WD k)T (6:8)], (1.29a)
Fi,) (n0,¢) = il[l(+ D) kr)F71(0:6) (1.29b)
and
F((r6.4)

= [1/QI+ DI+ D8, k)T, (0.4)
—+DWD G k)P 1(0.4)],

where

(1.29¢)

glilzcdlil +D1nlil : (129d)
The Poynting vector of the radiation field (1.11) can be de-
composed into multipole vector fields, i.e., into components
transforming according to unitary irreducible representa-
tions of the three-dimensional rotation group, by means of
formula (A4). This formula reduces the vector product of
two vector spherical harmonics to a sum of vector spherical
harmonics. A multipole decomposition of the angular mo-
mentum density of the radiation field (1.11) can be obtained
by means of the triple vector product reduction (A7). In the
Hilbert space #7(.#*) with the inner product (1.19) the vec-
tor spherical harmonics (1.20) are orthonormal, as is implied
by (1.24). In the three-dimensional (complex) vector space
V3, spanned by the spherical unit vectors (1.21), however,
the three linearly independent vector spherical harmonics
AT LT do not constitute an orthogonal set,
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since [Eq. (A2) of Ref. 15 implies that]

Y, =0 YN, ¥ F0. (1.30)
On the other hand, the vector spherical multipoles
X{(6.4)=eY,(64), (1.31a)
X 0.8) =10+ D]~ "*(1/DrxVY,,(6,4), (1.31b)
Xi(0.8) = —ie, XX} (6,4)

= [+ D]~ VY, (64), (1.31¢)

which are referred to as longitudinal, transverse magnetic,
and transverse electric, obviously constitute an orthogonal
vector set in ¥ *. The connections between the vector spheri-
cal multipoles and the vector spherical harmonics are'*

X, 6.6)=Q+ 1)) F]_ 1 (6,¢)

~(+ DY 1604),] (1.322)
X (0.6)=%70.4), (1.32b)
X(E(0,8)= QI+ 1) "2 [+ DV _ (6.4)

+ )% 6:8)] . (1.32c)

The relation (1.32b) is an immediate consequence of (1.17b),
(1.29b), and (1.31b). The relations (1.32a) and (1.32c¢) can be
derived from the definitions (1.31a) and (1.31c) by using
Egs. (B10) and (B11) of Ref. 8. From (1.24) and (1.32) it is
evident that the vector spherical multipoles are orthonormal
with respect to the inner product, Eq. (1.19), in Z°(.%?),
namely

(X(a') X}:)) —_ 6l'm5m'm 60/‘”, 0’,0’ = L,MyE .

@ (1.33)
The corresponding scalar product in ¥ is given by Eq. (26)
of Ref. 15. By replacing in (1.29) the vector spherical har-
monics by the vector spherical multipoles, in accordance
with the relations (1.32), one obtains a decomposition of the
multipole solutions (1.17) into radial and tangential compo-

nents (namely, into parts normal and tangent to a sphere),

(Fi =@+ 1" i, (kr)

-+ D&, (kr)]X06.8), (1.34a)
(F)) =L+ D]V kr) ™ 6 (kr)XE(60,8)
(Fin))y =0, (1.34b)
(Fi,)), =il + D125,(kr)X0(6,6)
(0D = =10+ DGr) 7 'CGnXEOS),  (1.340)

(Fi) =QI+ 1D 'L+ DY, (kr)
— (I + D5, (kr)]Xi0.8) .

These relations facilitate the evaluation of the Maxwell
stresses exerted by the fields (1.17) on a spherical surface.
From (1.34a) and (1.34b) it is obvious that the orthogonality
(1.7) is ensured by the orthogonality of the vector spherical
multipoles.

2. THE MULTIPOLE FIELDS IN A BOUNDED DOMAIN

Each of the solutions (1.3) of the vector Helmholtz
equation, (1.2), are now assumed to exist in a bounded do-
main, 2, and to satisfy one of the two homogeneous bound-
ary conditions'™
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nXF?=0 ((=01,2) on 2 @.0n
or

nF?=0 ((=0,1,2) on %, 2.2)
where the boundary 3 consists of one or several closed sur-
faces, and where n denotes the unit normal to 3. Together,
(2.1) and (2.2) imply that there are no surface sources on 2.
On a perfectly conducting boundary (ideal cavity shell), the
tangential components of the electric field, F)), vanishes in
accordance with (2.1), while the normal component of the
magnetic field, F{}),, vanishes in accordance with (2.2). The
irrotational field (1.3a) satisfies (2.1) if its generating func-
tion 3, which is a solution of (1.4), satisfies the boundary
condition

y=const onZ. 2.3)
If the wave number & in (1.4) is different from zero, the
constant in (2.3) may be chosen as zero:

=0 onZ, ifks£0. (2.4
On account of (1.8), the boundary condition (2.4) implies
that (1.3a) satisfies

VF?=0 on X, (2.5)
in addition to (2.1). The boundary condition (2.2) for (1.3a)
is equivalent to

nVy=0 onZt. 2.6)

The relations (1.9) imply that the solenoidal fields
(1.3b) and (1.3¢) cannot independently satisfy the boundary
conditions (2.1) and (2.2), i.e., if (1.3b) [(1.3c)] is subject to
(2.1), then (1.3c¢) [(1.3b)] satisfies (2.2). From the spherical
coordinate representation of the curl operator appearing in
(1.3b) and in (1.3c) it follows that on a spherical boundary
surface of radius 7,,.? , the conditions (2.1) and (2.2) are
satisfied by (1.3b) and (1.3c), respectively, when

¥=0 on S}, 2.7)
and by (1.3c) and (1.3b), respectively, when
o) _ 0 on 2.
ar 0
On %2 , the condition (2.4) is obviously identical with
(2.7), and (2.6) becomes

(2.8)

% _ 0 on .#}. (2.9
or

If the generating function ¢ is identified with the multi-
pole solution (1.13) of the scalar Helmholtz equation, (1.4),
the boundary conditions (2.7), (2.8), and (2.9) reduce to

§ikry) =0, (2.10)

(@ 7dr)(rg,(kr))], -, =0, (2.1
and

[(d/dr)5 (kr)],_,, =0, (2.12)

respectively, where ¢, is defined by (1.14). For the multipole
fields (1.17), the boundary conditions (2.1) and (2.2) are im-
plied by (2.10), (2.11), and (2.12). In particular, the bound-
ary conditions

nxXF)) =0 on ./}

Im

(2.13)
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and

nxF}) =0 )

nF? = 0 on S} 2.14)
are consequences of (2.10), while it follows from (2.11) that

nxXF2 =0 R

aFD = 0 on ./} (2.15)
and from (2.12) that

nF) =0 on 7 (2.16)

If the field domain {2 = 2, is the cavity bounded by .7 ,
the boundary conditions (2.10), (2.11), and (2.12) hold for

Gikr) = Cij(kr), 2.17)

in accordance with the comment following the definition
(1.14). These three boundary conditions are then the eigen-
value equations whose roots determine three denumerably
infinite sequences of characteristic wavenumbers [and by
(1.11c) of characteristic frequencies] of the cavity domain
12, . Since

Jize™™ =™ (2), (,m =0,1,2,--) (2.18)

all three eigenvalue equations are invariant under the trans-
formation k— — k, which means that only positive roots
(k > 0) need be considered. With (2.17), one obtains from
(2.10)-(2.12)

JiA)=0: (2.19a)

A =roky, Api1 >R, n=12, (2.19b)

i m)=U+1y_,(m: (2.202)

Min =Tk s Minsr >Niws H= 12,0, (2.20b)
and

C+0j (W=l (- (2-21a)

B =Tok by Hiny1 Sy 1 =120 (2.21b)

If the solenoidal multipole fields (1.17b) and (1.17c) are
subject to the boundary conditions (2.14) [(2.15)], they con-
stitute the transverse electric (TE) [transverse magnetic
(TM)] normal modes of the ideal cavity resonator bounded
by the (perfectly conducting) spherical shell of radius #,,
provided that the radial dependence of the generating multi-
pole function (1.13) is given by (2.17). In accordance with
(1.11), the electric and the magnetic vector are

ElL =W eOF.,, (2.22a)
H, = i(ViWFD,,. » (2.22b)
for the TE,,,, mode, and
B = (VOFG um » (2.232)
H = i(VR)FG) (2.23b)
for the TM,,;,,, mode.
Here,
F&gnlm =rXVYgum @ =eh ), (2.24a)
FQuim = (k) " 'VXFG i (2.24b)
and
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bium = C 4 (K )Y,,,(0,8), (2.25)
where k §) = k,, is defined by (2.19), and & "’ = k ;, by
(2.20).

The normal modes (2.22) and (2.23) are the free electro-
magnetic oscillations of an isolated spherical cavity. These
oscillations exist for the multipole orders specified by (1.12)
with the restriction /540, as is evident from (1.18b) and
(1.18c¢). For the description of forced electromagnetic oscil-
lations in the cavity it is necessary to add to the normal
modes the irrotational eigensolutions of the boundary value
problems consisting of (1.2) and (2.13) or of (1.2) and (2.16).
The boundary condition (2.13) defines for the cavity bound-
ed by the perfectly conducting shell .#’} the irrotational
electric eigenvectors

FQuim = (/%)Y nim » (2.26)
while (2.16) defines the irrotational magnetic eigenvectors
F??mm = (l/k III’l )v‘//s:))nlm ’ (2~27)
with
?I?)nlm = C(I:'O)jl(k mr )Y, (0:4),
where & ;, is determined by (2.21).

In

If the boundary 2 of the field domain f2 consists of two
concentric spheres,

E(r,n) =51+ 7,
Q(ryr))=0, -2,

the boundary conditions (2.10), (2.11), and (2.12) can be
satisfied on X (r, ,#, ) by the radial function (1.14) with C,£0
and D,=0,

(2.28)

(rl <r2),

§ilkr)) =&, (kr,) =0, (2.29)

((d/dr)r§kr DY, -, =0, (2.30)
and

(@ rdr),(kr)], _,,,,=0. (2.31)

Substitution of (1.14) in (2.29)—(2.31) yields the following
eigenvalue equations, whose roots A, 7, and i can be consid-
ered as functions of the parameter:

a=r/r, O<a<l), (2.32)
where

Aqu = kry: (2.33)

Ji@dn ) =jdmal), (2.34)

si(ame () = s, (mt(am), (2.35a)
5= /d2)[7,(2)], t,@=(d/dz)[zn,(2)], (2.35b)
and

v (aw,(p) = v (pw(ap), (2.36a)

v,(2) = (d /d2)j,(2), w,(2)=(d/dz)n,(2). (2.36b)

The equations (2.34), (2.35a), and (2.36a) are invariant un-
der the transformations A— — A, p— — 7, and p— — p, re-
spectively; this follows from (2.18) and from

n(ze" ™y =(— "™ n,(z) (,m=0,12,-).

Therefore, only positive roots need be considered in a discus-
sion of the eigenvalue spectra defined by (2.34), (2.35), and
(2.36),
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Aln (a) =1r, kln (a)9 n= 172"' ’
Aim s 1@ >A1,(@) 5 (2.37)
N(@) =rki (@), n=12., (2.38)
N+ 1@ >0, (@),
and
M n(a) =r k ’:1 (a)’ n= 1523"' 3
' 2 (2.39)

M1 (@>p,.(@).

The normal modes of a cavity bounded by two concentric
spherical shells of infinite conductivity are described by the
fields (2.22) and (2.23) if the generating multipole function
in (2.24) is given by

Digyim = CELy(kPr)+ viEn (kEr )1Y...(6,4) (2.40)
g=eh),
where with (2.34) and (2.37)
k) =ki(@)=An(@)/r,, (2.41a)
W= —jiA)/nA,) (2.41b)
and where with (2.35) and (2.38)
ki) =k (@) =mn,@/r, (2.42a)
7/§n = - si(’?fn)/tf(ﬂfn) . (2'42b)

With the generating multipole function (2.40) the solenoidal
eigenvectors (2.22) and (2.23) satisfy on X (r, 7, ) the bound-
ary conditions (2.14) and (2.15), respectively. The irrota-
tional electric eigenvector (2.26) satisfies on 2 (r;,r,) the
boundary condition (2.13) with the eigenvalue k,, and the
generating multipole function #,,,,,, defined by (2.40) and
(2.41). The irrotational magnetic eigenvector (2.27) satisfies
on X (r,,r,) the boundary condition (2.16) if its generating
multipole function, ()., is given by

omim = C Ok 1) + ¥4,k 1,r)]Y,,,(6.8) , (2.43)
where with (2.36) and (2.39)

k) =pu,,(@)/r;, (2.44a)

YD = — 0 )W) . (2.44b)

Since the boundary 2 (r, ,r,) consists of two separate
surfaces (spherical capacitor), a zero frequency (k = 0) elec-
tric field,

E® = —V® = — [dP(r)/dr]e, (2.45)

may exist which by (1.2) is a solution to the Laplace equation
for the domain 2 (r,,r,). On X (r,,r,) the irrotational field
(2.45) satisfies the boundary condition (2.1) [but not the
boundary condition (2.5)] if its generating function, @, is
determined by the boundary value problem

Vi =0 in 2(r,),
&= =const on S},

(2.46)
@ =@, =const on .}

(pl ;éd)l s
as is evident from (1.4) and (2.3). The solution to (2.46) is
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D= [1/(r, —r)](P, — P /D) + 1, P, — 1 P, ]

247

The stationary electric field (2.45) can be expressed as a zero-
order multipole field by virtue of the representations

e, = —(V4m¥;(6,4) (2:48a)
or
e, = (V4mXE(0,4) . (2.48b)

Equation (2.48a) follows from (1.20) and (1.27), while
(2.48b) is an immediate consequence of (2.48a) and (1.32a).

In the domain {2, the zero-order multipole solution
(1.18a) of the vector Helmholtz equation (k #0)is realizable
as the irrotational electric field given by (2.26), (2.19), and
(2.25) for I = 0, and as the irrotational magnetic field given
by (2.27), (2.21), and (2.28) for / = 0, since the eigenvalue
equations (2.19a) and (2.21a) have both nontrivial solutions
when / = 0. In the domain £2 (7, ,7, ), however, (1.18a) can be
realized only as the irrotational magnetic field given by
(2.27), (2.36),(2.39), and (2.43) for / = Ossince the eigenvalue
equation (2.34), which also determines the characteristic fre-
quencies of the irrotational electric fields (2.26), has no non-
trivial solutions when / = 0. The eigenvalue equation
(2.21a) [(2.36)] for [ = O is identical with the eigenvalue
equation (2.19a) [(2.34)] for / = 1, so that 4, =4,
(n = 1,2,---). While the realizable fields of multipole order
zero are oscillatory electric and oscillatory magnetic in {2, ,
they are stationary electric [Eqgs. (2.45) and (2.48)] and oscil-
latory magnetic in £2 (r,,7, ). A stationary magnetic field can
exist neither in £2, , nor in £2 (r,,r,), since both domains are
simply connected.'”*

If the domain £2, , [£2 (r,,7,)] contains neither charge
nor current distributions and if the boundary %7,
[Z(7,,r,)] is free of surface sources [and if in (2.47)
@, = @, |, the solenoidal eigenfields (2.22) and (2.23) with
the generating functions (2.25) [(2.40)] are a complete set of
basis vectors for the expansion of an arbitrary electromag-
netic field in £2, , [{2 (r,,,}]. However, if surface or volume
sources are present, the solenoidal eigenfields are in general
no longer a complete set of basis vectors. It is then necessary
to add to the solenoidal eigenvectors the irrotational electric
and magnetic eigenfields (2.26) and (2.27) with the generat-
ing functions (2.25) for g = e and (2.28), in order to obtain a
complete set of basis vectors in the domain £2, . In the do-
main {2 (r,,r,) a complete set of basis vectors is obtained by
supplementing the solenoidal eigenfields with the irrota-
tional vectors (2.26) and (2.27), whose generating functions
are given by (2.40) for g = e and by (2.43), and with the
stationary electric field (2.45) if @, # @,. An electric field E
and a magnetic field H in a domain {2 whose boundary 2
carries surface sources cannot satisfy the boundary condi-
tions (2.1) and (2.2) everywhere on 3. Therefore, with sur-
face sources on 2 the solenoidal eigenfields (2.22) and (2.23)
(i.e., the normal modes) do not constitute a complete set of
basis vectors for the expansions of E and H even if there are
no charge or current distributions in £2 (i.e., even if divE = 0
and divH = 0 in £2). Waveguide openings and absorbing
boundary surfaces (imperfectly conducting cavity walls) are
possible realizations of surface sources (or sinks). The do-
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main {2 (r,,r,) with imperfectly conducting inner boundary
surface .”’7, is an idealization of the system consisting of an
over-dense energy absorbing plasma core of radius r, at the
center of a spherical microwave cavity of radius 7, . An eigen-
mode expansion of the microwave field containing the plas-
ma core then involves the solenoidal as well as the irrota-
tional eigenfields.

Since the roots of the eigenvalue equations (2.19a),
(2.20a), and (2.21a) [(2.34), (2.35), and (2.36)] do not depend
on the multipole index m(m = — I, — I + 1,...,I), the wave-
numbers [and, by (1.11c), the frequencies] of the solenoidal
and irrotational eigenfields (2.22), (2.23), (2.26), and (2.27)
of 2, , [2(r,,r,)] areatleast (2/ + 1)-fold. This multiplicity
is referred to as azimuthal degeneracy of the eigenfrequen-
cies. The coincidence of the frequencies of the multipole
fields (2.22) and (2.26), both determined by the roots of
(2.19a) in £2, , and by the roots of (2.34) in £2 (7, ,r, ), consti-
tutes another type of eigenfrequency degeneracy. A third
type of eigenfrequency degeneracy, caused by mode cross-
ing, occurs in the domain 42 (r,,r,) for certain values of the
ratio parameter @ = r, /r,. This degeneracy is discussed in
the following section.

3. THE EIGENFREQUENCIES OF THE CAVITY Q(,,r,)
AS FUNCTIONS OF THE RATIO r, /r,

We now analyze the dependence of the roots A,, of
(2.34), 5, of (2.35), and y1,,, of (2.36) on the continuous real
parameter @ whose domain is the open interval
0,1) = {a:0 <a < 1} [see Ref. 17].

If Eq. (2.34) is written as

F(a,A)=0, (3.1a)
where

Flad)=jiai)n L) —jdiniad), (3.1b)
then

da_ JdF,/da . 32)

da dF, /94

For A = A,, the partial derivatives in (3.2) are

JdF )
*_i - /‘{’In [il —1 (a/lln)nl(ﬂ’ln) -Jl(ﬂ’ln)nl — l(a/{h’)]
da 1i=2,
(3.3a)
and
JdF, . .
— =alj, (@i, )n@d,) —i@un_@d,)]
IA ta=a,
+jad, n (ALY — i 1(’11;1)”1(0‘/11") .
(3.3b)
Since A, %0 (/,n = 1,2,.-) and since the relation
Ji 1 (ad)n ) —j(A)n, (ed)=0
is incompatible with (3.1), it follows from (3.3a) that
F
oF, #0 (O<a<l). (3.4)
Jda 1a=a,

The right-hand side of Eq. (3.3b) is different from zero for
0 <a < 1, and vanishes if and only if @ = 1. Therefore,

di, (@)/da0 O<a<l), (3.5)
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which means that 4,, is a monotonic function of a. This
implies that if,

An(@y)>A,(a,) for a;>a, (3.6)

where ¢, and a, are in (0,1), then 4,, () is monotonically
increasing for 0 <& < 1. The roots 4, given in Ref. 16 for
{ = 1(1)15 and n = 1(1)30 satisfy condition (3.6). Since
. OF, . dF,
llm—?‘:O, llm7 =0,

a-+1 aa a—1

one has with condition (3.6)

dA
lim —= = + o . (3.7
a-l da

By virtue of (3.1) and the cross-product relation

i @n@ —j@n_ @= -2, (3.8)
it is possible to rewrite the expressions (3.3a) and (3.3b) as

JF,
— = — (@A) ' @A) (3.92)
da li=a,
JF
- =4 [n@d,) —a 'r @An)], (3.9b)
IA la=a,
where
(@A) =jiad)jA) =nad)/n,A). (3.90)
From (3.2) and (3.9) it is immediate that
dA,, _ A/ ' (3.10)
da arj(@Ad,) — 1
If (2.35) is written as
G/an) =0, (3.11a)
where
G (a,m) = s/(amt, () — si(mt.lamn) , (3.11b)
then
dy _ _ 9G/0x (.12)
da dG,/dm
For 5 = 7,, the partial derivatives in (3.12) are
gagl— =a ;' 10+ 1D — (an,)le @),
@ e (.132)
‘Zﬁ —a iU+ 1) — @) lor '@m)
7’ U=
— A+ ) =5 Jelamn) . (3.13b)
where
pia,m) = si{am)/s () = t,(am)/t,(n) . (3.13¢)

In the derivation of (3.13) the cross product relation (3.8)

was used. Clearly, p,(a,7)#0and p,” '(a,1)#0. Since
N #0 (hn = 1,2,-), it follows from (3.12) and (3.13) that

dn,,/da=0, O<a<l (3.14)
if and only if
am, = Ud+ D17 (3.15)
Furthermore, (3.12) and (3.13) imply that
{13(?11 dy,, /da= —[I({+ 1] 3.16)
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FIGS. 1 and 2. Roots 4,, of Eq. (2.34) and 7,, of Eq. (2.35) represented as functions of & = 7, /r, by solid and dashed curves, respectively. The circular
eigenfrequencies of the transverse electric or the irrotational electric and of the transverse magnetic multipole fields in 22 (r, .7, ) are @, = (¢/7: YA, and w,,

=(¢/n )y, respectively.

if

lirﬂ 7, = Ud+ D], 3.17)
and )

limdn,,/da =« (n>1) (3.18)

a—1

if (3.17) does not hold. The relation (3.16) was derived by
means of PHospital’s rule. The index n = 1 is assigned to the
root satisfying (3.16) and (3.17), since it is the lowest root for
a given value of 1.'¢'" The roots 7, (/ = 1,2,--) are monotoni-
cally decreasing functions of . In accordance with (3.14),
all the roots 7, with n > 1 are not monotonic functions of a.
The minima of these roots and the corresponding values of

TABLE I. Minima of the roots 7,, in Figs. 1 and 2.

1 n al“ll\ 77“\”\

1 2 0.26590 5.3186
2 2 0.36541 6.7034
3 2 0.43306 7.9992
4 2 0.48354 9.2488
5 2 0.52322 10.4683
6 2 0.55553 11.6659
1 3 0.16571 8.5345
2 3 0.24494 10.0004
3 3 0.30448 11.3770
4 3 0.35200 12.7048
1 4 0.12079 11.7085
2 4 0.18533 13.2167
3 4 0.23663 14.6396
4 4 0.27925 16.0150
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a, which are determined by (3.11) and (3.15), are presented
in Ref. 17 for / = 1(1)15 and n = 1(1)30. By substituting in
(3.12) for the partial derivatives the expressions (3.13a) and
(3.13b) one obtains

dnln — Ninsa , (319)
da ao(@n,)pi@m,) — 1
where
o(a2)=[10+1)=21/[I1+ 1) —(a2)’] . (3.20)

Graphical representations of some of the roots, 4,, and
., Of the transcendental equations (3.1) and (3.11) as func-
tions of the parameter « are given in Figs. 1 and 2. In accor-
dance with (1.11¢), (2.37), and (2.38), the intersections of the
curves A, (@) and 5, (@) indicate that a-dependent degener-
acies of the characteristic frequencies of the fields (2.22),
(2.23), and (2.26) occur in the cavity £2 (,,7, ). These degen-
eracies are referred to as mode crossing. The values of the
minima of the curves 7,, (@) which appear in Figs. 1 and 2 are
listed in Table I together with the values of the parameter
for which these minima occur.

If (2.36) is expressed as
K/(au)=0, (3.21a)
where
K (apn) = v(agyw, () — v ()w (ap), (3.21b)
then
JK,/da
G _ _ ORisoa (3.22)
da IK,/du
For p1 = u,, the partial derivatives in (3.22) are
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JK
71— =a ‘u, 3[1 4+ D) — (o, v ),
a \p=p,
(3.23a)
dK
7[_ =a py A+ 1) — (@p) v Nawn),
=y,
— i A+ D) —p, Iy(ap,,), (3.23b)
where
xiap) =v(au)/v(p) = wlap)/w,(g) . (3.230)

By substituting in (3.22) for the partial derivatives the ex-
pressions (3.23a) and (3.23b) one obtains

A _ My /a
da  doapn)yilep,) — 1
where o,(a,u,,) is defined by (3.20). From (3.22) and (3.23)
itis evident that the functional dependence on the parameter

a of the roots i, is similar to that of the roots 5,,. In
particular,

(3.24)

du,,/da =0, O<a<l (3.25)
if and only if
ap, = 1A+ D172, (3.26)
furthermore,
lim du,, /de = {1 (I + N EE 3.27
a -1
if
Himy,, =+ 12, (3.28)
a1
and

TABLE II. Minima of the roots g, in Fig. 3.

I n A, i

1 2 0.24495 5.7735
2 2 0.34837 7.0314
3 2 0.41909 8.2657
4 2 0.47183 9.4782
S 2 0.51321 10.6725
6 2 0.54682 11.8517
1 3 0.15635 9.0453
2 3 0.23626 10.3680
3 3 0.29675 11.6736
4 3 0.34512 12.9582

limdy,/da=w (n>1) (3.29)
a--1

if (3.28) does not hold. Figure 3 shows the dependence on the
parameter o of some of the roots, y,,, of the transcendental
equation (3.21); the minima of these roots and the corre-
sponding values of  are exhibited in Table II.

From Figs. 1, 2, and 3 it is then evident that the follow-
ing types of crossing degeneracies occur for the roots 4,, (@),
M.(a), and p,, (a):
Ap@) =24y (@, M@ =7, pn(@=p (@),

(3.30)
An@=1n,(@), An@=p (@), M@ =p ,(@).
Crossing degeneracies exist therefore in the domain
£2 (r,,r,) not only for the frequencies of the normal modes
(2.22) and (2.23), but also for the frequencies of the irrota-
tional electric and magnetic eigenvectors (2.26) and (2.27).

FIG. 3. Roots u,, of Eq. (2.36) as functions of @ = r, /r,. The circular eigenfrequencies of the irrotational magnetic multipole fields in £2 (r,,r,) are ,,

= (/P iy -
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The roots 7,, (@), 7,, (@), i, (@), and u,, (@) are obviously
free of mode-crossing degeneracies. Values of the degenerate
roots (3.30), together with the values of the parameter & for
which those degeneracies occur, are presented in Ref. 18.

4. ADIABATIC COMPRESSION OF THE
CHARACTERISTIC ELECTROMAGNETIC FIELDS IN

R(riyr2)

The relations (3.10) and (3.19) can be derived by calcu-
lating the adiabatic change of the time-average electromag-
netic energy of the normal modes in £2 (#,,r,) which is
caused by a spherically symmetric expansion or contraction
of the boundary surfaces. For the compression of the electric
and magnetic fields in £2 (r, 7, ) to be adiabatic it is necessary
that the boundary surfaces /2, and .}, be perfect conduc-
tors and that their displacements be sufficiently slow so that
transitions between adjacent modes cannot be induced by
the Doppler effect.

If the radius of the inner sphere, .% f|, is increased from
¥, =ar, tor, + 6r, =(a + da)r,, the time-average elec-
tromagnetic field energy changes by the amount

SU = — rér, fd(&,q} )F,e, = -riazﬁafd(9,¢)Fp-e, ,

4.1
where d (6,4 ) is defined by (1.16) and where fore =y =1
[Eq. (3.5) of Ref. 8]

F,= —e (/80 [H: —E],_,,

P
= —e,(1/16m)[(H,,, )*(H,,, ),

— (Epm )IT.(Enlm )u ](r: " 4.2)
is the time-average electromagnetic pressure on the (perfect-
ly conducting) sphere % .*' In the second equation (4.2),
the time-averaging was performed in accordance with (1.1).
To evaluate (4.1) for the transverse electric normal modes,
only the part of the magnetic field (2.22b) that is tangent to
2 is needed. From (1.34¢), (2.32), (2.33), (2.34), (2.40),
(2.41), and (3.8) one obtains

(Mo )i =y = ICRU T+ DI ad),) ™2
X [n(@din)] ™ 'X(7(6.4) - @3)
If (4.3) is substituted in (4.2), and if in (4.1) the solid-angle
integration is performed by means of (1.33), one finds
SUTE = |CQ|’rna’ba(16m) ~ 1 (I + 1)(ad,,) ~*
X [n(@d,)] 2. 44)
In order to derive the corresponding expression for the
transverse magnetic normal modes, the radial part of the
electric field (2.23a) and the tangential part of the magnetic
field (2.23b) are needed on 7. From (2.23a), (1.34c),
(2.32), (2.33), (2.35), (2.40), (2.42), and (3.8) follows
(X M=y = — C@LU + 1)(ad,,) ~?
X [t(@n.,)] ~'Xi6.8) - 4.5)
From (2.23b), (1.34b), (2.32), (2.33), (2.35), (2.40), (2.42),
and (3.8) follows
(Hyim iir = ry = ICRU A+ DI [an, t(an,)] "

XX (6.4) . 4.6)
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By combining (4.1), (4.2), (4.5), and (4.6), and by utilizing
(1.33) one arrives at
UM = |CP *rna’ba(l6m) ™ 1 (I + 1)an,) *

X [tan,)] " [en, Y —1{+ 1)]. “.n

For the transverse electric and the transverse magnetic

normal modes (2.22) and (2.23) the total time-average elec-
tromagnetic energy in the domain {2 (7, ,r,) [which also
equals the total instantaneous electromagnetic energy, since
the boundary 2 (#,r,) is assumed to be perfectly conduct-
ing] is for e = ¢ = 1 given by

1

U, = __.J drﬂfd(9,¢)[|En,m|2+ | o |21
167 r

_ 1 rzdrrzjd(é’,qﬁ)lEnzmlz
87 J-,
=__1_ zdrrzfd(9,¢)lHnlml2‘

87 r

(4.8)

The radial integrations can be carried out by usig the
relation [Ref. 8, Egs. (A1) and (A2)]

[ 7 arlihr + e = 4 {Uithr) + pn )Y

- U!+1(kr)+7nl+1(k")][/‘171(kr)+7/n1-.1 k")]} :,
4.9)

If the normal modes (2.22) and (2.23) are represented by
(1.29b, 1.29¢), the angular integrations are performed by
means of (1.24). By combining the formulas (1.29b, 1.29¢)
with the generating functions (2.40) one then arrives at the
results

UJE= 'Cf,j’ rya®(16m) 1 (I + 1)ad,) *
X [nl(a/{[n)] _z[aflz(a/{ln) - 1] s

where 7,(a,A ) is defined by (3.9¢), and

UM = |Cw Pra’(16m) "1+ Dan,) ~*[tan,)] *

X [(anln )2 - 1(1 + 1)] [aal(a’nln)p?(a’nln) - 1] )
4.11)
where t,(an), p,(an), and o,(a7) are defined by (2.35b),
(3.13c¢), and (3.20).
From (4.4) and (4.10) it is immediate that

(4.10)

dU F Ut/ a
= , 4.12)
da arj(aAd,)— 1
and from (4.7) and (4.11) it is immediate that
du™ UMa
b= ! 4.13)

da ao (e, pHen,) — 1

Since the elementary excitations of the electromagnetic
fields in £2 (r,,r,) are photons of energy #w,, (and angular
momentum /%), one may write

UTE = N8l = N TRchik,, (4.18)
and
U™ = N™pip™ — NTMepg s (4.15)

The conservation of the photon numbers N [F and N fM in
{2 (r,,r,) is ensured by the assumption of perfect conductiv-
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ity of the boundary % (r,,r, ). The relations (4.14) and (4.15)
together with (2.37) and (2.38) imply that (4.12) and (4.13)
are equivalent with (3.10) and (3.19), respectively.

APPENDIX

The vector product of two spherical basis vectors (1.21)
can be expressed as

€, Xe, = i(v2){Iplo|lirie, . (A1)
From the definition (1.20) we obtain after reducing each

product Y, ¥, and using Eq. (A1) the following relation
for the vector product of two vector spherical harmonics:

7 (0,8)XY 7 (6.:6)
. 2+ 12 2 - 2 =
=,\/2(£Liz)1(r21__+_1)_)/ 72(2]4-1)— 72(j0j0(j0)

XX Gty Gutrlim) Gl 72
W UTET
XA17' 17| 17) Y32 (60,0 e (A2)
The summation with respect to the indices u',7',u,7 may be
performed in accordance with the recoupling
transformation®

S G |l'm’) Guirlim) (pjuliE) (17'17|17)

wrnr

= [3Q7 + D' + D@+ D12 Y Gal7|lm)
T

1 !
x{'mim|lm)y{j 1 I}. (A3)
1 7

By substituting (A3) and (A2) and taking account of the
definition (1.20) we arrive at the formula for the decomposi-
tion of the vector product of two vector spherical harmonics,

7 OB)XVT(0.6)
=i =) 12+ n+ v+ v+ 17
27

1
X3 (0l 3 (I'm'im|lm' +m){j 1 1
7 I i1 T
XYFT"0.8). (A4)

The relation (A4) enables one to represent the Poynting vec-
tor S = (c/4m)E X B and the momentum density ¢ ~ 28 of the
electromagnetic radiation field (1.11) by irreducible spheri-
cal tensors, namely the vector spherical harmonics (1.20). In
order to obtain such an irreducible tensor representation for
the angular momentum density ¢ ~ 2r XS it is necessary to
decompose the triple vector product e, X(¥7}; X #7) into
vector spherical harmonics. On account of (1.26) one may
write

e X(¥T XYY

The relation

Y, 7 = 1@+ D + 1)/4m]"?

7+ (1’010[70) Y., ¥} . (AS)

X z(j’#'lrlll,m,>€f' 2 (2;+ 1)— 172
wr J‘ﬁ
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X (1070j0) (Imj'w'jiZ) Yz (A6)
can be obtained by using (1.20) and by reducing products of
spherical harmonics. By substituting in (A6) the recoupling
transformation®

(Imjw' iz Gp'ie'|l'm’)
= — (= 1Y@+ D@+ D)2

Xy ({'m'Im|lm' + m)
T

T ]
1 g
one finds after invoking the definition (1.20)
Y, (6:6)%7;.(6.4)
= — (= 1Y 7@+ DRI+ D' + 1)/47]'?

X Garribm +m|

X > 'm'Im|lm’ + m)
T

T

-\ [!? .
x s agopy|] L ormes).

In view of this result, Eq. (A5) becomes
e, X(FT XY = [+ 1) + 1)/4m) (1)

x 3 [~ v + vadoo corofoy],

!

— (= Y~T( + 1)%(1'010['0) <1'010170>{’1
{I'm'Im|Lm’ 4+ m)yYF+m. (A7)
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An attempt has been made to extend the stochastic quantization procedures introduced
by Nelson in the nonrelativistic case to the relativistic case in the four-dimensional

Finsler space. The space~time in the microdomain is considered to be quantized and a
more general concept of probability is needed to have a consistent and complete theory

of quantum mechanics.

I. INTRODUCTION

The probability theoretical approach to nonrelativistic
quantum mechanics has been introduced by Nelson ' and
developed by Guerra and Ruggiero > to deepen our under-
standing of space-time with microlocal structure, the micro-
scopic domain of less than 10 ~'* cm in length. Recently,
Caubet * has treated the stochastic quantization procedure
in the relativistic case and tried to show that the closeness of
w, [w, = d (#is)] is enough to define the relativistic Brownian
motion. However, then we should have trouble with the fifth
dimension in the forms @, and @, as well as the vanishing
nature of the diffusion coefficient in the relativistic limit as
pointed out by Hakim. * It is worth mentioning that Yasue *
has derived the relativistic wave equation along Nelson’s ap-
proach within the context of the theory of elementary do-
mains as proposed by Yukawa. However, this approach re-
mains futile from the physicists’ point of view unless one can
explain the spectrum of elementary particles consistently
within the context of the theory of elementary domains of
the space-time.

The recent development of the theory of nonlocal fields
for extended particles ® and the concept of space-time quan-
tization have created a lot of interest and rethinking of the
stochastic quantization with the relativistic treatment in a
more realistic fashion. The aim of this paper is to derive the
relativistic wave equations in the theory of elementary do-
mains in four-dimensional Finsler space so as to avoid the
concept of the fifth dimension. For our convenience, let us
briefly recapitulate the theory of space-time quantization
and the model of leptons.

Il. THE THEORY OF SPACE-TIME QUANTIZATION

The theory of nonlocal fields and the concept of elemen-
tary domains as proposed by Yukawa created a lot of interest
in explaining the characteristic properties of elementary par-
ticles from their internal structures as well as to avoid the
divergence difficulty inherent in the usual local field theory.
However, unfortunately Yukawa and his collaborators did
not succeed in producing any consistent and complete the-
ory. Recently, a new theory of nonlocal field has been pro-
posed by Bandyopadhyay, ’ where the charge and mass of an
electron (as well as muon) can be taken to occur as a result of
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n-photon—neutrino weak interactions, when photons and
neutrinos are represented by the relation e = ng, g being the
photon—neutrino weak coupling constant (g~10 ~ '%). In
this model electron and muon are depicted as (v, S) and
(v,,S), respectively, where s represents the system of photons
interacting weakly at n space—time points with the extended
structure of a two component neutrino. The two other com-
ponents corresponding to the positive and negative energy
states are formed when the form factor associated with the
interaction changes its sign, implying that particles and anti-
particles are mirror reflections of each other. This procedure
helps us to unify weak and electromagnetic interactions and
the accompanied violation of symmetry generates the pho-
ton as a Goldstone boson. If we take that the charge of a
hadron is also due to the presence of a lepton in its structure
then the charge spectrum of all hadrons can be interpreted
on the basis of this concept of dynamical origin of charge.

In this picture, it is possible to show that the quantiza-
tion of charge in units of e is related to the quantization of
space-time, where each quantized space—time domain is de-
termined by the region accommodating the specific # num-
ber of weak interactions involving extended structures of n
photons and one neutrino, also considered to be of extended
structure. In this context it is worthwhile to mention that a
model of the lepton has been constructed out of n photons
weakly interacting with the neutrino in the framework of
nonlocal field theory. ® In this picture, the mass and charge
of the lepton arise due to the system of nonlocal interactions
at different space-time points and the massive and charged
lepton occupies the seat of a quantized space-time domain so
that from the observational point of view the lepton will ap-
pear as a point particle. Since the interactions spinor is a two-
component neutrino whose spin direction is either parallel
or antiparallel to the momentum, the momentum direction
of a neutrino becomes fixed. Thus, this model suggests a
preferential direction in space within the fundamental do-
main, i.e., the internal space should be such as to violate
Lorentz invariance. Taking this into consideration, it can be
shown that the nonlocal fields representing the extended
particles can be described in a consistent way.

From the above picture it is evident that each elemen-
tary domain is the seat of a lepton consisting of » number of
photons and a single neutrino interacting weakly with the
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photons. However, this lepton which derives mass (and
charge) from the system of nonlocal interactions moves with
a velocity less than that of its massless constituents (which
always move with the speed of light). Thus, one may consid-
er some sort of random motion of a particle inside the quan-
tized domain so as to measure only the “mean” path which
relates to the center of gravity of a large number of similar
particles starting simultaneously from the same point and
always confined within the quantized domain. These parti-
cles can be thought of as moving with the velocity of light but
the mean velocity can be evaluated, generally, with a magni-
tude less than ¢ and the deviations from the mean path can be
regarded as a sort of Brownian motion. This splitting of the
motion into a systematic part and a fluctuation is similar to
the done in Langevin’s equation, with its difference that the
fluctuation can no longer be taken to be independent of the
mean velocity, because of the constraint imposed by the
fixed C, so that our problem reduces to the derivation of the
Dirac equation from the relativistic Brownian motion in a
locally anisotropic space-time.

lll. RELATIVISTIC STOCHASTIC EQUATIONS

It seems rather attractive and natural to formulate the
physical laws in the framework of space-time, relating them
with the structure of space-time as has been shown by Ein-
stein in his general theory of relativity with the large geomet-
rical structure of space-time. In such a theory as that of
Einstein, any local part of the world is assumed as the (Min-
kowski) flat space and all fundamental processes have been
used to be represented in this frame, disregarding the micro-
scopic scale structure. However, if we take it for granted that
the Minkowski space was introduced with the calssical no-
tion of light, the microlocal structure of physical space—-time
may not be the same as its macroscopic Minkowski
structure.

In this section, we show that the usual relativistic quan-
tum law is naturally related with the microlocal structure of
space-time regarding the totality of four-dimensional ele-
mentary domains and that the Minkowski structure appears
naturally in the macroscopic scale. Again in the above pic-
ture of space—-time quantization, as the space—time in the
microlevel is anisotropic, effects equivalent to the above,
however, can be expected by the introduction of directional
dependence into the space-time or of solving in Finsler
space. The gravitational field is geometrized in terms of Rie-
mann spaces, and Finsler spaces are, however, expected to
geometrize the internal freedom of fields.

Roughly speaking, Finsler spaces are spaces of which
the metric tensor g, depends on the directional variable X 4
as well as the coordinate x *. The directional variables x *
transform like a contravariant vector under a coordinate
transformation x* = x* (x*). The combination of the coor-
diantes and the directional variable (x*,x"*) is called the ele-
ment of support. Finsler geometry however, is, formulated
in such a way that only the direction of the vector x * has a
meaning, but not its absolute value. This directional variable
can be linked up to the anisotropy of space~time.

Now, this four-dimensional directivity of the locally
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anisotropic space enables us to retain the relativistic exten-
sion of the stochastic quantization which posses the hyper-
bolicity in its basic equation.

Let Fbe the four-dimensional Finsler space
q° = ict,g' vV, i = 1,2,3, g,veF, with x a diffusion process in
F, and x, the position of x at time ¢ where ¢ is the parameter
time.

We denote the left and right derivatives of x by

[f(x,) ~f(xs)]

r—3s

(Lf)¥gv) = limE

st

=V_ VO +<V_ .V f>-DOf

x'=(g.v)

and

(RfNgv) = HmE | L)fi{_f:g_)]

=V VOV L)+ DA,

where {, >denotes the inner product, and V, V, = grad and
[0 = div grad denote four-dimensional gradients and Lapla-
cian operators, respectively, acting on differentiable func-
tions fon F with respect to coordiantes and directional varia-
bles. E [ | ] denotes the conditional expectation and Dand D *
are diffusion coefficients. In Minkowski space, the d’Alem-
bertion will be reduced to the simple form
Ja 4

0= V) — —
g*()aq# 3

x, =(q,v)

and

R )gv) =<V V> + D*,

INHgV) =V _Vr—DOf
For any particle, we have

VO == iC,
with ¥, the speed of the particle, so that

(VS = ViVi— ¢,
This concept of 4-velocity creates trouble in deriving the
relativistic wave equation as the parameter time vanishes in
the forms @, and w, (and so in the wave equation also. In
fact as one looks upon the microworld in its four-dimension-
al entirely, time itself loses sense as the indicator of the devel-
opment of phenomena contrary to the nonrelativistic case.
For that reason Caubet has introduced a fifth term to both
these forms w, and w, (and so in the wave equation also).
However, in the locally anisotropic space-time, though
{V,V> does not contain time explicitly, it contains some di-
rectional variable v from which we have the stochastic quan-
tization. As a result, the question of a fifth dimension as

introduced by Caubet does not arise at all.
Now we assume the stationary property

P |xjedq’|T, = s} = p{xjedq’|T, =5},

whatever the parameter time ¢ may be and €T Here T de-
notes an open interval of the real line R.

A. Continuity of the space-time diffusion

Under classical assumptions of regularity concerning
V. , D *, and the initial distribution of x, the operators — L
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and R are adjoined to each other with respect to the measure
p dg; in other words, whatever the functions with compact
support f,g,F —R are, we have the following relation:

ff Loy dg + J(Rf)gp dg =0,

where p:F—R denotes the density of the conditional distri-
bution of the process at time ¢ such that

plg,7)dg = (Ev1 [f(gv,n)]

= Prob{A (r)edg},

with the measure p(g,7)dgdr. Here p is assumed to be inde-
pendent of v because otherwise we will not get the corre-
sponding probability density W(g,v)¥(g,v) = p(q) for the ¢
function of quantum mechanics which will be discussed lat-
er. Asp is assumed to be independent of the directional vari-
able v, then the probability density p(g,7) satisfies, of course,
the usual Kolmogorov-Fokker-Planck eqn.

dp
or @)
= — i[b ”(qu,T)p(q,T) + Dgyl ‘i—P(q’T)]’
dq,, Iqudgh
where
9G dpgr) | Fiplgn) _ (iG_ 4 F) 9P _y,
dv  Ov ov av v

which can be verified immediately from the identity

%E V()] = E [Lf (D)v)] = E [Rf x(1))]

in regard to the stochastic differential equation.
Let us introduce the current four-velocity field u(g,v,7)
and the osmotic four-velocity field u(g,v,7) as, respectively,

wg.v,7) = 3{b(gv,7) + b. (g:v,7)},
u(g,v,7) = 3{b(g,v,7) — b. (gvi7)},
where
b=0b%", i=123
and
b*=(bo,b™), br= —ic, i=12,3.

Then the equation of continuity becomes

d d
—p(w,7) + —{v*(g,v,")p(g.,7)} =0.
ar dqu

Now, considering the systematic four momentum and sto-
chastic four momentum as p,, and ¢, , respectively, we can
write

aG'! a a
nb.~p (3, 22 4 p2)
E g g
and
aG' 4 8)
mD, =¢ (3, — L F 2
¢“( Boaw e
mD ( 3G' 3 3
+ _\ “n _‘, '—I' >
Vg v, ov v
73 J. Math. Phys,, Vol. 21, No. 1, January 1980

where u takes the values 1 to 4 with

g, = (gict), v,=(vo¥).
D_ and D, are the systematic and stochastic derivative oper-
ators, respectively. Here D, and D, are written in terms of
c.m. coordinates and the directional variables v, . Here D,
and D, the covariant differential operator (3 /dg,, )
— (@G /v*)(3/3v") and F (3 /dv*) are used. Fis the metric
fundamental function defined by ds = F(gq,dq) and G is de-

fined as
2G (g,v) = o, gy

B. Diffusion coefficient

Hakim has shown that, if the limit 47—0 is used to
calculate conditional probability densities, the only value for
the diffusion constant D compatible with relativistic invari-
ance is zero. To circumvent this difficult, if we discretize the
time variable in the stochastic description, so that in the se-
quence of events which define trajectories, adjacent events
have nonzero minimum temporal separation 7. In fact, in
the microlocal structure the space—-time is assumed to be
Finsler space. Again it is well known in Finsler geometry
that isotropic Finsler space is equivalent to the Reimann
space of constant curvature and this constant curvature can
be related to the fundamental length /; of the quantized
space. Then taking the quantized nature of space-time, we
have

{(dx) >=2D dt
or

2
h L <@
dt arry 2 At

2
= %czro as |Ax|/ro=C, Vdx,

. 1 2 lO ﬁ
U = —C" - = —_—
o 2 ¢ 2m

as 7, ~(#i/mc), and m is the mass of the leptons (like elec-
trons or muons).

So the diffusion coefficient in the relativistic limit
becomes

D=%#/2m.

It is interesting to note that the finiteness of the diffu-
sion coefficient is closely connected to the discrete nature of
space—time.

C. Wave equations

Now the equation of motion may be written as ®

Dcp,u - ‘Ds¢,u =f((),u+ )9
and
Dp,+Dg, =15,

where f{ and f§ stand for the external force acting on
the particle, the plus or minus sign referring to its behavior
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under time reversal. To all order, the results for the electro-
magnetic case are

f5 = mcF,u,{P,l — %DC[A;; +d;]1+ ;ec‘Paa/lAw
where
g,= - 29 g9
av’ ov; v,
and
fo = r—n; wi®i — Dc[A,u +3d;]1+ i‘h‘?x“iw

where F, ; stands for the electromagnetic tensor. Since the
operators D, and D, have been written above only to second
order, we can write the above equation to the same order,
thus getting

f(+)_m_;tﬂpll andf(‘) %yz{¢}d

where the gauge d,4,, = 0 has been considered.

Now consider the Brownian particles as some sort of
spinning rigid body in Finsler space and write down the de-
rivatives in terms of relativistic Eulerian angles. Here the
directional variables can be also expressed in terms of a set of
angular coordinates considering the projections of the vector
(v*)in the normal to the surface of the rigid body, the merid-
ian, and the parallel which depend on the time and location
of the body. Hence, taking into account the spin of the parti-
cle we write, as our fundamental systems of relativistic equa-
tions, the following set:

e 8¢ c
Dcpy —Dr¢p = ‘—CF,MP/I + (m)a,usp/le/U

e eD
pp+ (Lo
- M¢/l o JOAua

8¢ s
+ (e oS

where S'§ and S are the stochastic and systematic compo-
nents of spin angular momentum, respectively.
By introducing the complex variables

Py, =p,u - i¢/l’

Sia=8;.—1i80

fr=p50 =50+ ()05 5F
we can write the above equations in the form

D.p [ =f .Z
and it complex conjugate. To integrate the above equations
note the relation

[MDx’a)» ] = - (axpy)aﬂ.

and then write it in the form

Dg,+Dp,=

a d
=#| —s(g,v,7) + ——s(g,v,7 ] —eA @,
Pu p @y + —=sgvn)

i.e., under the assumption that the form

w, ={MV  Adg)> + <Is + Bdg),
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is closed, where [ is the moment of inertia, and s is the spin;
there exists a function

S:F—R such that w, = d (AS').

It is worth mentioning the Caubet has assumed the
closeness of one form w, and so exact as well, in analogy
with the Jacobi equation. However, it is well known that,
according to Bohr—Sommerfield quantization, the one form
o = p dg — H dtisnot exact, i.e., there exists some topologi-
cal constraint such that it can not be shrunk to a point. Here
also there exists a space—time quantized domain such that
$w, = n#i, where #i is the quantum of action related to the
fundamental length, so that the space-time may be thought
of as a multiply connected region of stochastic fields with
period % embedded in a smiply connected space-time.

Again the form

= (Mbv + A,dq), + {I5v + B,qq>,,

which 8V =2 ~ (b — b.) is closed by continuity of the pro-
cess but not necessarily exact. If we define the scalar function
by the relation

R(g,7) =
then, we have
o, =d(#fiR).

Now putting the relativistic probability amplitude of the
particle as

1/’(%%7') = exp{R (q’T) + iS(q,V,T)},
where

IZ(Q,V,T)'/’(QMT) = P(‘I’T),

we get the equations of motion as

!
[—iﬁ{ ., 9G —‘-9—+Fi]— 4 ]

3InP (q,7)

o, &' ' *

: IG* 9 d e
. —1ﬁ{8 — ———+F——]— -A ]
g;z[ A 3v, I W P 4

+ m*ctyY = (g%)sﬁ A

Again we know that in the case of a nonrelativistic spinning
rigid body, the spin operator and its components satisfy the
usual commutation relations
[§29§”] =0,
i.e., we may construct simultaneous eigenfunctions of § %, §;,
§3, 3 referring to the body Z axis with eigenvalues #°, (/ + 1),
#im, and fik, respectively, where j =0, 4,i,...and
m,k = — i, —i+ 1... for any given .
Now like the covariant derivative

=d,—igd,J',
here we have

=d,—igd, (J' + k9,
where k ‘is a set of differential operator in d /dv; which satis-
fy the commutation relations of the

[k k7] = icP kX,

and since J ' is v independent, [k ‘J’] = 0. However, while

[$58;) = ifiey$, and
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the orbital angular momentum can have only half of the
representation of the rotation group, i.e., integral spin only,
k ' have in general all the representation of G.

Then if we start with a local symmetry group G, say
U (1) with fields ¢¥(g) then, generalizing to the case were we
have v-dependent fields ¥(g,v), and enlarged group G® G’
results with G '~G. The gauge parameters for G and G’ are
equal and, in other words, we have universality. Now, in our
case, ¢ is a function of ¢ and v; and if p(g,v) = ¥(g,v)¥(q,v),
i.e., if the additional gauge-dependent variable v occurs in p,
then we have the enlarged group but of course the concept of
probability has to be replaced by a more general concept,
namely, that of a gauge-dependent function p(g,v). Then the
enlarged group can be thought of as due to the manifestation
of the anisotropy of the space—time where the particles and
antiparticles may be considered as the mirror reflections of
each other. Now under certain approximations that 4, =0
and hence d, A = 0 and write

5%, F,~2sXH,
we have
d de’ a e, \?
_ i3, — i ———'ﬁ———-————A)
( o=t v lc?v#av’ c”¢
+ mic = (&‘iﬁ_)mﬂ¢,
2c

for s = 4 and g = 4 with

o= (57)

A known algebraic transformation may be used to cast the
second order equation for a two component amplitude into a
first order equation for a four-component amplitude. In face,
defining ¢ and x by

@ = %@s ~x),

[iﬁ&o - o'-(ihV + iV + EA)]«» = 3me($ + x),
we have

— #3h — a-(iﬁv Y+ EA)x = — mcg
and

o'(iﬁv + BT + SA):;S = i#idyx.

Hence, if we introduce the matrices

(o o) n=(o 7)
Ve \ig, o ) " \o 1/

2=(5 o) »=-( o)
k— 0 o_k’ 7/5__ O’

and the four-component amplitude ¥ = (:;). Then we have
the Dirac equation for electron or muon as

a 3G' 3 e
iva| ~ 80, — H(F 2 =2) - < ]
I { # W t v, o' c* v
+ mey =0.
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Now in the Lorentz spaces

¥ = YY),

so that the above equation can be reduced to the ordinary
Dirac equation

i;/”( — ifid, — %A,t)z//(q) + mc(q) =0

in the external space if

. o O , G’
ly#[ — lﬁFW—- i ayp

wl
—|Y(v)=0
M v

for internal variables,

IV. GLOBAL CONCEPT OF QUANTIZATION

The single valuedness and square integrability of the
wave function ¢ suffices for the global connotation of quanti-
zation. However, the stochastic derivation of the relativistic
wave equation indicates the local validity of R and .S as w,
and w, are not necessarily exact, so that according to De
Rham’s theorem there does not exist any zero form, i.e.,
scalar functions S and R over the whole space-time. So the
stochastic fields through the properties with which they are
endowed many well define multiply connected manifolds of
integration embedded or immersed in the simply connected
space-time in the microphysical domain. It is interesting to
note that Mandelstam and more recently Wu and Yang '°
studied, for example, the electromagnetic effects on matter
which are described by a quantum mechanical wave func-
tion (n) as being equivalent to the presence of a path depen-
dant phase factor s(Cyn) = exp[( — ie/fic)f3, 4, (n)d, p1] as-
sociated with the path Cyn appearing at the level of the wave
function. Actually, the famous Bohm-Aharonov experi-
ment showed that, in a multiply connected region where
Juv = 0 (field strength), everywhere there are physical ex-
periments for which the outcome depends on the loop
integral

e
L A d,
< $ad.u

around an unshrinkable loop. Again an examination of the
Bohm-Aharanov experiment indicates that, in fact, only the
phase factor

exp( % §A”a',l ,u)

and not the phase (e/#ic)4,,d,, i is physically meaningful. In
other words, the phase contains more information than the
phase factor. However, the additional information is not
measurable. They describe this as the nonintegrable (i.e.,
path-dependent) phase factor. This phase factor is the path-
dependent element of the group U (1), being the relevant
group related in the quantum mechanical description of
atomic phenomena to the concept of a probability density
p(n) = Y*(n)y(n) derived from the complex wave function
¥(n). The structural group U (1) of the bundle in Feynman’s
treatment, being identical with the associated electromag-
netic gauge group U (1) in Mandelstam’s treatment, implies
the operator of a covariant derivative on the bundle to be
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givenby D, = 3" + i ed,, (n), with 4, (n) denoting the elec-
tromagnetic potentials.

With this situation in mind let us consider the general-
ized wave function #(n,v), depending on » and directional
variable v, which is a cross section on a fiber bundle (consid-
ering the diffusing particles as bundles of timelike fibers in
the quantized domain) constructed over space-time possess-
ing a gauge or structural group more general than the group
U (1). Clearly, #(n,v) will be at each point neM 4 a represen-
tation of G. Again it was shown that the enlarged group
G~U(1)® U(1),i.e., ifwestart withalocal symmetry group
U (1), we have higher order unitary group. Now, in the
Finsler space, a bundle of carton type constructed over a flat
or a curved space—time has a structural group which is neces-
sarily noncompact. Correspondingly, it will be a nonunitary
representation of G. We thus come to the conclusion that
leaving the description of relativistic stochastic quantization
in Finsler space on a wave function associated with a gener-
alized (possibly noncompact) non-Abelian gauge group in-
stead ofthe group U (1) of quantum mechanics will replace at
the same time the concept of probability by a more general
concept, namely, that of a gauge-dependent scalar density
function.

V. DISCUSSION

The stochastic interpretation of quantum mechanics
emphasizes that the fundamental processes of nature are sto-
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chastic processes defined in a multiply connected space—
time where the quantum of action (#) is the one-dimensional
period of one form w, . So whereas in the Copenhagen inter-
pretation Newtonian equations are obtained in the limit
h—0, here it corresponds to a stochastic process with zero
stochastic force in a simply connected space-time where the
period of w, vanishes so that o, can be written as the gradi-
ent of a scalar function, everywhere in the space-time.

Again the relativistic concept of stochastic quantiza-
tion may be related to the concept of local anisotropy of the
space—time so that the probability concept of quantum me-
chanics has to be replaced by a more general gauge depen-
dant scalar function p(a,v) in the microdomain of space—
time. Then it raises a new possibility for v with the direction-
al variables as hidden variables, which will be considered in
the subsequent paper.
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Under the assumption that we can create in the laboratory any electromagnetic field consistent
with Maxwell’s equations, it is shown that an arbitrary Hermitian operator on a spin system can
be measured using a suitable generalization of the Stern-Gerlach experiment. In particular, it is
shown that every proposition about the spin-1 system is verifiable, answering the challenge of
Hultgren and Shimony. The analysis also reveals complications in the standard Stern—Gerlach
experiment of which many physicists are apparently not aware.

1. INTRODUCTION

The question of which operators in the Hilbert space
representing a quantum mechanical system, actually corre-
spond to quantities we can observe and, as a consequence,
which projections actually correspond to propositions we
can test, has been of perennial concern to those of us interest-
ed in the foundations of quantum mechanics. In the early
stages of the development of the thoery it was generally as-
sumed that every Hermitian operator (with perhaps some
technical restrictions in the infinite-dimensional case) was
observable. As late as 1958 we find the following from
Dirac’:

In practice it may be very awkward or perhaps
even beyond the ingenuity of the experimenter,
to devise an apparatus which could measure
some particular operator, but the theory always
allows one to imagine that the measurement can
be made.

Nevertheless, with the discovery in the 1950’s of superselec-
tion rules®* it became clear that this assumption, along with
the unrestricted superposition principle, was no longer ten-
able. Although it was still possible to maintain that all Her-
mitian operators not specifically ruled out by superselection
rules were, in fact, observable, the alluring simplicity of the
initial theory had been indelibly marred and there seems to
have been an increasing uneasiness on the part of many
workers. Wigner has given this disquiet its perhaps most
eloquent expression*:

Welearn and teach, respectively, in courses on
quantum mechanics that the measurable quanti-
ties, or in the words of Dirac, the observables, are
hermitian operators. It can indeed be proved by
means of the theory of measurement, that only
hermitian operators can represent measurable
quantities. Some books, and some lecturers, go
further and claim that e/l hermitian (or more
precisely, all self-adjoint) operators can be obser-
vables. However, if we ask how the measurement
of a given self-adjoint operator should be carried
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out, the books and lecturers remain most secre-
tive. One has, of course, no idea how a quantity
such as p + g or pg + gp or pgp could be mea-
sured—in fact, clearly, most operators cannot.
Still, many can---.

There is, however, no rule which would tell us
which self-adjoint operators are truly observa-
bles, nor is there any prescription known how
the measurements are to be carried out, what ap-
paratus to use, etc. In a theory with a positivistic
undertone, this is a serious gap.

It is the main purpose of this paper to give, for spin
systems, a rule for telling which self-adjoint operators are
truly measurable—namely they all are—and to provide a
prescription for how the experiments are to be carried out.

An intimately related question has recently been raised
by Hultgren and Shimony,’ with specific reference to spin-1
systems. Since the spectrum of a projection is contained in
the set {0,1}, the projection can be thought of as a yes—no
question, or proposition, about the system.>%’ A projection
represents a verifiable proposition exactly when the projec-
tion, as a Hermitian operator, is measurable. Hultgren and
Shimony have proposed that the only verifiable propositions
about a spin-1 system are the ones in the collection L, of
propositions corresponding to the standard Stern—Gerlach
experiments, and have put forth a challenge to demonstrate
the verifiability of the remaining propositions:

If the standard formulation of quantum me-
chanics is applied to the spin-1 system, thereis a
projection operator corresponding to each pro-
positionin L, but there are also projection oper-
ators which do not correspond to members of L,
and which in fact do not seem to correspond in
any natural way to testable propositions...it is a
good working hypothesis that those opertors
corresponding to members of L, have definite
physical status which the others do not have (p.
381).

--An obligation is placed on the advocates of
such programs (to recover the Hilbert space axi-
oms via empirically justifiable axioms) to exhibit
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the physical significance of propositions con-
cerning the spin-1 system which are not elements
of L,--+(p. 390).

By showing that every Hermitian operator is observable, the
“‘obligation” of Hultgren and Shimony is clearly fulfilled.

A third important and often-asked question is: Which
rays represent realizable states of the system? It is shown
below that for spin systems every ray does in fact represent a
physically realizable state of the system.

Il. THE OPERATIONAL MEANING OF THE QUESTIONS

In the last section we raised three questions which can
be asked about the Hilbert space representing a quantum
mechanical system. In one way or another each question
asks which mathematical objects actually correspond to
physical entities. The three questions were:

I. Which Hermitian operators are actually measurable
(and how do we measure them)?

II. Which projections represent verifiable propositions?

II1. Which rays represent physically realizable states?
Before attempting to answer any of the above questions for
spin systems, as we propose to do, we wish to be very explicit
about what we understand the questions to mean. We begin
with question L

If A is a Hermitian operator acting on a compiex Hilbert
space of dimension n < «, then the spectral theorem tells us
that there is a unique set {a,,a,,..,a,} of r<n distinct real
numbers (called the eigenvalues of 4') and a unique set {P,,
P,,...P,} of mutually orthogonal, nonzero projections
(called the eigenprojections of A ), such that A = Z7_ | a,P,.
The projection P, is the projection onto the subspace of all
eigenvectors of A corresponding to the eigenvalue a;; if the
eigenvalue g, is degenerate, then the dimension of the projec-
tion P, will be strictly greater than one.

We say that the Hermitian operator 4, with spectral
decomposition 4 = Z[_, a,P,, is measurable or observable
exactly when there exists a physical operation £ with out-
comies e, , €, ,...,¢,, such that when the system is in the state
represented by a density operator p, the outcome e, is ob-
tained with probability Tr pP,.® The term “physical oper-
ation” is to be understood in the sense of Randall and
Foulis®:

By a physical operation, we shall mean
instructions that describe a well-defined, phys-
ically realizable, reproducible procedure and
furthermore, that specify what must be observed
and recorded. In particular a physical operation
must require that, as a consquence of each execu-
tion of the instructions, one and only one symbol
from a specified set R be recorded as the result of
that realization of the operation.

In regards to the second question we have already said
that a projection represents a verifiable and testable proposi-
tion if and only if the projection, as a Hermitian operator, is
observable in the sense just discussed. It is clear that if every
Hermitian operator is observable, then every projection re-
presents a verifiable proposition. Without further assump-
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tions (e.g., postulate C of Kharatyan'® or axiom (iv) of Foulis
and Randall’) the converse statement is false.

The final question is probably the most often misunder-
stood of the three. Kharatyan'° and Streater and Wightman,®
for example, identify it with question II. To us, a ray repre-
sents a ( physically) realizable state if systems can be found
such that the theoretical probabilities of experimental out-
comes, or, equivalently the expectation values of various ob-
servables, as calculated from the ray in the usual way, agree
with the observed values. There is no particular reason to
believe that any physically realizable state has an “indicator
outcome” which occurs with probability 1 when the system
is in that state. Although it does not seem logically neces-
sary, the only indisputable way which occurs to us for dem-
onstrating that a ray corresponds to a physically realizable
state is to give a repeatable procedure whereby systems of the
proper type are prepared. It is in this way that we show below
that for spin systems every ray corresponds to a physically
realizable state.

We point out that all of these definitions require us to
measure probabilities. From the standpoint of statistics this
might seem like a nonoperational definition, but from the
standpoint of physics, where measuring probabilities is
equivalent to measuring intensities, this definition is suffi-
ciently operational. For our purposes here, however, we can
use the established principles of quantum mechanics to prove
that our experimental outcomes will have the required
probabilities.

In closing this section we note that we will have an-
swered all three questions for spin systems in the advertised
way—to wit, that every Hermitian operator is measurable,
that every projection represents a physically verifiable pro-
position, and that every ray represents a physically realiz-
able state—if given a Hermitian operator A4 in spin space, we
can describe a physical apparatus by which particles in ei-
genstates of A corresponding to distinct eigenvalues are sep-
arated physically. By placing detectors judiciously and send-
ing a single particle into the apparatus, we have a physical
operation whose outcomes correspond to detection in the
various counters; according to quantum theory these out-
comes then occur with exactly the prescribed probabilities.
Furthermore, given a ray, the apparatus corresponding to
the projection onto that ray will produce a beam of particles
in the desired state.

11l. THE STANDARD STERN-GERLACH EXPERIMENT

In order to make the discussion in the next section of the
generalized Stern—Gerlach experiments easier to under-
stand, we first review quickly the standard Stern—Gerlach
experiment. This apparatus, designed during the 1920’s by
Otto Stern and Walther Gerlach'' has become the traditional
means of demonstrating the quantization of angular mo-
mentum. In this experiment a beam of particles is passed
through an inhomogeneous magnetic field B(r) whose direc-
tion is constant, but whose magnitude is dependent upon
position:

B(r) = A (r)B, . 6))

An essentially correct understanding of the experiment
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can be obtained by reasoning classically as follows: The mag-
netic energy associated with a particle with magnetic dipole
moment @ in the magnetic field B is

Emag (l') = - l‘l’.B(r) = -4 (r).uBoBO ’
where 5, is the component of the magnetic moment in the
B, direction and B, = |B, |; the particle experiences a force

F() = — VE ;) = + 15, B, VA (1),

Consequently particles with differing dipole components ex-
perience different forces and are separated spatially. Quan-
tum mechanics enters the picture here only in that the mag-
netic dipole moment is proportional to the spin and the
values of the spin component are found to be quantized,
rather than continuously distributed, as the classical reason-
ing would lead us to predict.

The Stern—-Gerlach experiments provide a complete set
of experiments for spin-4 systems in the sense that for any
Hermitian operator on a spin-4 system, there is a Stern—
Gerlach experiment which measures it. For suppose that 4 is
a Hermitian operator on the two-dimensional Hilbert space
describing a spin-} particle. The measurement of the spin
component of the particle in the x; direction is represented
by an operator S; on this Hilbert space. (We use units in
which #i = 1.) Since the identity operator [ together with the
three spin operators S|, S,, and S, form a basis for the four-
dimensional real vector space of all Hermitian operators, the
given operator A can be uniquely written in the form

A=al+b.S,, )

wherea and b, are real numbers. The summation convention
for repeated indices is used here and elsewhere in this paper.
Let 1, be the operator corresponding to the measure-

ment of the component of the magnetic moment in the x;
direction. By the Wigner—Eckart theorem, (&, ,u, i, ) is pro-
portional to (S, ,S,,S; ) and the constant of proportionality is
the total magnetic moment of the particle (u, 1, ,13)

=1 (S,,5,,5;). In a magnetic field B = (B, ,B,,B;), the be-
havior of a spin- § particle is described by the Hamiltonian

H=H, +pu,B,S, ,

where the spin independent term H,—which as an operator
in spin space is just a scalar multiple of the identity—con-
tains the kinetic energy. If the vector B, in (1) is chosen
parallel to the vector b = (b, ,b,,b;) in (2), then the eigen-
states of H will be the same as those of 4. With the magnetic
field B(r) = A (r)B,, the two eigenstates have energies

E@M=E, + iu,B,A(r),

in the approximation that the spatial dependence of A (r) is
constant over the dimensions of the particle. The force on the
particle is then

Ft)= —VE(r)= F4u,B, VA().

As a result, particles in different eigenstates experience dif-
ferent forces and are separated physically.

The question still remains as to whether there exists a
function A (r) with a nonzero gradient, such that the magnet-
ic field B(r) = A (r)B, satisfies Maxwell’s equations for a
static field, i.e., V-B = VX B = 0. The most naive choice for
A (r) might be A (r) = 1 + ker for k540, since this implies
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VA (r) = k540. It turns out, however, that neither this, nor
any other chocie for A (r) satisfies Maxwell’s equations, be-
cause B(r) = A (r)B, implies that 0 = VXB = VA (r) XB,
and 0 = V-B = VA (r)-B,, whence VA (r) = 0.

This incompatibility can be resolved by adding another
term to the magnetic field and applying first-order perturba-
tion theory. For example, let

B = LEkTy bry
Mo Ko

where k is any vector perpendicular to b. In this case
V-B(r) =2/u,)k-b=0

and
V X B(r)=0.

Maxwell’s equations are satisfied. The Hamiltonian is
H=H, + ({1 +kn)b.S; + (br)kS, .

The term, (1 + k-r)b,S;, has exactly the same eigenvectors as
the operator 4 which we desire to measure. The first-order
corrections to the energy due to the perturbation term
(b-r)k;S; ' are of the form

(b'r)<¢’|kisi |¢> ,
where ¢/ is an eigenvector for (1 + k-r)b;S;, or equivalently,
for 4. It follows from the commutation relations [S,,S; ]
= i€;; S, and the orthogonality of k and b, that the diagonal
matrix elements (¥ |k,S; |#) are all zero. The energies to
first order in are

L= +(+kn)b/2),

and the forces on the particle in the two different eigenstates
of 4 are

F(r) = — VE(@) = F(b/2)k.

if V|B|/|B| is made sufficiently small, the second-order ef-
fects can be safely ignored, and the two states are separated
spatially.

In the next section we discuss a generalized Stern-Ger-
lach experiment. As was the case here, we will express a
given operator A in a standard basis and then show that by
appropriate choice of electromagnetic fields the Hamilton-
ian can be made to have the same first-order eigenstates as 4.
In contrast to this section, the accordance with Maxwell’s
equations is made from the beginning by starting with scalar
potentials satisfying Laplace’s equation.

IV. GENERALIZED STERN-GERLACH EXPERIMENTS

Perhaps suprisingly, the standard Stern-Gerlach ex-
periments do not form a complete set of experiments for
particles with spin greater than 4. Even for the case of spin-1
particles, there are many states which are not eigenstates of
the operator b,.5;, which measures the spin component in the
b = (b,,b,,b;) direction, for any value of b.* (An example of
such a state is [1,1,1]/3 /%, in the basis of eigenstates of S, .)
Since eigenstates of b,S; are the only states that the standard
Stern-Gerlach apparatus can filter, it is clear that some
modification is necessary if all spin-1 operators are to be
observable in this way.
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That generalizations of the Stern—-Gerlach experiment
are possible, has been long suggested by other authors, nota-
bly Feynman'? and more specifically, Lamb® who writes: “In
some cases inhomogeneous electric fields could be used in-
stead of these inhomogeneous magnetic fields.” By using
electric fields in the place of magnetic fields we can, in fact,
observe certain spin operators not observable via the ordi-
nary Stern—Gerlach experiments. For example, the electric
field can interact with the electric quadrupole moment of the
particle. (A spin-  particle has only a magnetic dipole
moment.)

The central result of this paper is that by using both
electric and magnetic fields one can observe every spin oper-
ator. We turn our attention to the proof of this assertion.

The Hilbert space representing the spin state of a spin-s
particle has dimension 2s + 1. As is apparently well known
to some physicists, an arbitrary Hermitian operator A on this
Hilbert space can be uniquely represented in the form

2s
A= z at )i,---ikT(k )i,mik ’ 3

k=0

where (a* ’,-I_,,,-k) are the components of a traceless, symmetric
tensor of rank, k, T =I, TV, =S, and T, _, is obtained
from the product S S, ---S; by symmetrizing and subtract-
ing off the trace. (A tensor is (totally) symmetric if, for every
pair of indices, interchanging them leaves the component
invariant. A tensor is (totally) traceless, if, for every pair of
indices, setting them equal and adding over all possible val-
ues for the index, gives a sum of zero.] For example, ifn = 2,

= 1/2(S;S; + S;S;) — 6,5, 5, /3. There is again here, as
always, an implied sum over the repeated indices. As in the
case of spin- 4, we will construct a Hamiltonian with the
same eigenstates as the operator 4 (to first order in the sense
of perturbation theory), but whose spatial variation induces
different forces on particles in eigenstates corresponding to
different eigenvalues. The operators T®, . will be shown
to be proportional to the operators measuring the various k-
pole electromagnetic moments of the particle.

In order to write down the most general Hamiltonian
for a spin-s particle in an electromagnetic field, we first de-
velop an expression in terms of multipole moments, for the
classical energy of an extended particle in an electromagnet-
ic field described by scalar potentials @ “ and @  for the
electric and magnetic fields, respectively. The potentials @ ©
and @ * are assumed to be analytic within the chamber of
the experiment, and to satisfy Laplace’s equation: 7°® *(r)

= V'@ ¥ (r) = 0. When the electric and magnetic fields are
determined from the potentials via E(r) = — V@ “(r) and
B(r) = — V@ ¥ (r), Maxwell’s equations for static fields are
automatically satisfied. The classical energy for a particle
with electric charge density p” and magnetic charge density
p" is given by

W= L(pE(r)qu(r) + P ORM ) A, @)

where the coordinate r is the displacement from the center of
the chamber and C is the volume occupied by the chamber.
[Since there are, as best we know, no magnetic monopoles,

the magnetic charge density is understood to be the negative
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of the divergence of the magnetic dipole density
M@ :p M) = — V-M(r).]

Suppose that the center of the particle is located at z,
near the center of the chamber. Relative to the center of the
particle, an arbitrary point in the chamber has coordinate
y =r — z. We first expand @ £ and @ * in a Taylor series
about z:

1 )
DEE) = E — ¢Ei,~--ik (z)yi,"'yik
o k!
and
1
DM(r) = 2 — Mi,---ik (Z).Vr, Vi »
o k!
where
d a
D, (= D(r
" k( ) ax‘k axlk B | a-‘x'l ( ) r—=2z

If we set 5° (y) = p*(r) and ﬁM (y) = p™(r), then

w= | [prof 3 Lok,
170 3 Lov @, )|ay

K=o k!
& 1y
= $ 0k @ | FOmrdy
k=0
+ 3 ——<1>M,, ,»k(Z)fﬁM(y)y,-‘---y,,d .
k*O C

Let

qh -y, = J Wy, dy,
C

the electric k-pole moment of the particle about its center,
and let

m, L, = f AWy, dy,
.

the magnetic k-pole moment of the particle about its center.
Since the k-pole moment tensors ¢, , and m*’, , are
totally contracted with the traceless, symmetric tensors
@F*, . and @Y, . respectively—the tensors are traceless
because the potentials satisfy Laplace’s equation—the multi-
pole moment tensors may themselves be considered to be
symmetric and traceless. Parity invariance for electromag-
netic interactions implies for simple systems where the cen-
ter of charge coincides with the center of mass that p” (y)
=pE(—y)and p¥(y) = — " (—y). Hence, ¢®, , is
zero for k odd and m*’, _, is zero for k even. Thus a particle
has a magnetic dipole, octupole,---2>" * '-pole
(n =0,1,2,3,..), and an electric monopole, quadrupole,
.22+ Lpole (n = 0,1,2,--). Expressed with this new nota-
tion, the classical energy is

N 1 o,
W= E F 1, :‘(z)q
Ak O
k even
& 1 o k)
DN LACLIS
k odd
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The correspondence principle tells us that in converting
this classical expression for the energy into a quantum me-
chanical Hamiltonian the measurable quantities g*’, , and
m®, . are replaced by Hermitian operators Q * ),l..l,k and
M®, . .Foraspin-s particle the highest possible moment is
of order k = 2s, since for k> 2sboth @®, , and M®,
are zero.

A second and deeper aspect of the correspondence prin-
ciple which is less often stated explicitly (but which is the
basis for the importance of tensor operators in the theory of
angular momentum), states that the Q*), ., and M®,
transform under the rotations of the coordinate system ex-
actly as their classical counterparts do; that is, @, and
M®, . are the components of traceless, symmetric, and
hence irreducible, Cartesian tensor operators of rank k. This
result may also be inferred from the fact that the Hamilton-
ian (see below) is, of course, invariant under rotations of the
coordinate system; since the classical field moments
b E,l .;,(z) and @ M i, (Z) are tensors under rotation, the
Q®, ., and M®, . must transform oppositely in order
that the Hamiltonian remain invariant. It follows from the
Wigner—Eckart theorem that any two irreducible tensor op-
erators of rank & acting on the Hilbert space of a particle of
spin s, are proportional to one another. In the present case
this means that there exist, for each allowed value of k, num-
bers O, and M, suchthat 0®, , =Q, T™®, . and
M®, . =MT®, ., wheretheT®, , sarethecompo-
nents of the tensor operator defined at the beginning of this
section. The Q®, , and M®,  arethe components of the
multipole tensor operator and the Q,’s and M, ’s are known
to physicists as the electric and magnetic multipole mo-
ments, respectively. In light of the parity considerations
above, @, = 0 for k odd and M, = 0 for &k even. It is ob-
served physically that for values of k<2s which are not ruled
out by symmetry arguments, the 2*-pole moments are all
NOnZzero.

We are now in a position to write down the general
Hamiltonian for a spin s particle in terms of the multipole
moments:

1 (k)
H(z) = a? E i @QC,
k=0
k even
+ i L M @M®, .
P k ] B e [
k odd
25
= Z _Q_kd)Ei,---i,((z)T(k),-l...,-k
=, k!
k even
+ z ___¢M‘ i,‘(z)T(k)il...ik .
k=0
k odd
If we define
D® ()= [(Qk/ kDDE, . (@), k even,
vl M, k)M, @), K odd,

then @®, . (2) is a traceless symmetric tensor and
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H@)= Z o©, _@QT®, . .
We now expand each of the @ ®, , ’sin a MacLauren series
obtaining:
25 © 1 !
H(z) = ( —p®, . (O) -z )T"",—
( ) kgo n;o n! xJr ( ) Tn 1y

25
2 ¢(k)‘ i (O)T(k)

|
= e P A
nzo n! FiY In

— 22 q;(k) (O)T(k)
k=0

2s
+z 3 ¢YL,,OTC,
k=0
+ terms of second and higher order in z.

Returning to the operator 4 = 3¢°_,a®’,  T®),
which is to be measured, we see that by choosmg @ "), ;i (0)
i, (0<k<2s)—which we are free to do since thls
merely amounts to specifying a finite number of even-order
coefficients in the Taylor expansion of the electric potential
@ £ and a finite number of odd-order coefficients in the Tay-
lor expansion of the magnetic potential @ *—we can make
the zero-order part of the Hamiltonian equal to 4. When the
particle is located at the center of the chamber, the energy
eigenstates are exactly the eigenstates of 4. By choosing
@®, 10 =a", , (0<k<2s)—which we are also free to
do, independently of how @ * )., Was chosen, since this
amounts to specifying a finite number of odd-order coeffi-
cients for @ * and even-order coeflicients for @ ¥—we can
make the z, “coefficient” in H equal to 4 as well. Although
the coefficients @ *?, .  are not completely specified by this
process, the symmetry requirements make it impossible, in
general, to choose the coefficients 4, and 4, of z, and z,,
respectively, equal to 0.

The Hamiltonian, to first order in z, is

=A+4+zA+2,4, + 2,4,
Let us assume for a moment that 4 has no degenerate eigen-
values. If we denote the eigenvalues by ¢; and the corre-
sponding eigenstates by |a; ), then, according to perturba-
tion theory, the energy E; of a particle in the eigenstate |a; )
is, to first order in z, the diagonal matrix element of the
Hamiltonian H,

E, = (g lHl |ai>
=a; +2a;,+2,(a, |4, |a;) + 2,{a; |4; |a;)
The force experienced by particles in the eigenstate g, is de-

termined from the gradient of the energy. In particular, the
force in the x, direction, at the center of the chamber, is

F(0)= — %E,.= ~a.
1

= gt
=da i

Consequently, particles in the eigenstates corresponding to
different eigenvalues experience different forces in the x,
direction and are physically separated in that direction. The
presence of additional underdetermined forces in the x, and
x5 directions does not affect this separation to first order. By
using additional homogeneous electric fields, for example,
an experimenter could compensate for the x, and x, dis-
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placements and produce displacement only in the x,
direction.

Actually, we have been lavish in choosing the coeffi-
cient 4, of z, equal to A4, for all that is needed is to have the
matrix elements {a; |4, |a;) = a, . This requires specifica-
tion of only n = 25 + 1 real parameters rather than n* = 4s°
+ 4s + 1. Satisfying the further condition that (g, |4, |a,)

= (@, |45 |a,) = Orequires an additional 2n real parameter.
Thus only 3n real parameters are needed to produce a force
in the x, direction proportional to the eigenvalue and zero
forces in the x, and x; directions. On the other hand, we
have available 23°_ ,2(k + 1) 4- 1 = 4s* + 8s + 3 real pa-
rameters, which exceeds 3n = 6s + 3 by 4s* + 25, a rapidly
increasing positive number. Therefore it is probably possible
in most actual situations to arrange for the apparatus to pro-
duce a force only in the x, direction.

If some of the eigenvalues of A are degenerate, we re-
place A by an operator A’ all of whose eigenstates are also
eigenstates of 4, but whose eigenvalues are nondegenerate.
The apparatus is then set up to measure 4 ' and subsequently
the subbeams of 4 are recombined with phase relations
preserved.

We have reached our goal of designing a generalized
Stern—Gerlach apparatus which, given an arbitrary Hermi-
tian operator 4 acting in the Hilbert space of a spin-s parti-
cle, separates a beam of particles according to their eigenva-
lues with respect to the operator 4, and we have shown that
the electric and magnetic fields needed for this experiment
are consistent with Maxwell’s equations.

V. CONCL.USION

Modulo the ability to create in the laboratory any elec-
tromagnetic field consistent with Maxwell’s equations, we
have shown that, using a generalized Stern-Gerlach appara-
tus, every Hermitian operator acting on the Hilbert space of
a spin-s particle can be measured and a beam of particles can
be produced in the state corresponding to any given ray in
the Hilbert space. If counters can be aranged which detect
the presence of a particle (or measure the intensity of the
beam) without changing its spin state, then the measurement
we have proposed is a measurement of the first kind in the
sense of Pauli;”* that is, it obeys the projection postulate of
von Neumann®: If the measurement is repeated immediately
the same result will be obtained with certainty. It is also a
minimal measurement of the operator in the sense of Her-
but'® because particles in different states corresponding to
the same (degenerate) eigenvalue are not separated and the
phase relation between them is not altered.

The experiments which we have proposed are admitted-
ly “in principle” experiments and might be exceedingly diffi-
cult to carry out in the laboratory. We have assumed that we
can create any electromagnetic field concordant with Max-
well’s equations, whereas in the real world it is very difficult
to produce electric fields with a significant gradient over the
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size of an atom, and furthermore, the quadrupole splitting of
energy levels is a very small effect. These technological
points do not have any bearing, however, on whether the
operators in question are in principle observable, in the sense
discussed in the introduction.

We have, of course, not answered the question in gener-
al of which Hermitian operators are measurable. It should be
possible to adapt our methods to certain other finite-dimen-
sional situations if some parameter could be found that plays
a role analogous to the electromagnetic fields used here. For
operators on infinite dimensional Hilbert spaces, for exam-
ple, the operators p + g, pq + gp, or pgp suggested by
Wigner, even our definition of measurability would have to
be extended. We believe, however, that the conclusive dem-
onstration of the measurability of all Hermitian operators in
the nontrivial case of spin systems, gives significantly more
credibility to the assumption, so prevalent among physicists,
that all nonsuperselected Hermitian operators are
observable.
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In a previous paper we introduced a Green’s function for the three-dimensional Schrédinger
equation analogous to the Green’s function used to obtain the integral equation for the Jost wave
functions in one dimension. The three-dimensional Green’s function was used to define Jost wave
functions for the three-dimensional problem and the completeness relations for these wave
functions were obtained. In the present paper we use the three-dimensional Green’s function to
construct influence functions for the 3 4 3 ultrahyperbolic partial differential equation which
have analogs to the causal properties of the corresponding influence functions for the 1 + 1
hyperbolic partial differential equation. Just as the 1 + 1 influence function can be used to
obtain an integral equation for the one-dimensional Gel’fand-Levitan kernel in terms of the
scattering potential, we use the 3 + 3 influence function to obtain an analogous integral
equation for our proposed Gel’fand—Levitan kernel for the three-dimensional problem. Though
much of the formalism for finding the properties of the kernel for the three-dimensional problem
can be carried out in a straightforward manner, the interpretation of the triangularity properties
is more difficult than in the one-dimensional case because of the complicated geometrical picture
associated with the notion of causality. In addition to its use in obtaining a Gel’fand-Levitan

kernel, the 3 4 3 influence function can be used to simplify the second term in an expansion of

the potential in terms of the minimal scattering data. This simplification is also given. In the
Appendix the asymptotic form of the three-dimensional Jost wave function is given in a form
which is analogous to the asymptotic form for the one-dimensional Jost wave function and which

is compatible with our notion of triangularity for the Gel’fand-Levitan kernel.

1. DERIVATION OF THE INTEGRAL EQUATION FOR
THE GEL’FAND-LEVITAN KERNEL IN TERMS OF THE
SCATTERING POTENTIAL

The present paper will be written as a direct extension of
Ref. 1. When equations in Ref. 1 are referred to, a prime will
be placed next to the equation number.

In the present paper it is our objective to give an equa-
tion for a proposed Gel’fand-Levitan kernel in terms of the
scattering potential for the three-dimensional inverse prob-
lem. The analagous equation for the one-dimensional prob-
lem can be used to give the triangularity properties of the
Gel’fand-Levitan kernel and to show the relation of the ker-
nel to the potential (see for example, Ref. 2). As mentioned in
Ref. 1, we shall use the Green’s function (11°) in its three-
dimensional interpretation to construct the integral equa-
tion for the Gel’fand-Levitan kernel, just as it is used in its
one-dimensional interpretation for the integral equation for
the one-dimensional kernel as in Ref. 2. To review the treat-
ment for the one-dimensional problem, we repeat some of
the results of Ref. 2.

The Jost wave function f( x|p) which satisfies the inte-
gral equation (7°) using the Green’s function (11) is given in
terms of the Gel’fand—Levitan kernel

®Research sponsored by the U.S. Army Research Office under Grant No.
DAAG 29-78-G-0003 P-14919-M.
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F(x|py= e + f K (x| x') ¥ dx. (1)

We now equate the two expressions for f( x| p) given by

Egs. (1) and (7'):
i K (x|x") " dx'

— o0

+
= [ T -m e swipax
+
= f G,,(x —x") V(x') e? dx'
+ _+°°oo )
+ f f Gy(x —xYV(x)K (x'| x") " dx' dx".
&)
On multiplying through by (1/27) e = and integrating

with respect to y and using 27) ' § * = " dp = 8(x), we
have

K(x|y)=f TR—x|y—x) V(x)dx

_w+w + o
+f j R(x—x"|y—x")V(x)
X K(x'| x")dx'dx", (3)

where
+ oo

Rwlz)=2m ! j G, (w)ye *dp

_+w + oo
=(21r)“2J- f e* e " y(pk)dpdk. (4)
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The second of Eqs. (4) follows from Eqgs. (10") and (11°).
Our choice of Eq. (11") for ¢( p,k) is motivated by the
fact that R (w|z) and K (x| y) have appropriate triangularity
properties for the one-dimensional case.
For any choice of ¥( p,k ) such that
(p* — k) y(p,k) =1, it follows that

2

du’
(i.e., R (w|z) is an influence function for the 1 + 1 hyperbolic
differential equation. As we have shown in Ref. 2 and shall
show again below, the choice of (11") for y( p,k ) makes
R (w|2) causal or, equivalently, triangular. In turn, the trian-
gularity in R (w{z)assures us that X (x| y) will have appropri-
ate triangular properties. Let us define
2 2
Hy= -2, Hy= -2 ®)
ox’ ?
H, is thus the kinetic energy operator. From Egs. (3)—(5)
(Hg —HY) K(x|y)=8(x—y) V(x)+ V(x) K (x| y),
€]
or on defining K to be the integral operator whose kernel is
K (x| y) and I to be the identity operator which, when ex-
pressed as an integral operator, has as its kernel 5(x — ), Eq.
(M) is
HU = UH,, ®)
where U is the wave operator given by U = I + K. Equation
(8), in fact, is one of the starting points of the theory of in-

verse scattering as discussed in Ref. 3.
From Eq. (4) using Eq. (11') (see also Ref. 2),

Rwlz) — gz—zk(wm: W@, )

R (wl|z) = 37w — |z|), &)
where 7(x) is the Heaviside function
7(x)=0, for x<0; n(x)=1, for x>0. (10

The expression Eq. (9) for R (w|z) is a double Fourier
transform of y{ p,k ) and for the one-dimensional problem is
most conveniently obtained by first evaluating G,, (w) and
then using the first of Eq. (4). We make a point of this man-
ner of evaluating R (w|z) because in the three-dimensional
case G,; cannot be evaluated. Nevertheless, it is still possible
to obtain the three-dimensional analog of R (w|z).

From Eq. (3), one obtains after the methods used in Ref.
2, in which the causal character of R (w|z) as given by Eq. (9)
plays an essential role,

K(x|») =0, if x<y, (11
(x + ¥)/2 (x + 3)/2
Ken=1]  v@ar+s[ v

X f K(x'\z)dx' dz + 1 f Vix")
y —x + x' (.

x + /2

Yy + x — x'
X f K(x'|2)dzdx', if x>p. (12)
y—x+x
From Eq. (12) we obtain the familiar result
V(x) = 2(d /dx) K (x|x).
We shall now repeat the arguments which lead to the

three-dimensional analog of Eq. (3). The three-dimensional
analog of R (w|z), the “double Fourier transform” of ¥( p,k ),
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is an influence function for the 3 + 3 ultrahyperbolic partial
differential equation. This analog can be found explicitly. It
is a distribution with “causal” or “triangular” properties.
However, because it is difficult to visualize these concepts in
the six-dimensional space, we are as yet unable to write the
analog of Eq. (11) or (12). The bulk of the present paper is
devoted to deriving the analog of R (w}z).

We now parallel for three dimensions what we have
done for one dimension. We shall represent the Jost function
of Eq. (20") as

F(x|p) = €™ + f K(x|x) # dx, 13

where the integration is taken over all space. On equating the
expression for the Jost function by Eq. (13) with that in
terms of the Jost Green’s function given by Eq. (20") in a
manner entirely analogous to the derivation of Eq. (3), we
obtain an equation for the proposed three-dimensional Gel-
fand-Levitan kernel K (x|x’):

K(x|y) =J-R x—x'|y—x)VE)dx

+[[Ra—x1y—x")

X V(x) K (x'|x") dx’ dx", (14)

where the influence function R (w|z), which satisfies the in-
homogeneous 3 + 3 ultrahyperbolic equation

V2 R (w|z) — V2 R (W|z) = — 8(w) 5(z), (15)
is given by
R(w|z)=(2#)’3pr, (w)e ™" dp, (16)

R(w|z) = (2m) ¢ JJ e* e "y pk)dpdk. (17)

The three-dimensional analog of Eq. (7) is
H —HH K| y)=5x—y) V(x)+ V(X K(x|y),(18)
where

Hy= -V, Hy}=—-V.. (19)

The analog of Eq. (8) also follows from Eq. (19) as did Eq. (8)
itself from Eq. (7).

Equation (1) for the one-dimensional Jost wave func-
tion in terms of the triangular Gelfand-Levitan kernel as
well as the integral equation (7’) for the wave function con-
tains the boundary condition lim, , _ _ f(x|p) = . In the
Appendix we shall derive the analogous boundary condition
for the three-dimensional Jost wave function, even though
we cannot evaluate the Jost Green’s function of Eq. (20) or
give the triangularity properties for the three-dimensional
Gel'fand-Levitan kernel in a completely explicit form.

2. DERIVATION OF THE EXPRESSION FOR THE 3 + 3-
DIMENSIONAL INFLUENCE FUNCTION
It will be useful to write
Rwl2) = —— V3 H(wla), 20)
4r|z|
where z is the optical radius of z and H (w|z) is given by
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H (w|z) = ””V(P,k)dp— @1

el ]

Our major effort will be to obtain H (w|z) which will be a
perfectly well behaved function exhibiting causality proper-
ties. By contrast, R (w|z) will be a symbolic function because
of the operation V2 in Eq. (20). We shall first evaluate the
integral with respect to p in Eq. (21). One has

[ermrpkran= e tatry- 2~k
+9(—k)y, (PP —kDldp. (22)
However, as is well known,

J‘ewiz-pyi (pz_kZ)dp_ (2”)

|z| =" exp( £ iz| [k |),
(23)
so that Eq. (22) becomes

J‘e,f,.py(p’k)dpﬁ Qn)? |z| = '[m(k ) exp( — i|z}|k |)

+ 77( — k) expilz||k )]
2
- _(2’2") 2]~ e~ eIk 4)
Thus, from Eq. (21), on using optical coordinates for the
integration over k [k = k (sinf cosg, sind sing, cos6 )] and
optical coordinates for w [w = w(sin8’ cos¢ ', sinf’ sing ',

coséd ],
1 29
H(wlz)= — f d
W= - |
/2 + o
X f sind dGJ‘ kA -1 gk (25)
0 — oo
where

A = w[sin@ sinf’ cos(¢ - ¢ ') + cosb cosb']. (26)

Since only the absolute value of z appears, it will be
useful to define

g=z{, 27
and
H(w|q) = H (w|z) (28)
In Eq. (25) we introduce the variable
p=9—¢" (29)
We note that
2 T
f dp..- = 2f dp... . (30)
(0] (4]

Thus, from Eq. (25),
1 T T/2 .
Hwlg)= — — pf sindb (A — q) db,
22 Jo o
A = w(sind sinf ' cosp + cosé cosh ). a3n

To carry out the integration of Eq. (31) we must go from the
variables of integration p,0 to the variables A,6. Thus,

H(wlg) = — f def P 50— qg)dd, (32)
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where we still must specify the domain of integration in the

6-A plane.
From the second of Egs. (31),
P _ _ L (33)
ai w sin p sind sinf’

Hence, A is a monotonic decreasing function of p for w >0
and is a monotonic increasing function of p for w <0.

It is necessary to consider several cases.

Case 1: w>0, 0 <8’ <u/4: First consider the domain
of integration in the p—6 plane which is given in Fig. 1. The
domain consists of a rectangle bounded by the straight lines,
denotedbyL,,L,,L,,and L,, which considered as curvesin
the plane are givenbyp =0,p =7, 8 =0,and 6 = #/2,
respectively. Figure 2 shows how this domain appears in the
A—6 plane. The lines L; map into the curves shown in Fig. 2.
Theline L, becomes the curve A = w cos(6@ — 6'), theline L,
mapsinto thecurve A = w cos(d + 6'), theline L, istheline
segment 8 = 7/2, while the line L, degenerates to the point
(0,w cosé@ ). The curve corresponding to L, has its maximum
at @ = 8. The domain of integration naturally splits up into
three regions denoted by region I, region II, and region III.
For any value of g, draw the line A = ¢ in the 8-4 plane If
g > w, then because of the presence of the § function in Eq.
(32), we have

H(w|g)=0, g>w. (34

More generally, we see that from the second of Egs. (31)

(cos@ — cosfB cosf 2],
(35)

sinp sind sinf’ = [sin’0’ sin’B —

where 3 is defined by
cosB=A /w. (36)

In Eq. (36) and later we take
0<BL. 37
Putting in the limits of integration in Eq. (32) gives

e

INEY

FIG. 1. Domain of integration in the § = p plane.
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w
Region
(0, w cosBr) &

X = w cos(g-8%)

Region IT

%, w sing')

Region TII Ly 6 =

1A

Lyt A=

VB
@
e

& ;
T - w sing')

~.Gw e

¥IG. 2. Domain of integration in the -4 plane (w> 0, 8' < w/4).

1 /2 w cos(8 — 87)
( Iq 277'211) 0 wcos(d +8°) ( q)
X [sin?@’ sin’B — (cosf — cosB cosf'Y?] ~ 2 dA .
(38)

We now interchange the order of integration in the double
integral and thus have

1 “

Iq 27T2w -~ wsin8’ ( q)
~8:4A)
XJ [sin’@ ' sin?3 — (cosf — cosfB cos6 )] ~ 12 4g,
a,(4)
(39)

where 6, (1) is the curve consisting of L, and the left-hand
branchof L, in Fig. 2 and 6, (1 ) is the curve consisting of L,
and right-hand branch of L, .

We can now integrate over 4 and because of the § func-
tion obtain

Hwlg) = — — JW [sin6 " sin’a
27 w Jouo
— (cos@ — cosa cosf )] ~ 2 d8. (40)
In Eq. (40), « is defined here and later by
cosa = q/w, 0<a<. 41

The values of 6, (g) and 8, (g) are those values of @ which are
obtained from the intersections of the straight line A = ¢
with the curves 0, (4 ) and 6, (1), respectively.

Forw>g>wcosh’' (i.e., where A = q lies in region I of
Fig. 2),

6,(@=0"—a, 6,(q)=0"+a. (42)

We can now evaluate the integral of Eq. (40) in closed form:
Let the variable of integration x be defined by
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e cos@ - cos'a cosé . (43)
sind’ sina
It is to be noted that x is a monotonic decreasing function of
6 and thus there are no troubles with branches. Then

+1
Hol = — [ (-
= - (1~ x%)" “dx,
e w.[)
or finally
H(wlg)= — L w>g>wcosd’. 44)
2w
Forw sinf’ <q <w cos@’, i.e., A = g isin region II of Fig. 2,
O (@=a—0', O,(@=a+0" (4%5)

On evaluating the integral of Eq. (40), one obtains the same
expression for H (w|q) as in Eq. (44). Finally, for this case we
take w sin@’ > ¢ >0, i.e., A = ¢ is in region III.

In this case,

b @=a—0' 6, =mn/2 (46)
Then
1 — cota cotg”’
H(WIQ):EﬂJ—f (1 —x*)~"dx
w
- (1—x")~"dx
-5 ()
ota CO!léU
+ f (1 xz)—x/zdx)’
4]
or finally
H(w|g) = 2712 [ + sin " '(cota cotd’ )] .(47)

In Eq. (47) the principal branch is taken of sin ~'

From the conditions on g we see that

cosax < sin@’ or cosa <cos(w/2 —8").
Hence,

a>w/2 -0 or a+0'>m/2
and

cos(a + 8') <0 or cota cotd’ < 1. (48)
The inequality of Eq. (48) assures us that the argument of
sin ~'in Eq. (47) is less than unity and the principal branch is
defined and real.

Thus, for ' < 7/4, w> 0, we may summarize our re-
sults as follows:

H(wlg) = — [n(g — wsing") — 5(g — w)] (_27:;)

~ [n(wsing’ —q)][—‘— -
47w

2w

X sin ~! (cota cotd ’)] , (46a)

where 7(x) is, as usual, the Heaviside function 7(x) = 1 if
x>0, and 7(x) =0if x <0.

Case 2: w>0, m/4 <8’ <w/2: The domain of integra-
tion for this case is given in Fig. 3. Despite the difference in
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Region I
A = w cos(8-8")

—

Lyt (%, w sind')

Region II

Sw b=

(8, w cosé’)

Region III

@
[

A = w cos(e+8")

s

r .
(7, -~ w sing")

FIG. 3. Domain of integration in the 6-A plane (w> 0, 8' > 7/4).

the structure of the domains of integration, the expression
for H (w|qg) for this case is identical to that for case 1, namely,
Eq. (46a). The details of the calculation are omitted, since
they are very similar to those for case 1.

Case 3: w < 0: The domain of integration is shown in
Fig. 4. Again, despite the differences in the domains of inte-
gration between the present case and the previous ones, the
details of the calculation are very similar. We obtain

1 1
B = o~ 5w

We can now write the general form for H (w|q):

sin ~ ' (|cota| cotf’) . (47a)

Hwlg) = — [9@w — q) — n(wsind’ — g)] ——

27w
— 7(|w| sin8’ — q)
1 .
+ sin ™' (|cotalcotd@’) | .
47 |w| 27w | |
(48a)

To summarize,
R (w|z) = —I—Vf,H(w|z), (49)

41|z|

where H (w|z) = H (w|q) with H (w| g) being given by Eq.
(48a) and

g=|z| and cosa=|z|/w (O<a<m). (492)

Clearly, R (w|z) is a distribution, since it involves derivatives
of a function.
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To evaluate integrals of the form which appear in Eq.
(14), we consider test functions f(x) and first evaluate the
functions

L Hxzr@
47z|

& (xy) = J-

g (x)=

S S
47}y — x'|

&mnfzﬂ;E;THaw—wuuoac (50)

Hx—x'|y—x)f(x)dx,

For suitable test functions, these functions are well defined.
We now define

G&ﬁ=fRMﬂﬂ@ﬁ,
@@Jh=fR@—rw—fN@3ﬁﬁ

Q@Jﬁ=mey—rvﬁﬁﬁ’ 1)
by

6,0 = V2 g,(0),

GZ (X’Y) = Vi 143 (X’Y);

G,(xy) =V ; g (xy), (52)
respectively.

3. TRIANGULARITY CONDITIONS

From the explicit expression for H (w|q) given by Eq.
(49), it is seen that R (w|z) vanishes in the six-dimensional w—
zspacewhenforw>0,|z| >worforw <0,|z| > —wsind'. A
coarser domain in which R (x|z) vanishes is given by

(;, - w sinb")

T3 o= w ocos(g+e’)
'J,Regior. I

r
2

b =1 =

(;—', w sing')

Lyt A = w cos{8-8")

(0, w cosé')

Ly -w

FIG. 4. Domain of integration in the -4 plane (w <0, 8’ <7/4).

H.E. Moses 87



R(w|z) =0, for |z|>|w]. (53)

The triangularity conditions on R (w|z) should lead to
triangularity conditions on K (x| y) through the use of Eq.
(14). It seems hard to show this triangularity in general.
However, for the important special case in which the poten-
tial ¥ (x) vanishes identically for sufficiently large x, i.e.,

V(x)=0, for |x|>R>0, (54)
we shall show
K(x|y)=0, |y|—|x|>2R (55)

if the solution X (x| y) of Eq. (14) is unique.

Actually, one can see from the proof that follows that
K (x| y) probably vanishes in a smaller domain of the six-
dimensional space. The condition (55) is not inconsistent
with our three-dimensional treatments of Refs. 4 and 5 in
which the triangularization condition is taken as
K (x| y) =0for | y| > |x|.

We now proceed to the proof of Eq. (55) under the con-
dition of Eq. (54), i.e., we shall take

ly| — x| >2R (56)
and show that
Kix|ly)y=0 (57

is a solution of Eq. (14). The assumption of the uniqueness of
the solution then completes the theorem.

We shall first show that under the condition of Eq. (56)
the first term on the right of Eq. (14) vanishes. From Eq.
(56),

Lyl? = x|*>2R (| y| + [x]). (58)
However,

Lyl + x>y — x| (59)
and thus

|yI? = x*>2R (| y ~x|). (60)

From Eq. (54) we only need consider x’ on the right-hand
side of Eq. (14) such that

|x'| <R. 61)

Thus, from Eq. (60),

byl — [x]*>2|x|| y — x| > 2x"*(y — x). (62)
From Eq. (62),

ly —x'|?— |x—x'|*>0. (63)

Thus, from Eq. (53) the first term on the right of Eq. (14)
vanishes.

Now let us consider the second term on the right of Eq.
(14). Since we are assuming Eqgs. (56) and (57), the only
possible contribution from the integration in the x’" and x”
variables comes from the six-dimensional domain

[x'| — |x"|>2R. (64)
However, from Eq. (61) it follows that
- [x"[>R (65)

and hence there is no domain of integration in the x’,x” var-
iables which give a nonzero contribution to the second term.
Thus, we have proved our theorem.
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4. AN ALTERNATIVE FORM FOR THE DISTRIBUTION
A(w|z)

From Egs. (20), (21), and (25),
Vi H(w|z) = dd H(w|z). (66)

z2

Hence, since H (w|z) in its dependence on z depends only on
|z|, we have on expressing the operator V2 in terms of polar
coordinates

47R (w|z) = V2 [H(w|z)/|z]] . (67)

When we apply R (w|z) to a test function and integrate
by parts, we obtain the distribution R (w|z) in a form more
compatible with the notion of generalized differentiation in
terms of test functions

4 f R(w|z —2) f(z) dz’

- [ 1@z -2 -2 Vi@ dr. (@

In this form the influence function R (w|z)is more easily used
when solving the analog of the initial value problem for the
3 + 3 ultrahyperbolic partial differential equation.

5.AN APPLICATION OF THE INFLUENCE FUNCTIONTO
AN EXPANSION FROM THE INVERSE PROBLEM

In a very early paper on the inverse scattering problem
for the three-dimensional Schrodinger equation (Ref. 6), the
author gave an expansion for the construction of the scatter-
ing potential in terms of a surprisingly small portion of the
scattering amplitude. To be explicit let us consider a solution
of the Schrodinger equation

[— V24 V()] d(x|k) = K¥(xK) (69)
subject to the boundary condition that it be asymptotically
representable as the sum of a plane wave and an outgoing
spherical wave

PRI

lim, .. #(x|k) = Q%) 2™ +b(K' k) ] , (70)
where

k' = |k|(x/[|x]), (70a)
in the usual fashion.

Let us define

b(k)=b(—-kk), k,>0 an
To define b (k) for k, <0, we write

b(—k)=b*Xk). (72)

Clearly, b (k) defined by Eq. (71) is the amplitude of the
spherical wave when observed in a direction opposite to the
direction of propagation of the incident plane wave with k
pointing in a hemisphere about the z axis. In Ref. 6 it is b (k)
which is the portion of the spherical wave amplitude which is
required for the reconstruction of the scattering potential.
Though a particular axis (the z axis) plays a special role in
the definition of b (k), one could use any axis with respect to
which the definition could be made.

In Ref. 6 one obtains a set of equations from which one
can obtain the scattering potential V' (x) in terms of b (k). On
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replacing b (k) by €b (k) and on writing V' (x) = 22_, €

X ¥, (x), one can obtain expressions for ¥, (x) in terms of
Fourier integrals of distributions. The expression for ¥, (x)
is simple and can be given immediately. The expression for
V, (x) is more complicated and involves the use of R (w|z):

V.(x) = — (ﬁ)m f b(K) e~ dk, (73)

T
as before. However, now

i = v [[He=x = )

|xl _ xII
X Vi (x) Vi(x") dx' dx" . (74)
APPENDIX
In this Appendix we prove
lim f(x|p)= lim €™
= 50 -1)5@-0),  (AD
xp sinf

where we use optical coordinates for x and p:

x = x(sind cose, sind sino, cosd ),

p = p(sinf cosd, sinf sing, cosd). (A2)
We start with
lim ™™= — -—ﬂ e 50 —1)5(p —0). (A3)
x>t oo xp sinf

Equation (A3) is a well-known one which shows how plane
waves can be represented asymptotically as spherical waves
in the sense of distributions. It is usually proved using sad-
dle-point methods. A heuristic method is used in Ref. 4 to
prove the relation in terms of ordinary spherical coordinates.
From Egs. (18a’) and (55’) and the above equations,

lim (x|H,, 4, ;E,a,0,4 )

X+ — 0

= —27i[Q2n)** E*(2 sin8)'?] ~!
X % 56 — 1) 8 — o) [exp(aE "*x)].  (A4)

Now the outgoing eigenfunction ¢ _ (x|p) is written in terms
of the energy-angle representation as

(x| HAEa0¢)  =E"*[(in0)/2]1"* ¢ _ (x|p),
(AS)

where ¥ _ (x|p) is given by Eq. (18').

We now want to let x— — o in (x| H A4 ;E,a,6,¢) .
In the usual elementary treatments of scattering, the asymp-
totic limit is expressed as the sum of a plane wave and an
outgoing spherical wave whose amplitude is simply related
to the scattering operator. However, in the sense of distribu-
tions, the plane wave portion of the asymptotic limit should
be expressed in terms of spherical waves using Eq. (A4).
Expressing the amplitude of the outgoing spherical wave in
terms of the scattering operator
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lim (x| H,A4;Ea6,¢) _

= —2mi[Qm)* EV42sind) x] ~!
X [6,, €F 80 —1)8(¢— o)
—e EVX(_ 1L4,0/S(E)|a,6,6)]. (A6)
InEq. (A6), (a’,0",¢'|S (E)|a,0,¢ ) is the reduced scattering

operator defined in Eq. (58").
In analogy to Eqgs. (58') and (38') we define

(0,0, |u_ (E)|a',0",¢’) and (a,0,¢ |u " (E){a’,6 "¢ ") by
(Ho, Ao ;E,0,0.6 M _ | Hy Ao E",a',0',6")
=8(E—E")a 0, |u_(E)d,0"8"),
(Ho Ao ;Ea6,¢ | M ~'|Hy Ao E'a'0',4)
=68E —E"){a,06 |p~(E)|d',0'¢"), (A7)

respectively. We have from M ~'M = I and from Eq.
(46") the following two results, respectively:

2T /2
ZL dé L do” {(a,0,¢ |u_"(E) a",0"¢")
T (a6 | (E)|a'\0"6")
=0,, 0(0—0)6(¢—¢", (A8)
(a,0,p| =" (E)|a' 9',¢")
=0, 41 0aua 6(0—0)5(—8")
+ 8, (= 1LO¢|S(E)a.0'¢"). (A9)

Thus,

lim <X| H,A ;E,0,9,¢ ) -

X—+ — oo

27 7/2
= lim Z do’ f do’
X -0 g () (]
X <X| Hy, A, ;a0 ’,¢ )]
X (a0’ u_"(E)|a,b:¢).
From the first of Egs. (33'),
(x| HA E,a,0,¢)

2T T2
:ZJ a’¢'f dé' (x| HA ;E,a',0'¢") _
a JO 0

X(a',0'¢'\u_ (E)|a,0.).
Finally, from Eqs. (A10), (A11), and (A8),

(A10)

(A1)

lim (x| H,4; E,a,6,6)

-—> —

— lim <X|H0 )Ao ;E,a’99¢> »

X—>— o

which is just Eq. (A1).

(A12)
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An expression is derived for the five-term WKBJ approximation.

I. INTRODUCTION

Only a few problems in quantum mechanics can be
solved exactly, and approximation methods are therefore of
great practical importance. The WKBJ method'™ is one
such important method. The single-term (first-order)
WKBJ approximation is frequently used in practical appli-
cations to bound state problems.

Dunham?’ obtained the second and third nonzero terms
in the WKBJ quantization condition. Kreiger ef al.® have
used the three-term WKBJ approximation to calculate some
eigenvalues for the potentials of the form ¥ (x) = Ax**. The
three-term WKBIJ approximation has been used by Kesar-
wani and Varshni,” and by Kirschner and Le Roy,? to calcu-
late the eigenvalues for the Lennard-Jones potential; the for-
mer authors evaluated the contour integrals analytically,
while the latter used a quadrature procedure. The three-term
WXKBJ method has been applied also to a quartic potential
with a finite binding energy.’ The fourth term in the WKBJ
approximation has been derived by the authors' and the
four-term WKBJ method has been used successfully to cal-
culate the eigenvalues of high accuracy for the Lennard--
Jones potential.'

In the present paper we derive an expression for the fifth
nonzero term in the WKBJ approximation. The final expres-
sion for the five-term WKBJ approximation is put in a form
such that the integrands occurring in the expression are free
of nonintegrable singularities.

il. DERIVATION

We start with the time-independent Schrodinger
equation,

% | 2

+ L E-V®Iv=0, 1)

dx’ # v (
where the symbols have their usual meaning. The WKBJ
approximation consists in seeking a solution in the form,

= exp( —;7 J-X y(x,E,#) dx) , (2

where y(x,E,#) is represented by an asymptotic series
expansion

s ﬁ s
B = 3 (2 )nwh). 3
s =0
The y, = y,(x,E) are determined in succession from
Yo = + [2W(E - V)]'? C))

and the system of differential equations
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yl’l 1= - z Yu o mVm (5)
[¢]

obtained by inserting (2) in (1) and equating to zero the coef-
ficients of successive powers of #. Here the prime denotes the
differentiation with respect to x. The recursive formulas for
v, for odd and even n take the following forms:

= Y5/ 20 ifk=0
[ =y’ ] ifk =1
Yo g1 = ) &
[ =/ — (W/p) Y v o1,
§ =2
ifk=23,..,
(6)
[=»7205 1 + i /20, ifk =1
Vop = [—y‘s/2yo]'—y§/2yo ifk=2

k1
[_YZA 71/2}’0]’ —(1/yy) z YVar “}"i/z}’o
ik =34,....

The discrete energy levels are obtained from the quanti-
zation condition

-+ bh = 56y dx + z(?)éy(x) dx, ™)

where v is the quantum number, and the domain of x is the
complex plane cut along the real axis between the classical
turning points and the integration is carried along a contour
¢ enclosing the classical turning points but no other singular-
ities of the integrands, and not crossing the cut.

We note here that the series expansion (3) is only semi-
convergent and cannot yield an exact solution in all cases.'"?
Care must be given to the degree of precision with which Eq.
(7) leads to satisfactory approximations to the energy levels.
It is expected, however, that the approximation will be good
whenever the terms of the series on the right-hand side of (7)
diminish rapidly; and that an exact result is obtained in case
the series involved is convergent.!! For the calculation of
energy eigenvalues for potentials which have two classical
turning points, the WKBJ approximation holds best when
the two classical turning points are well separated (i.e., for
high quantum numbers) and the potential is slowly varying.
For most diatomic potentials for which ¥ (r ) c(r — r.)* in
the neighborhood of the minimum, the WKBJ approxima-
tion works very well. However, if one is dealing with a rapid-
ly varying potential, the series in (7) may not be convergent
for very small quantum numbers, and it should be terminat-
ed at an appropriate term.

Simplifying Eqs. (6) successively, we obtain
Vv, = — y,/2p, together with

© 1980 American Institute of Physics 90



P [ — /%1

2ys = [30,/90)" = 9:/¥0]'»

2, =[— 10./V) —p/Vo + ¥ 02 /%1,

Ws = [§02/¥0)* — ¥s/¥o + Ws¥: + WDVE =y 13 /%) s

n=1[0- %(Vz/)’o)S —V10/Vo + ey +}"6.V4)/J’(2)
— eV + YV Fyan /],

2y = %(Vz/J’o)é — VYo + oy +Vebs + %}’é)/}%
- (.Vsyg + 2 pay; + %J’i)/yg)
+ o3 + 3PV —ya¥3 V51,

etc., and

W, =[=n/w]) +¥i/v0,

2y =[=n:/v] —¥i/¥o

We =[—2s/Vo +1:0:/V5 1 +Vi/Yo +32/¥5

2y, = [-J’7/YD +ysy,/¥5 *ysyg/}’?) ]’
—Yi/Yo — VYo — V1 /Vo s

2o = [ —vo/Vo + W1y +Ysya)/¥5
—@sp3 + LIV A Yyl
+ 3y + iy Vs + VIV + Y3 /Y0 s

2, = [_J’n/yo + (o), +}"7y4)/yg
— W23 + Wsyays — 5 Vays )/
+ysi/vs =y /v Y
—ye/vo — (3viy, —23)/vo —
— Ty Vo = Y3 /¥ »

N AIA

etc.

Since y;,ps,¥;,...reduce to become derivatives the inte-
grals $_y, dx, §.ys dx, §.y, dx,...along a closed contour
vanish. It is only y, and y, .y, ,V,...that contribute nonzero
values to the right-hand side of (7).

On considering contribution due to terms up to y,, the
quantization condition (7) takes the form

v+d=0 +L+ 0L +1,+15, (8)

where I, ,1,,1,,1,, and I represent the contributions due to
Yo V2 1VasYe, and pg, respectively, and are given by

1/2
=@/ §(E— V)~ dsx,
27 e

1/2
L=_"a’” 56 VAE - V)V dx,
2677' 4
17213
13 —_ [‘ﬁ/(zﬂ) ] § [49V/4 _ 16V¢VIH(E__ V)Z]
227 c
X(E—" V) - 11/2 dx’
17215
= — e §[1675V’°(E_ py -1
21777' ¢
+ 4020V 4V (E — V)~ ¥ 4 480V V"
+ VYV INE - V) L 6d4(18VV VT
—V"YE—~V) "2+ 128V"YE — V)~ ] dx,
and
17217
I = - el 3§[1115525V'8(E— py- e
22477' 13
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+ 3569680V "V "(E — V)~ 272 4+ 3229140V V"

+ 107637V “V ") (E — V)~ "2 + 128(1105V V@

+ 11476V 3V " V™" 4 7466V 2V "*YE — V)~ '7"?

+ 256(884V 2V "V L TS4V 2V "2 4 848V 'V "RV

+ 365V "WE — V)~ 2 1 204828V V"V @

—~ 3V L QY Y INE - V) 2

+ 4096V Y(E — V) "] dx . 9

The nonintegrable singularities at the classical turning

points in the integrands of 1, ,1,,1, I can be removed using

the method of Kreiger et al.* and (8) can be written in an
equivalent form with 1,7, ,/,,1,, and I, given by

172 Ty
I, = QMJ (E~V)"dx,
T .

_ ﬁ/(z'u)l/Z—d_ 72

I, = V'(E-V) Vdx.
2 #tr dEJ, ( )
1/213 3 ry
13 — [ﬁ/(Z[t) ] d f (7V”2 - SV;VW)
6! 41 dE?® ).,
X(E—V) Ydx,
17215 5 4]
14 = — [ﬁ/(z,u‘) ] [ d (93V”3 _ 224V’V" Vm
9t 2 dE* J.,
+3SVOVE — V)~ V2 dx
d4 J"z B ]
216 V"E-V) dx|,
M dE* J,, ( )
and
17277 7 7>
I, = W] [ d J (1143V"* 4 2065V "2V
100487 L dE’ ).

— 175V VONE — V)~ dx

[} 7>
“};J GS2V V™ 4 6511V "2y @)

d
ds € 2
X(E—V) '"?dx—20 J. 291 @
( ) dE* J, (
+ 1V VIONE - V)~ 172 dx] . (10)

Here , and r, are, respectively, the smaller and larger posi-
tive roots of E — V' (x) = 0, and ¥ represents the nth de-
rivative of V.

Equation (8) in conjunction with (10) can be used for
calculating the eigenvalues for suitable potentials to a high
degree of accuracy.
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The rosette of rosettes of Hilbert spaces in the indefinite metric

state space of the quantized Maxwell field
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The indefine metric space S,, of the covariant form of the quantized Maxwell field M is analyzed in
some detail. S, contains not only the familiar pre-Hilbert space L° which occurs in the Gupta—
Bleuler formalism of the free M, but a whole rosette of continuously many, isomorphic, complete,
pre-Hilbert space L? disjunct up to the zero element of S,,. The L7 are the maximal subspaces of S,
which allow the usual statistical interpretation. Each L° corresponds uniquely to one square
integrable, spatial distribution j °(x) of the total charge Q = 0. If M is in any state from L?, the bare
charge j °(x) appears to be inseparably dressed by the quantum equivalent of its proper, classical
Coulomb field E(x). The vacuum occurs only in the state space L° of the free Maxwell field. Each L?
contains a secondary rosette of continuously many, up to o disjunct, isomorphic Hilbert spaces H,
related to different electromagnetic gauges. The space H §, which corresponds to the Coulomb gauge
within the Lorentz gauge, plays a physically distinguished role in that only it leads to the usual
concept fo energy. If M is in any state from H {, the bare 4-current j °(x), j(x), where j(x) is any square
integrable, transverse current density in space, is endowed with its proper 4-potential which depends

on the chosen gauge, and with its proper, gauge independent, Coulomb-Oersted field E(x), B(x).
However, these fields exist only in the sense of quantum mechanical expectation values equipped
with the corresponding field fluctuations. So they are basically different from classical

electromagnetic fields.

1. INTRODUCTION

The purpose of this work is a careful extension of the
familiar Gupta—Bleuler formalism'-® of the free electromag-
netic or Maxwell field M in the direction of interaction.

We remember that the canonical quantization of the
relativistically invariant form of M can be realized only'~® on
a state space % ,, with an indefinite scalar product'® (-|-) or
metric. Gupta' and Bleuler® obtained an acceptable quan-
tum theory of the free Maxwell field by restricting the formal
theory on .%,, to the familiar subspace .£’° which contains
only states of transverse photons with proper “admixtures”
of longitudinal and scalar photons.' These “good ghosts”®
are chosen so that the restriction [-|-] of {-|-) to .%’®is positive
semidefinite. .¥°° is a pre-Hilbert space if we agree'''? that
this means a complex vector space endowed with a positive
semidefinite, sesquilinear®** form [-|-] so that the Cauchy-
Schwarz inequality holds®'? on it. The theory on .#° there-
fore allows either the direct Born interpretation, or the
equivalent construction®'? of a Hilbert space #° whose ele-
ments are equivalence classes of elements of .¥”°. To avoid
confusion we assume that the definition of a Hilbert space
includes separability, completeness, and a positive definite
scalar product or Hilbert metric (-|-). These conventions ap-
ply also to the abstract.

Only a few results exist for the case of interaction.
The only way to a quantum theory of an interacting system
seems to lead over the well known'?

3,7-9
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Interaction postulate: The state space *,, , ,, of an in-
teracting system M + D is the tensor product \?

Frurni=Lu®5p (D

of the state spaces .~ y, and .7 |, of the respective interaction
partners M and D.

This has such important consequences for the structure
of the coupled system M + D and the potential measure-
ments on it that the postulate can be rightfully regarded as
the chief characteristics of the notion of interaction altogeth-
er. For example, the conventional form>%'* of relativistic
quantum electrodynamics (QED), the theory of the interac-
tion of M with the quantized Dirac field D, contains silently
an analogous assumption.

In nonrelativistic theories'*'* one usually assumes that
both factors in (1) are Hilbert spaces. As this cannot hold for
 u, the postulate must be reconsidered in relativistic theor-
ies like QED. A first choice for the space of physical states of
M + D is certainly .#°® % ,,. However, since transverse
photons and/or good ghosts® cannot® mediate the quantum
equivalent of the Coulomb interaction between the quanta of
D, this choice must be abandoned. So it is necessary to study
states of M with admixtures of bad ghosts® which are not in
L,

In particular, we wish to learn whether .%,, contains
subspaces other than .#° which are also pre-Hilbert or Hil-
bert spaces, what these spaces mean physically, and how
they are geometrically related to .#”°. The answers must be

13,15
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sought by means of an analysis because, in close analogy toa
Fock space,'*'® the structure of .%,, is mainly determined
by the commutation relations

[HF(X),AV()’)] = - ig ny 5(X - Y),

[, (0.1,()] =0, [4,(04,()]=0,
of the canonical dynamical variables of M which are to be
represented on .%,,. We use natural unitsso that#i=1 =g,
the Minkowski metricg,, =g** =g(uu) =(—1,1,11),
and the usual summation convention so that, e.g.,
=4, d*=7* —3a*/dt’.

The space .%,, will be analyzed by studying the pseu-
dointeraction of M with any prescribed, conserved, classical
4-current j#(x) = j#(1,x), in close analogy to corresponding
examples'*'%1%2% on a Fock space. This is possible because
in classical electrodynamics (CED) the *““abstract” 4-current
J plays the role of a parameter (cf. Sec. 2) whose single values

J*(x) can be prescribed within the condition d, j#(x) = 0.
The theory of M + J is therefore defined only on ., and so
it is not characteristic of the actual interaction problem of
QED which requires some equivalent of (1). However, it
excellently serves as a physical illugtration and for the math-
ematical parametrization of the structure of ¥, which, be-
ing mainly determined by (2), is prior to any actual
interaction!

The details on the structure of ., are mainly needed
for future extensions of the systematic W W-approach'” to
relativistic field theories like QED. In particular, they allow,
and indeed necessitate, a greater flexibility in the formula-
tion of equivalents of (1) (Sec. 12). Within the limits of the
present work they suggest an elegant solution of the gauge
problem (Secs. 8-12), and provide us with acceptable quan-
tum equivalents of the classical Coulomb—Oersted fields
(Sec. 10),

@

o s X))
E(x)"" VJ'd x 4 lx_xr| 4
o R 0.9
B(x)._vxfd x eI 3

of the subset J = {j“(x)} of all stationary, integrable and
square integrable, classical 4-currents j#(x) which satisfy

0= fd o) =0, Vi) =0. @

The condition Q = 0 is very important (Sec. 12).

The most prospective aspect of our results is maybe that
the act of the restriction of the theory to any pre-Hilbert
space .2 ?in .¥,,, which is necessary to allow the statistical
interpretation, provides us at the same time with a natural
explanation of the observed inseparability of any 4-current
JH*(x)eX from its above eigenfield. This is maybe a caricature
of a solution of the confinement problems of QED and QCD.
Real electrons or positrons are never bare of their Coulomb
eigenfields as assumed in QED for the free quanta of the
Dirac field, and the bare quarks of QCD have not been ob-
served either.

In any case, our resulits allow the comparison of ., to
a well-ordered warehouse or dressing room where the quan-
tum mechanical eigenfields of all #*(x)e3 are kept in store for
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the case of interaction subject to some equivalent of (1). Ac-
tual 4-currents like j, (x) exist then, in general, only as expec-
tation values of the Schrodinger or Heisenberg operators
JH(x), J#(x), of the abstract 4-current J in appropriate states
of D; compare, e.g., Ref. 15. So the present;j#(x) play the role
of dummies that wear the potential quantum-mechanical
Coulomb-Oersted dresses of actual currents of QED. Our
stock of such robes therefore retains full relevance for QED,
though some more fitting will probably be necessary.

These prospects compensate by far the repellent fea-
tures’ of the indefinite metric on .#,,. The latter is mainly a
consequence of the break of the symplectic symmetry of the
Hamilton formalism by the Lorentz condition, and arises
already in CED. This is briefly discussed in Sec. 2. .7, is
defined in Sec. 3. In Sec. 4 we consider three eigenvalue prob-
lems which prepare the actual discussion of the structure of
&y in Sec. 5. Sections 6~12 contain the quoted results on
the pseudointeraction of M and J and some further conse-
quences for QED. The remainder of the work consists of the
necessary proofs.

2. THE BREAK OF THE SYMPLECTIC SYMMETRY BY
THE LORENTZ CONDITION IN CLASSICAL
ELECTRODYNAMICS

We first cast an eye on the classical origin of all prob-
lems with the quantization of the Maxwell field M.

In any reference system with coordinates x = (¢,x) a
symplectic covering theory (CCED) of CED can be obtained
from the Hamilton functional

H,:=H, {II *(x), 4,(x)}
=} f d>*x{IT* ()11, (x) + [VA*(X)] [v4,(x)]

+ 24t x) 4, (x)}. )]
J*(x) = (7°(,x),j(1,x)) denotes the components of any given,
conserved, concrete 4-current which can indeed be pre-
scribed like the value of a parameter J. IT*(x) is the canoni-
cal momentum amplitude, 4, (x) the corresponding canoni-
cal position amplitude of M. The Hamilton equations of
motion corresponding to H, read

g; THex) = — [8H,/64,] = —j*(tx) + VPa (tx),

6
aira LX) = [8H,/8IT*] = 7, (1%).
The square brackets contain the usual functional derivatives
and indicate further that concrete functions 7 #(¢,x), a,, (¢,x)

are to be inserted for the abstract variables IT#(x), 4, (x).
Iteration of (6) yields

Oa,(tx) =/ (%), O, (6x) = %j,@x} ™

Equations (6) and (7) show that CCED unites the sym-
plectic symmetry of the canonical formalism with the Min-
kowski symmetry of relativity. The symplectic symmetry
must be broken, however, if we want to arrive at Maxwell’s
equations. We achieve this by selecting from the symplectic
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set MC = {a#(x), j#(x)} of all solutions of (6) the subset
R C M of all such pairs which in addition satisfy the Lo-
rentz condition

d*a,(x)=0. ®)
It is obviously possible to identify the sets IC, P with the
corresponding theories CCED, CED. To any pair
{a#(x)j*(x)}€IR we can namely define an electromagnetic
field tensor

f;;v(x): = a‘u av(x) - av ap(x) (9)

which satisfies the covariant form of Maxwell’s equations

9 o f%) + 8, £,0%) + 9, f, (¥) = O, (102)
a* f,(x) = 3*3,a,(x) — 3*d.a,(x)
=0 av(x) - ava’uap.(x) =.l v(x)‘ (IOb)

Equation (10a) is compatible with both symmetries because
it is a consequence of definition (9). Eq. (10b) breaks the
symplectic symmetry because it requires (8). The same can
be said of current conservation

3% (x) =d*0a,(x) =0d%a,(x) =0, an
which therefore could be considered as a consequence of the
break of the symplectic symmetry by the Lorentz condition.
However, as usual, we regard 3%/ ,(x) = 0 as an a priori
property of the abstract 4-current J.

The break of the symplectic symmetry is symbolized by
the inclusion @ C IR C IMC which is the main cause of our
trouble. The first principles of canonical field quantization®
replace the conjugated canonical variables P, (x), Q,(x) of a
Bose field by Schrodinger operators P,,(x), @,(x) which
satisfy

(P,x),0,(N]= ~1i6,,6(x—y), etc. (12)

Equations (6) show that /7*(x) and 4, (x) play the role of
P, (x) and Q, (x), respectively. So Eq. (12) must be replaced
by [IT#(x), 4,(y)] = — i6* 8(x —y), etc., which is equiv-
alent to (2). The respective Heisenberg operators /7, (x),
A, (x) satisfy the corresponding equal time commutation re-
lations. Since the classical variables /7#(x), A, (x) vary over
the covering set I, the corresponding Schrodinger or Hei-
senberg operators are representatives of this J¢. They be-
long therefore to a formal quantum theory T © which is more
general than the desired quantum theory 7 corresponding to
CED. This suggests that 7 might be some restriction of 7°€.
Equations (6) show in particular that co- and contravar-
iant variables of M are to be conjugated canonically. This is
the actual origin of the factor g, in (2) which necessitates
the introduction of an indefinite metric (-|-) on .%,,. If the
desired theory T'is to allow the statistical interpretation, this
forces us to look out for restrictions of 7' to some Hilbert or
pre-Hilbert space in .%°,,. Since the structure of ., is main-
ly determined by (2), it was not trivial that this program
could be realized altogether for the free Maxwell field,'? and
it is still less trivial that infinitely many other, physically
prospective realizations are possible, as we shall see here.
We note finally that the quantities ., 4, (x), /T, (x)
should have been ascribed to a generalization M € of the ac-
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tual Maxwell field M, but this linguistic distinction is not
relevant.

3. THE STATE SPACE OF THE QUANTIZED MAXWELL
FIELD

We define now the space %, which carries an appro-
priate representation of the canonical commutation rela-
tions (2), and consider some important operators on it.

Denote by K ° the empty set @, and by K ” the set
&y sk, 2, ) Of n = 1,2, pairs of real variables k., i,
where any k,, varies continuously over the R* and any 4,
assumes the values 0, 1, 2, 3. Hereafter, define the symbol
[dK"by

de"...; = Jd3kl...d3kn i i -, (13)

my=0  pu,=0
where fd *k denotes the elementary Lebesgue integral over
R>. If necessary,’ a weight function like [ (k, (... [k, []~"*
can be included in the definition of { dK ".-.. Consider also
the covering Fock space F € of all sequences

a: = {ay (K%, a,(K"), a,(K?), -} (14)

with the following properties: The nth component of 2, a,,
=a,(K "), is a complex number for n = 0, and for

n = 1,2,... it is a complex-valued function, symmetric in the
pairs (k, 4, ), and defined in such a way thatfdK " |a, (K ") |?
exists. The Hilbert scalar product on % € is given by

Blay=B3a,+ S |dK"BHKDa K™ (15

n=1
and exists for any a fe.% € if ae.¥ © means
lall: = (@|a) /* < «, as usnal. We ssume that 7  has been
completed already.
The norm |---}] on # € defines in particular a complete
Banach space % . On this Banach space we introduce a sec-
ond scalar product’

(BlaY:=Btay+ S | dK"BHK" g(p, p1)

n=1

X8(nsthn) @ (K", (16)
and define . ,, as the pair
= (B | )). (17

This definition includes a close analogy to the Minkowski
space .7, = (R*xy), with xy: = x* g, y*. The norm ||--||
on % plays the role of the Euclidean distance on R*in that it
determines a natural topology on % ,,. The latter is used
locally to define the identity of points (@ = B if ||l — B ||

= 0), and in the usual notions of the Cauchy convergence of
a sequence, and of the density and completeness of arbitrary
sets of points ae.% ,,. The Banach topology is employed glo-
bally to define the domain D(2 ) = {a:||2a]| < « } of an op-
erator {2 on .#,,. The indefinite metric (-[-) on ., the
analog of xy on %, is used for the definition of the adjoint
2% of 2 (sothat (B2 *a) = (2B |a) = (c|42B)*) and
for the computation of matrix elements ( 3 |f2a) and expec-
tation values (a|f2a).

. » contains the zero-vector o: = {0,0,--} and the nor-
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malized vacuum w: = {1,0,0,-}. (a|B ) exists for any a,
BeS y, and satisfies |(a|8 }|<||al| |8 ]| but, in general, not
Ka|B)|’<|{ala){B|B )|- & u is nondegenerate! and de-
composable,”® but this will not be needed here.

In very close analogy to Fock spaces!*'¢ we define de-
struction and creation operators a,, (k), a,;" (k) by

@,®a), (K" =+ D",  ,(kpK"), n=01,-

(182)
(a,F ®)a), (K ")
0, n=0,
= 1 n
”1/2 n vgl gﬂ#va(k - kv)an —1 (K"\(kv’#v)),
n=12,., (18b)

with (k,u;K "): = (Kossky ol 505K, 12, ) and K"\ (K, .12,
= (kl ’IJ‘] ;"';kv~ 1’Iu'v—~ 13 kv+ 1 ’:u’v+ 150005 kn !Iun)' These Op'
erators satisfy

la.®), ¢} k)] =g,, 5k — k),

[a, (k). a, (k)] =0 = [a; (k), a;} (k)]
and are formal adjoints of each other relative to (-|-). This
holds in the same sense as for the corresponding creation and
destruction operators on a Fock space. We also face the simi-
lar problem that @, (k) exists only in the sense of a distribu-
tion whereas g, (k) has for given k and any value of 2 a dense
domain D(a,, (k)). D(a,, (k)) namely encloses the dense set D,
of all @ with a finite number of nonvanishing, everywhere
continuous components c,, (K "). However, a,, (k) seems not
to be closable for given 1 and k because a,” (k) would other-
wise exist in an ordinary sense.

(19)

4. THREE EIGENVALUE PROBLEMS ON THE STATE
SPACE OF THE MAXWELL FIELD

The dense core D, of all D(a,, (k)) allows the unambi-
guous definition of four eigenvalue problems on .%,, which
lead us in a natural way to the main results of this work.
Three of them will be considered here, the last one in Sec. 10.

It is convenient to introduce for any k50 the usual‘*®
polarization 4-vectors ef,, = e{;,,(k), o0 = 0,1,2,3, as defined
by ety = 1, et = €0 = €0y =0, €0y = €& =€, =0,
k,efy, =k.e0) =0, e4, €0 =0, e.,¢0, =epen =1, and
e, =k'/\k| forr=1,23.¢e,,, isgivenby g, el,, k" by
(Jk|,k), and repeated indices r indicate the sum over
r = 1,2,3. These vectors satisfy the orthogonality and com-
pleteness relations

&) 8uveln =8orr €877 €L =8", (20

ke, = |k|(8) — 82). (21)
With their help we introduce the annihilation operators

a,(k): = e, a,(k), 0=0,123, (22)

a,(k): = 27 *[a;, (k) —ap K],
(23)

a,(k):= 2" "?a k) + ag (K]
Together with the corresponding creation operators they
satisfy the relations [a,,(k).a (k)] =g, 8(k — k"), etc.,
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but [ay, (0.eq, (k)] = [a4,®).ag, k)] =0,

[ag ®)ag, &) ] = [ag, ()0 (k)] = 8k — k), etc., a,,
and a,, destruct transverse photons, a,,, annihilates longitu-
dinal, g, scalar photons. Due to the unusual commutation
relations wesay that a, destructs a good, a, abad ghost.® It is
namely easy to show that states a, or a, which respectively
contain only good or only bad ghosts, satisfy (@, [a,) =0
= (a, | @, ), butin general {a, | &, )#0. The distinction
between good and bad ghosts will be motivated below. The
domains of all operators (22), (23) are dense for any given k
because they also contain the common core D, .

The first eigenvalue problem on .7, is defined either by
ao (k) a=0=a;(K)a for almost any keR’, (24a)
or by
(24b)

We shallseein Sec. 5 that the linear space % " of all eigenvec-
tors  in the sense of (24) is actually a Hilbert space. For
obvious reasons we call it the Fock space of transverse pho-
tons without any admixtures of ghosts or longitudinal and/
or scalar photons.

The second eigenvalue problem on ., is analogous to
the definition of the modified vacuum states'S or fully coher-
ent states?” on a Fock space. In analogy we define®® the co-
herent states in ., as eigenstates of the destruction opera-
tor a,, (k) to the complex eigenvalue c, (k), i.e., by the
equation
a,(kya=c,(k)a for any g and almost any keR’.

(25)
It is easily seen that a satisfies (25) if its zero component a, is
any complex number, and its other components are of the
form _
o, (Kot Kttn)

=a, ¢, (k))..c, (k,)/ ()% n=12,. (26)
One can show that all solutions of (25) are of this form, but
this is not relevant here. a isin .%, if ¢: = ¢, (k) is any point

from the space € of complex 4-vectors ¢, (k) whose compo-
nents are square integrable in k. For any coherent @ we have

namely
0<(a | a) = |a |*exp j 47k ) < |l

a,(k)a =0=gq,(k)a for almost any keR’.

= | lzepr-d3k ga e, (&) |2 27N

It is remarkable and important for later that {a|a) is posi-
tive* if &, #0. The vacuum o is coherent and corresponds
to ¢, (k) = 0, other examples will be considered further
below.
Let us finally define the Lorentz operator L (k) by
L(k): = k*a, (k) = |k|-[as,(k) + a,(k)]

=V2Ikl|a, ). (28)
Its domain for given k, D(L (k)), is dense becauseitencloses a
dense subset of D, . The pseudointeraction of M and J will in
a natural way lead us to:
The third eigenvalue problem on ./, the generalized
Lorentz condition
LK)a=gqk)a foralmostanyk. 29
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The eigenvalue g = g(k) is any given, complex-valued func-
tion over the R®. We restrict the discussion to the index set O
of all g(k) given by

¢ = D () fd}xe-““j"(x). (30)

D (k) collects the usual relativistic weight factor (2 |k|) ~ '/
and the 7’s from the Fourier transformation, i.e.,

D(k): = (167°|k!)~ "2 31)

J%x) is the charge component of any j“(x)e3 as specified in
Sec. 1. The condition Q = 0O warrants the square integrabi-
lity of q(k) and q(k)/ k|, and guarantees further on that g(k)
behaves for small k| like k"d,/|k|'* = |k|'*d,k"|k],
where d, are the components of some finite vector d. The
equation

ke, () = g G2

therefore has a nonempty set of nontrivial solutions c,, (k)e€.
The span'? of the corresponding coherent states is obviously
in the Lorentz space .4, the eigenspace of the Lorentz oper-
ator L (k) to the eigenvalue g = g(k). So .Z°7 is not empty.
These Lorentz spaces are the main objects of our analysis.

5. THE DOUBLE ROSETTE OF HILBERT SPACESIN .~°,,

We are ready now to formulate the main results of this
work. The proofs will be given in Secs. 13-16.

Theorem 1: Any Lorentz space .4, qeQ, is complete
relative to the Banach norm ||| on ;. Any pair L9, £¢
of different Lorentz spaces, q,q9'€Q, q#4', satisfies

LINLT = {o]}. (33)

Theorem 2: To any pair 9, 9 of (different ) Lorentz
spaces exist bijective mappings . 9<>.% 7 which satisfy
(a| B) =(a'|B') ifa',B'eL7 are the respective images of
any a,Pe.L 9.

Theorem 3: The restriction [-|-] of the indefinite scalar
product {-|-) on ., to any Lorentz space .¥%, g2, is posi-
tive semidefinite. Each .9 is therefore a pre-Hilbert space
which by Theorem 1 is complete relative to the Banach norm
on L .

Theorem 4: The scalar product (-|-) on ¥, does not
obey the Cauchy-Schwarz inequality on any subspace of .7 \,
which contains the span'® of any pair of different Lorentz
spaces .9, 7.

Equation (33) evokes the picture of a rosette whose
leaves .#°7 are connected only in the point o. The complete-
ness of each leaf guarantees that this picture will not be ques-
tioned by completion processes relative to the Banach norm
on .%,, that might arise in later applications. According to
Theorems 1-3 the leaves of this primary rosette are isomor-
phic, complete, pre-Hilbert spaces. Since the Cauchy-
Schwarz inequality holds on any Lorentz space .Y %, any .#¢
can be used as the state space of a conventional quantum
theory. If the superposition principle®* is to hold for this
theory, any .#? is a maximal subspace of .#,, which can
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serve this purpose, according to Theorem 4. We shall see in
Sec. 11 that this has important physical consequences.

The last expression (29) for L (k) shows that any .¥? is
also an eigenspace of the destruction operator a, (k) of bad
ghosts. The space .¥°° which corresponds to g =0, i.e.,
(g(k)=0), is the only Lorentz space without bad ghosts. The
other leaves .#°? do contain bad ghosts, but these admixtures
are controlled by (29). According to Theorem 4, a state o
from the sum of two different Lorentz spaces, i.e., an @ of the
forma = a? + a?,0#a%€.L % 0#a’e.L?, q#q, may have
a negative norm square {a|a). This means: If the admixture
of bad ghosts is no longer controlled by (29), we get “bad
behavior.” This justifies the notion of bad ghosts, but as long
as they remain bottled in any .#, like the ghost in Aladdin’s
lamp, they behave well and actually build up the quantum
mechanical Coulomb robes of our dummies j#(x) as we shall
see later on.

The good ghosts are not affected by (30) so that the
states in any . 9 contain arbitrary admixtures of them.
They are responsible for a typical substructure of any .2 7, as
revealed by

Theorem 5: Each Lorentz space .& %, g, contains con-
tinuously many subspaces 7 ¢ which satisfy

HInX } = {o} for g£g'. (34

The restriction (-|-) of the semipositive scalar product

[|-]= (:|-) on £ % to any ¢ ¢ is a positive definite Hilbert
scalar product, and each 57 ? is indeed a Hilbert space. To
each 77 exist isometric bijective mappings onto ¢y = F ",
the Fock space of transverse photons. The indices g = g(k)
vary over the set & of complex gauge function g(Kk) defined by
the requirement k, g(k)<@ for u = 0,1,2,3.

This shows that any primary leaf .#” ¢ contains a secon-
dary rosette of isometric Hilbert spaces &% ¢ which are also
connected only in the point 0. We shall see that different
% correspond to different electromagnetic gauges.

Equations (33} and (34) evoke the picture of a rosette of
rosettes, or a double rosette of Hilbert spaces in .%,,. The
title of this work and this section refer to this picture. As w is
in F " = 7§, the relations (33), (34) imply that only one of
all these Hilbert spaces is a Fock space with vacuum. All Hil-
bert spaces # ¢ #7#°J, as well as all pre-Hilbert spaces .# ¢
# .7 °, contain no vacuum relative to the commutation rela-
tions (2)!

The leaf .#” © agrees with the familiar'-* Gupta-Bleuler
space of transverse photons with proper admixtures of longi-
tudinal and scalar photons. It is of course known'-’ that dif-
ferent admixtures of good ghosts correspond to different
gauges, but it seems to have escaped attention that proper
elements of .#"° can be grouped together to a Hilbert space
F 7 for any gauge. The Lorentz spaces .¥ 75 .% © and the
gauge Hilbert space #° ¢ in any .7" 7 seem to be new. It ap-
pears that controlled admixtures of bad ghosts act like a salu-
tary medicine so that the usual elimination® of all bad ghosts
might be premature.
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6. THE TIME EVOLUTION GENERATED ON .#,, BY THE
PSEUDOINTERACTION OF THE MAXWELL FIELD WITH
ANY PRESCRIBED, CONSERVED, CLASSICAL 4-
CURRENT; , (x)

We noted already that the Schrédinger operators of a
canonical quantum theory represent the dynamical variables
of the corresponding classical theory. So they are prior to
Heisenberg operators which actually are usually expressed
in terms of Schrodinger operators. But we may of course
define the latter in view of some desired Heisenberg opera-
tors. In this sense we write down the Schrodinger operators
of the 4-potential, the related momentum, and of the electro-
magnetic field in the point x,

A, (x): = J. d’x D (k)[e™a, (k) + e ™a/ (k)], (35a)
,(x): = Jd *x D (k) [e™( —i|k|a,(Kk))
+ e ™(i|k|e )], (35b)

F,(x):= f d’x D (k)[e**(ik,a, (k) — ik a,(K)) + c.c.],

(36)
cf. (31).

The usual Heisenberg operators of the free Maxwell
field agree with these Schrodinger operators at ¢ = 0, but the
latter remain of course unchanged in the case of interaction.
A, (x)and 11, (x) satisfy (2) in quite the same formal sense as
the corresponding commutation relations of a proper quan-
tum field theory are satisfied on a Fock space. This justifies
the definition (17) of .%,,. In the following we ignore that
these field operators have only a formal mathematical mean-
ing. They become mathematically well-defined operators on
7 4 if they are smeared out, cf. Sec. 14. The pseudointerac-
tion of M and J is defined by the Hamilton operator

H:= f dk [|k|a; e (k) + a,; I *(1,k)

+ a* (R *(K) ], 37
where I#(t,k) is given by

I"(t,k): = D (k) f d *x j #(t,x)e ~ . (38)

H, has been obtained in the usual way by inserting (35) into
(5) and omitting the so-called zero-point energy. It defines
the time evolution operator U (¢) of the system M + J by

i%U(t):H,U(t), U@ =1. 39)
U(¢) satisfies U ~'(z) = U * (¢), but in general
U(—t)#U *(¢),and is explicitly given in Sec. 17. The Hei-
senberg operators corresponding to (35), (36) are then deter-
mined by

A,(0):=4,¢x):=U ()4, UQ),
(40)
,(x):=U" @) 11, (x) U(),

Fox):=U"@)F,xU@), (41)

and depend on H,, as it must be.
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We say that any operator {2 can be restricted in a natu-
ral way to some .7 ?if Qa is in . ? for any ae.? ND(2). It
iseasy toshow that £2 can berestricted toany .& ?if [L (k),{2 ]
vanishes for almost any k. £2 can be restricted to some par-
ticular . %if [L (k),£2 Ja = Oforalmostany kand any a from
that .7 4. If both conditions are violated, {2 maps any .% ¢
onto a set 2.7 ? not completely contained in .7 %, and £2
cannot be restricted to any .Z” ? in this natural way. We con-
sider some examples:

By straightforward computation we find, cf. Sec. 17,

[L00, A4, ()] =k, D) e~ (422)
[L (k), Hu (x)] = ik# ‘kl D&)e™ ik", (42b)
[L 0, F,. ()] =0, 43)
0 i 9 5
(L), H,] = K| [L )~ (10 - e (r,k))],
44)
[L®&,U @] = U@E)e ™ (LK) —I°0OW)]
— [L(&) - Io(t,k)] } 45)

Equations (42)-(45) give a somewhat puzzling picture. By
(42), the canonical variables 4, (x), I7,,(x) cannot be restrict-
ed to any .7 %. Equation (43) shows that F,(x) behaves
much better in that it can be restricted to any . 2. This
shows for the first time some merits of the definition (36). By
(44), H, can be restricted, in general, to only one .Z ¢, but the
index ¢ depends on ¢. Asj°(¢,x) is real, this dependence on ¢
vanishes if and only if j °(¢,x) is independent of ¢. In that case,
both H, = H and U (¢) can be restricted by (44), (45) to the
-7 whose q is related to the stationary charge density j °(x)
by Eq. (30).

Note that g(k) agrees with 7 °(t,k) = I °(k) in this case.
In the general case we therefore also use the notation / °¢k)
= g[t (k) which indicates that a time-dependent charge dis-
tribution j °(¢,x) defines a curve g[t ] = g(£,k) = 1°(t,k) in the
index space Q. From (45) we easily get the relation L (k)

X (U ()a) = U (¢t )qlt [®)a = g[t J&)(U (¢ )a) for any
ae.? 9% which already proves the following:

Statement 1: U (t) maps the Lorentz space £ ¢! which
by Eq. (30) corresponds to the initial charge density j°0,x),
onto the Lorentz space . ') which by the same equation
corresponds to the charge density j°(t,X) prescribed at time 1.
We write

L =y ()L 9o (46)

This means that the evolution .# 71— _# 9’} as given by
the prescribed evolution of j°(£,x), and the time evolution
LA U (1).2 119, as generated by H,, are compatible.
However, this result must not be overestimated, because we
also have (see Sec. 17)

Statement 2: Forj °(t,x)#j °(0,x) one can find in .& 9°!
a state a satisfying (a|a) = 0, and a state 3 obeying
(BB )Y = 1, such that { B |U(t)a) #0.

This means that U (¢ ) does not allow the usual statistical
interpretation in this general case.
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7. A REALIZATION OF THE OPERATOR MAXWELL
EQUATIONS ON A LORENTZ SPACE

Against this puzzling background we consider now the
same time evolution in terms of some physical quantities.
The Heisenberg operators /7, (x), 4, (x) satisfy (6), and
thus (7), as operator identities on .. This is a consequence
of the symplectic symmetry which altogether allows the ca-
nonical quantization. Since 0 =3 j ,(x) = #0a ,(x)
= [Jd”a, (x) holds by virtue of (7) and charge conservation,
we also have on .%,, the operator identity

064, (x) = 0. 7

However, as /7, (x) and 4,, (x) represent the covering set me
of CED, 34, (x) = 0 cannot hold as an operator identity on
% 1, because this would contradict the inclusion 2 C €.
Equations (9) and (10) also require some additional atten-
tion because the canonical definition (41) of F,,,(x) could be
in conflict with the classical definition (9). However, we need
not worry about this because we find in Sec. 18:

Statement 3: The Heisenberg operators A, (x) and
F,,,(x) asdefined in (40) and (41), satisfy the classical relation
(9) as an operator identity on % .

The homogeneous Maxwell equations (10a) are there-
fore satisfied by F,, (x) as operator identities on .%,.

So we must concern ourselves only with the Lorentz
condition (8). In this connection we prove in Sec. 18 the
following

Statement 4: The matrix elements {a|4,(x)B ) of 4, (x)
relative to any states at, B from the Lorentz space . 7'°), satisfy
the Lorentz condition (8).

The inhomogeneous Maxwell equation (10b) is there-
fore satisfied by all matrix elements [a| F,, (x)B ] relative to
any states a, B of .£ %1%, Since F, (x) can in particular be
restricted to . 9%, its matrix elements can be formed by
means of the positive semidefinite scalar product [-|-] on
£ 99 Since (10a) holds even as operator identity on %, it
certainly holds also for all matrix elements [a| F,,(x)5 ]
relative to a,8c.27'%. So we get

Statement 5: The restriction F°,,(x) of F,,,(x) to the
Lorentz space .9 exists and satisfies the covariant form
(10) of Maxwell ’s equations as an operator identity on .& 91,

We shall see below that F,, (x) is also gauge invariant.
All this is the more acceptable as it has been achieved on a
maximal subspace of ., (Theorem 4) which permits the
usual Born interpretation. But the result is still problematic
because U (¢ ) cannot be statistically interpreted in this gener-
al case, and because .#7°! depends sensitively on the initial
time ¢ = O in the arbitrary reference system X chosen. A
change of X by a Lorentz transformation X, —X,,,

Ju ()7 (x') leads therefore to a new j3(0,x’) and thus to a

new, though isomorphic, Lorentz space .2°7!°\. However, as
©Q = 0 holds in any X, a Lorentz transformation will at least
not lead out of our rosette of Lorentz spaces. It remains to be
seen how this can be reconciled with the usual® formulations
of relativistic quantum theories in terms of representations

of the Poincaré group. We shall not further investigate these
problems because a part of them vanishes if J is also quan-

tized. The role of j °(¢,x) is then partly taken over by the
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Schrodinger operator J °(x) which is independent of ¢ in any
X, like 4, (x) and F,,, (x).

8. A QUANTUM MECHANICAL FOUNDATION OF
ELECTROMAGNETIC GAUGES

We consider now some results which illustrate the ro-
sette of Hilbert spaces ¥ ¢ in any .£’%. Note that any
g = ¢gl0]e can be chosen by an appropriate choice of

J%0,x).

On any .¥’? we can construct in the usual way®!'!? the
Hilbert space #*: = .%°%/.%%, where ¥ is the subspace of
£ which contains only a that satisfy (a|a) = O (the set of
alla in % ,, which satisfy (a|a) = 0, is not a linear space'®).
The elements & = {a]} of 29 are the corresponding equiv-
alence classes in .#°%. Each class {a} contains precisely one
element a of each Hilbert space #° { in .¢7. This means that
the elements a of any particular & % can be chosen as repre-
sentatives of the classes @. %7 is therefore isomorphic to any
K. Wewritea~a' ifaek”? and a'e¥°}, g#g’, arein
the same class {a}, and we say that @ and '’ are gauge equi-
valent. Gauge equivalent elements o ~a’, B~f ' satisfy
(@|B) = {(a'|B’') = (a|B) where (-|-) is the Hilbert scalar
product in 7. The elements & = {a] of ™ are therefore
gauge invariant and ¥ can serve as the state space of a
gauge invariant quantum theory. These notions are justified
by

Statement 6: Leta, Band o', B' be normalized elements
JSfrom any respective Hilbert spaces 3¢ 9'°, 7 4 in &1,
and let them satisfy a~c', B~p’, so that alB)

=A(a'|B") = (@|B). Then

(@[ 4,08) — (' [A,x)B") = @|B)d, (), (48)
where g(x) is a real function satisfying Og(x) = 0, and
[@|F,)B]—[a'| F,.(x)B']=0. (49)

Equation (49) justifies once more the definition (36) of
F,, (x)inthat F, (x) turns out to be gauge invariant whereas
A, (x) resembles the typical behavior under gauges known
from CED. The statement is therfore the core of a satisfying
solution of the gauge problem which deserves some more
attention:

In CED we regard two 4-potentials, say a,(x) and
a, (x)a, (x) + d, g(x) with Clg(x) = 0, as equivalent because
both lead to the same £, , (x). But from the point of view of the
canonical formalism, g, (x) and a;, (x) are only different val-
ues that have been assumed at some time ¢ by one and the
same dynamical variable 4, (x), called the 4-potential in the
point x. As a dynamical variable, the 4-potential is gauge
invariant ab ovo. Since the process of canonical quantization
associates one Schrédinger operator to any classical variable,
the Schrédinger operator 4, (x) of the 4-potential in the
point x is also gauge invariant ab ovo. The same holds of
course for the conjugated momentum /7, (x) and for all given
functionals of 4, (x) and /7, (x), like any Hamiltonian
H {II(x),4,(x)}. Since Hamilton and Schrédinger opera-
tors determine all Heisenberg operators in a unique way, the
latter are gauge invariant as well.
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If this is accepted, different gauges show up only in con-
nection with different values a,, (x), a;, (x) assumed at time ¢
by the same variable 4, (x). In quantum theory these values
correspond to the expectation values {a(r) | 4, (x)a(t)),
(@'(t) | 4,(x)a’'(2)) of the same operator A, (x) in different
states, a(t) = U (t))a(0),a'(t) = U (t )a'(0), of the quantized
system M at time ¢. In the Heisenberg picture these expecta-
tion values are given by (a(0) | 4, (x)a(0)),

(@'(0) | 4 . ()’ (0)) if the fit to the Schrodinger picture is
made at ¢ = 0, as usual. In any case, different gauges corre-
spond only to different expectation values of the same opera-
tor in different states.

How can we realize such a theory if different gauges still
describe the same physical situation? The only physically
indistinguishable, but mathematically different states on the
unit sphere of a Hilbert space are points on one ray which
differ by a constant phase factor of modulus 1. These states
lead always to the same expectation values of the 4-potential.
So the state space of a quantum theory which accounts for
different gauges by different expectation values of the same
variable 4, (x), cannot be a Hilbert space. Otherwise we
would admit that states on different rays, which according to
the principles of quantum mechanical measurements'*?*2
can always be distinguished by means of such measure-
ments, lead only to different gauges. In other words, we
would acknowledge that purely quantum mechanical mea-
surements allow a distinction between different gauges.

It is therefore surprising that the structure of .%,,,
which, we repeat, is primarily determined by (2), provides us
automatically with the means to avoid this. Statement 6 de-
scribes the technical details of this solution. It suggests in
particular to consider the equivalence classes {a} of ele-
ments of .%’? as generalizations of the concept of a ray in a
Hilbert space. In this sense our secondary rosette of Hilbert
spaces in any pre-Hilbert space .27 allows not less than a
fully quantum mechanical foundation of electromagnetic
gauges.

9. COMPARISON WITH THE OPERATOR CONCEPT OF
GAUGES

In view of its close relation to the canonical formalism
the above gauge concept can be called canonical. We com-
pare it now with the operator concept used frequently in field
theory.’

Let u(x) solve the Dirac equation

[(3, —iea,(x)) + mu(x) =0 (50)
for some given potential @, (x). We see immediately that
u'(x): = e“Fy(x) is a solution of (50) corresponding to the
potential a;, (x) = a, (x) + d,, g(x). Though u'(x) is not on
the same ray as u(x), the transformations u(x)—u'(x), a, (x)

—a/,(x) are still referred to as gauge transformations. This
seems to be the origin of the operator concept of gauges,

Y)Y (x): = “C(x),
QY]
A, (x)~>A4,(x): =A4,(x)+3,G (x),

where all quantities, G (x) included,® are Heisenberg opera-
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tors. As different Heisenberg operators 4,,(x), 4, (x) corre-
spond either to different canonical variables of M, or to dif-
ferent Hamiltonians, or both, this suggestive and formally
simple concept of gauges is so different from the canonical
concept described above that we can reasonably compare
only the respective advantages and disadvantages:

(1) The canonical concept is physically acceptable and,
within the limits of this work, mathematically realizable. In
contrast to this, the operator concept requires® the definition
of the exponential of an operator valued distribution G (x), of
the product of this exponential with the operator valued dis-
tribution #(x), and of the sum 4, (x) + d, G (x) of two sym-
metric, operator valued distributions. So far, not one of these
definitions has been given satisfactorily, it seems.

(ii) In the canonical concept the commutation relations
are gauge invariant ab ovo. In the operator concept the com-
mutation relations for 4,, (x) and G (x) must be postulated ad
hoc if the canonical quantization principle,?"?® so far the
only successful quantization method, is to be abandoned. If
itis retained, we must accept either some ad hoc specification
of the relations between the different, but gauge-equivalent
variables 4,,(x), 4/, (x), or between the corresponding Ham-
iltonians, or both. Ambiguities exist in both approaches.

(iii) The operator concept shows ambiguities also with
respect to the interaction postulate. In the first instance the
transformations (51) should obviously be realized on %%,

® 7 . But we may as well think of the space ., ® .

® 7, where . is the state space of the gauge field G
whose field operator G (x) acquires only so the same status as
A, (x) and #(x). In any case it is unclear what remains of (51)
if the theory is later restricted to an appropriate subspace of
physical states of the respective systems M + D or

M + G + D. This restriction is a necessity in any case.

(iv) We admit of course that the advantages of the ca-
nonical concept are restricted so far to the pseudointeraction
with classical currents whereas the operator concept reflects
an important symmetry of the actual interaction problem.
However, a realization of (51) only for expectation values
might also be acceptable in this case. In particular, this
avoids problems similar to (ii) which occur if the Dirac field
is quantized by means of a canonical formalism,*° as usual.

(v) Charge conservation, which is also deeply interwo-
ven with gauges,” also admits a simpler solution in the ca-
nonical formalism, cf. Sec. 12.

10. AQUANTUM THEORY OF THE ELECTROMAGNETIC
FIELD OF A STATIONARY 4-CURRENT, AND A GAUGE
INVARIANT APPROACH TO THE CONCEPT OF
ENERGY

We assume now that a reference system X exists in
which j°(z,x) is independent of 7, j °(t,x) = j °(x). A time de-
pendence of j(t,x) would not cause any troubles, but we omit
it for the sake of simplicity. So we have j#(x)€S;, cf. Sec. 1.
The results for this stationary case illustrate other aspects of
the physical meaning of the double rosette of Hilbert spaces.

The Hamilton operator H, = H of the pseudointerac-
tion of J and M can now assume stable eigenvalues and eigen-
states, and so we hit on:
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The fourth eigenvalue problem on %,
HB=LB. (52

This is solved in Sec. 19 and yields

Statement 7: H has precisely one eigenstate S in 5 . Bis
Sfully coherent and lies in the Lorentz space . % where q is
related to j°(x) by (30). The corresponding eigenvalue L is
given by

L:= ~§fd3x [B(x)? — E(x)?], (53)

where B(x) and E(x) are given in (3).

We need not wonder that in a relativistic theory the
eigenvalue L is not an energy, but a total Lagrangian, i.e., an
integral over an invariant®’ of M. It is noteworthy, however,
that the corresponding eigenstate is automatically coherent
and thus in a Lorentz space, cf. Sec. 4.

As a consequence of the stationarity of the present case
we get in Sec. 19 the following, certainly not unexpected

Statement 8: The time evolution operator U (t ) which is
generated by H, satisfies the condition

Ut +,)=U()U(t,) for any ¢,,t, (54)

of a unitary group.™®

By (45) and Statement 1, U (¢ ) can be restricted to .Z°.
We denote this restriction, which also satisfies (54), by
U“(¢). Statement 8 suggests to look out for subspaces of .74
which are Hilbert spaces so that the theorem of Stone?® can
be used for the construction of generators which play the
role of restricted Hamiltonians. In this connection we obtain
the following statements which are all proven in Secs. 19, 20.

Statement 9: In the Lorentz space .9 that corresponds
to j%(x), exists precisely one Hilbert space ¢ ¢ which contains
the eigenstate 3 of H according to Statement 7, and which is
mapped onto itself by U4(t).

This implies that U %(¢) maps a cospace 7§ o ZH §
onto another cospace ¥ 7, #7 § of Z° §. It follows
therefore that U %(t) can be further restricted only to #”,
and that the restriction U §(z) is a unitary group on a Hilbert
space whose generator H § exists by the theorem of Stone.*®
The eigenstate 5 of H is simultaneously an eigenstate of H §.

Statement 10: The generator H§ of U §(t ) defines a self-
adjoint Hamiltonian H on 7 § which is related in the usual
way to the concept of energy. The eigenstate 8 corresponds to
the lowest energy, and the Lagrangian L defines not more
than a natural zero point of the energy of the quantum theory
on . For any normalized ac?¢  we get

(a|A,Ex)a)
— _1_ 3. ’ Y
= - fd x'j . (x)|x—x'| +a,(x), (55)

where a,, (x) satisfies
a,(x)=0, &a,(x)=7da,(x)=0 0j%x)=0. (56)
The transverse wave a,,(x) depends on a and vanishes if a is
the eigenstate B of H §.

Equations (55) and (56) show explicitly that % § and
the concept of energy are related to the Coulomb gauge with-
in the Lorentz gauge. We see further on that the eigenstate
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indeed plays the role of a modified vacuum state.' The vacu-
um o of the free theory is namely modified by controlled bad
ghosts and/or transverse photons which equip the bare
charge j °(x) with its eigen-Coulomb field E(x), and the bare
current j(x) with its eigen-Oersted field B(x). However, not
only o, but also a/l other states of the natural Hilbert space
F ' of the free Maxwell field M, are modified in such a way
that the same Coulomb—Oersted robe E(x), B(x) is obtained
in any state ac# §.

Mathematically, this modification consists of a map-
ping F - §of ¥ onto itself if g = 0 (¥ § = F ™), and
onto another, but isomorphic Hilbert space #° §in %7, if
g=~0. This has the following consequences: For g = 0 we can
achieve by a proper choice of @ that the second term in (55)
compensates the first one for one instant, say att = 0, so that
J(x) is bare for one moment. Not even this instantaneous
bareness is possible for the charge j °(x) in the case g40. This
is maybe an indication that the concept of charge is more
fundamental than the concept of transverse current curls
which indeed, as moved charges depend conceptually on the
former. The instantaneous bareness of a transverse current
from its magnetic field occurs also in CED.

For g = 0 our concept of dressing is equivalent to the
idea of “photon binding”'** on an ordinary Fock space
where only the modification of a// states has not been empha-
sized" so much. For the more fundamental case g40 it is
superior because now the charge j °(x) cannot be bare of its
Coulomb robe, not even for one instant ¢ = .

Note that the inseparability of the bare 4-current j ,(x)
from its quantum mechanical Coulomb-QOersted robe E(x),
B(x) has been obtained as a consequence of the restriction of
the theory from %, to . 9, and finally to 5 §. The former
is both necessary and possible to allow the statistical interpre-
tation, the latter to obtain the concept of energy.

However, the robe E(x), B(x) exists only in the sense of
quantum mechanical expectation values which are endowed
with the usual quantum mechanical variances or quantum
Jield fluctuations which always diverge if we insist on the
field strengths in one “sharp” point x, but converge, in gen-
eral, if we only ask for the forces exerted on extended test
charges or test coils, respectively. These quantum robes are
therefore basically different from the classical Coulomb—
Oersted fields E(x), B(x). In particular, they cannot be treat-
ed like external classical fields which are usually represented
by unit operators multiplied by the numbers E(x), B(x). This
would namely lead to zero field fluctuations and deprive us
of any chance of a similar dressing of realistic electrons with
their respective Coulomb robes, cf. Ref. 15 and Sec. 12.

Let us finally consider the gauge invariant Hilbert space
F ¢ of equivalence classes in .# ?as introduced in Sec. 8. We
have

Statement 11: U*(t ) maps any equivalence class {a} in
% onto an equivalence class {a')} again.

Therefore, U %z ) defines on 7 a unitary group U %(¢),
and the theorem of Stone guarantees the existence of a self-
adjgint generator H ¢ which plays the role of a Hamiltonian
of 7. As the elements a of a given class {a} correspond to
different gauges, the triplet { %%, U %z ),H %} defines on any
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-Z’% an abstract, gauge-invariant quantum theory on a Hil-
bert space. As any element of % can be represented by an
element of 7§, this theory is isomorphic to the restricted
quantum theory on #° §. H 9 corresponds therefore to a
gauge-invariant energy! The Gupta—Bleuler origin of this
theory shows up only in the lower end of the spectrum of H 4
which is given by L, but plays no further role after the execu-
tion of the restriction to % .

11. ANOTE ON THE DYNAMICS OF DRESSING
PROCESSES

Let us finally draw some consequences for the interac-
tion of M with any quantized partner D, where %, is re-
placed by 7, ® %, cf. Sec. 1 For simplicity we assume
that . |, has a Hilbert metric, as, e.g., in QED.

As long as j#(x) is a prescribed value of the parameter J
we can certainly accept that the space of physical states of M,
Lot For I 4, is prescribed as well. But if Jis quantized,
the operator J“(x) of the 4-current should be capable of ex-
pectation values which correspond to different j*(x). In par-
ticular, the space %, . of physical states of M + D should
contain states which correspond to different charge densi-
ties. The superposition principle of quantum theory* re-
quires that &, . contains at least the span sp{.Z?} of the
corresponding Lorentz spaces. But since, according to Theo-
rem 4, sp{.7"?} is not a pre-Hilbert space if { .29} contains
two different .29, &, . cannot be of the form [sp{.Z?} ]
® 1. So welearn from Theorem 4 that the space of physical
states of the interacting system M + D cannot be the product
of the spaces of physical states of the partners.

The following might be possible, however. Suppose (i)
that there is a set {j°(x)} of “distinguished” charge distrib-
tuions j °(x) which correspond to a set {g} of distinguished
indices g, that (ii) to any ge{g} exists a set {j(x)} of distin-
guished currents j(x), that (iii) to any j(x) exists a set of gauge
functions g(x) which corresponds to a set {g} of indices
g = g9(), that (iv) to any distinguished triplet g, j, g /() ex-
ists a subspace . (¢,j,g %(§)) of ", such that j#(x) is the
expectation value of J#(x) in any element of .¥{(4.§,2 /G)),
and suppose finally that (v)

& onyst =517 0,8 °0)) © (9,38 °0)) } (57
is a Hilbert space (maybe inseparable), or at least a pre-Hil-
bert space, if #°(g,).g ?(G)) is our former #” ? for g = g *(j).
The states of Din #(g,j.g “(j)) are then dressable in the sense
of Sec. 10. The point is to find the distinguished indices g, j,
£7(3)) such that %7, . becomes at least a pre-Hilbert space.
Theorem 4 means that this is not a trivial selection problem
for dressables states of any interaction partner D of M.

1t is clear that processes, like those which possibly equip
a bare electron or positron (both quanta of the Dirac field)
with its permanent Coulomb robe, must be described on a
state space ¥ which contains dressed as well as undressed
states. There is no need that . is already a Hilbert space;
actually, this is not even desirable in order that the insepara-
bility of a bare particle from its Coulomb field can be auzo-
matically achieved as a by-product of a restriction to a pre-
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Hilbert or a Hilbert space, which is necessary to allow the
statistical interpretation.

The above selection of dressable states of any interac-
tion partner D of M indeed shows a great similarity to the
historical selection of square integrable solutions from the
set of all solutions of the Schrodinger equation which first
led Schridinger? to the eigenvalue problem of quantum me-
chanics, then Born® to the statistical interpretation, and von
Neumann® to the Hilbert space. In retrospection, this re-
striction is absolutely necessary in view of the weight we are
willing to ascribe to Born’s interpretation. It would be very
hard to discard undressed states as unphysical if they arein a
Hilbert space; we must discard them if they are not.

12. THE CONDITION OF VANISHING TOTAL CHARGE
AND ITS IMPLICATIONS ON THE INTERACTION
POSTULATE

We finally consider the condition @ = 0 which has been
mentioned several times. It is a consequence of the conve-
nient definition of ., as a Banach (or Hilbert) space which
carries the indefinite scalar product in addition to a Banach
metric. Since similar spaces have been used in constructive
quantum field theory,’ it is maybe useful to first remember
that in such a space we can only equip the distributions j °(x)
of the total charge Q = 0 with their quantum mechanical
Coulomb eigenfields. For the present theory this is certainly
a defect, but it seems to be much less important in QED, as
we want to now show.

If M interacts with the quantized Dirac field D, the
principle of charge conservation® is realized by the relations

[QH,]=0= (QHy .} (58)
where Q = § d *x J *(x) is the Schrodinger operator of the
total charge, and H,,, H,, , ,, are the Hamiltonians of the
free D and of the coupled system M -+ D, respectively. Equa-
tions (58) mean that H,, H,, , , are orthogonal sums,’
HG, b, (59)

Hy= o HY, Hy,p= @

p=— p=—o
of sectoral Hamiltonians H %, H'), ,, which act indepen-
dently on the eigensectors %, £, , of O to the eigenva-
lues p = ..., — 1,0,1,2,..., These eigensectors correspond to
unique, Poincaré invariant decompositions

e (15)+ p (60)
p= —x
of the respective state space ., . p of Dand M + D.
The sectors %’ and the corresponding Hamiltonians H
can be constructed easily, the ¥, , and H{, ,, have not
yet been analyzed, it seems. Our results allow a remark to
this issue.

The interaction postulate of Sec. 1 requires %, , p
= % ® 57 and thus

RV =YM®{ ® Y%’)}
p= —w
= @ (Lye59 (61)
p=—w
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so that ), ,, must be of the form

SR =Sy @FL, p=.—101,.. (62)
But our %, fits only to ¥, and so we must either extend
the interaction postulate to

Fuin= & (FO85Y) (63)

pP= — o
where (P agrees with our ., and the other ¥%) remain
to be constructed (how?), or restrict the interaction postulate
(Dto

F e =Ty 8D, (64)

The second alternative seems to be more realistic. Since .~
contains all states where the electrons are “here” and the
positrons “behind the moon, but not at infinity,” the theory
on %, ® £ can account for all realistic situations, and so
it is a full substitute of QED altogether. In addition, it prob-
ably avoids the infrared problem' and the virtual viola-
tions* of charge conservation implied in the usual formula-
tion of QED of n-point functions. We learned here that it is
an excellent candidate where dressing processes of quanta of
D can be treated. The sectors .#(g,j,g 9(j)) of Sec. 11 must of
course be in ¥ in this case. It thus appears that the restric-
tion to @ = 0 has more positive than negative aspects.

13. COMPLETENESS AND DISJUNCTNESS OF THE
LORENTZ SPACES

From now on we give only the missing proofs of the
theorems and statements of the preceding sections. Here we
verify Theorem 1.

We first remember that the missing closability of a, (k)
refers to one arbitrary, but then fixed value of k and u. How-
ever, in contrast to this, in Secs. 4 and 10 we needed the
vectors g, (k)a simultaneously for any u and only almost any
keR It s therefore reasonable to define the global domain
D(a) by D(a): = {ae.”,: |||aa||| < » } where |||ac]|| is
given by

lllaa|lf: = J dK |la, (0

_ io d*klla,(al*= § nla, |2 (©65)

n=20

The last expression shows that D(a) agrees with the dense
domain of the operator N '/? given in components by
(VN V’a), =n'a,, n =0,1,2,.... Moreover, a, (k) has the
following closure property which will be needed for the
proof of Theorem 1.

We consider a,, (k) as a mapping of D(¢) C %, into the
Hilbert space & of the sequences @’ = {a{ (K ),a; (K |K"),
a; (K |K ?),-} with the scalar product (cf. Sec. 3)

B'la) = 20 dede"B’:(K K M, (K K™,
(66)

where a;, (K |K ) is symmetric in the » pairs (k,,u, ) in K,
but not necessarily in the pair X = (k). We have a, (k)

= (N + 1)!/?P, where Pis defined by @ —a’: = Pa,
a,K|KY=a,, (K;K"),and (¥ + 1)1 by
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o >N+ 1DV,
(N4 D), (K [K) =0+ 1D)"a,(K| K"
=+ 1", (KK".

P is defined everywhere on .#,, and continuous, so it is
closed. (N + 1)'/? is self-adjoint on # and so it is also
closed. It is clear then that (N + 1)'?P =g, (k) is closed in
the following sense: Let the sequence '™, m = 1,2,.-, @™
€D(a) for any m, converge to any point @ in &° > and let
a, (k)a™ converge for any given y and almost any given k to
some y, (k)e.” , satisfying ||[y[||*: = §dK ||y, (®)||> < o,
this convergence being understood in the sense of the usual
Cauchy convergence on #”. Then a was in ﬁ(a) anda, (k)a
is equal to ¥, (k) for any x and almost any k.

1t is obvious that similar sttements also hold for the
operators a,, (k), a,(k), a .{(k), L (k). We need the theorem
for L (k):

Let D(L ): = {@e.”,:|[|La]|| < o } be the global do-
main of L (k) where |||-||| is now defined by |||Lal||?

= §d *k ||L (k)a||*. It is clear that D(L ) is dense. Let ™,
m = 1,2,--, be any convergent sequence in ﬁ(L ). In general,
its limit ae.% ,, is not in D(L ). However, a is in D(L ) if the
sequence L (k)a'™ converges for almost any keR * to some
point ¥(k)e.¥,, satisfying §d *k ||y(k)||> < «. Then also
(k) = L (k)a for almost any k.

We can show now that .7°¢ is complete, i.e., that the
limit of any convergent sequence in .77 is in .%°7 again. Let
a'™e.% 7 be a sequence with the limit ae.% ;. As L (k)a‘™ is
equal to g(k)a'"™ for any m, the sequence L (k)a™ converges
to the point ¥(k): = g(k)a which satisfies fd *k ||y(k)||?

= |la||*sd *k |g(k)|* < . It follows from the above that a
was in D(L ) and that L (K)a is equal to g(k)a, which means
ae.%9, as stated. Note that . 7C D(L )holds for any geQ by
the definitions of .#’% and D(L ).

The proof of relation (33) is nearly trivial: Assume that
a is an element contained in .2 ¢ as well as in .7, g#£4’. So
we have L (k)a = g(k)a = ¢'(k)a and thus
[g(k) — ¢'(k)]a = O for almost any k. Multiplying this by
g*(k) — ¢'*(k), and integrating over k we get [lg — ¢'[|’a

= O, where ||---|| now denotes the L, norm. So ||g — ¢’|| >0
forgs4', and all components of @ must vanish nearly every-
where. This means a = o and thus .¥N.¢7 = {0}, as
stated.

14. SMEARED FIELD, WEYL, AND SOME OTHER
OPERATORS ON .7,

For the proof of the other theorems and statements we
now define some further operators and note some useful re-
lations between them.

For convenience we introduce contravariant creation
and destruction operators by a * #“(k): = g ** a." (k), a*(k)
:=g""a (k). Consider now the smeared field operator

Flc):= fd% [“0)a 0) — cx @ @], (67)

where ¢ = ¢, (k) is any element from €. In accordance with
(18) we have
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(F{cla) (K"

] n
= c,u‘,(kv)an — I(K n\(kw)uv))
nl/Z =

3
—(m+ D2 f d3k Y g ®a, , (kK"
=0
g ©9)

We see that F {c} maps the dense set D DD, of all & which
have only a finite number of nonvanishing components
a,(K "), into itself. Therefore, F {c] as well as any power
(F(c})", m = 1,2, is densely defined on % ,, if ceC. By
straightforward use of (18) and (68) we get for any c, f,ge€

[a, ®),(F {c})"]) = mec,QF ()", m =12, (69a)

la, ).(F [e})"] = mc*@F {e})" =", m =12, (69b)

[F{f}.F{g)l= Jd3k (/00 g 3K) — FrRE ),
(69¢)

Flc}* =F{—c}= —F{c}. (69d)
All equations hold on dense domains which enclose D.
Equation (69c) can be continued to . ,,. Equation (69b) is a
consequence of (69a) and (69d); it is not relevant that the
single terms in the commutator do not exist properly.

The most important operators of type (67), (68) are the
cut-off field operators /7 ; (x), 4 /;(x) obtained from (35) by
restricting the integral over k to any bounded region I'in R >,
In analogy to (69c) they satisfy

T;x).A7()] = —ig,, d’k e,

Q@) Juar
(70)

LT 00T (9)] = [4 ()4 1(3)] = 0.

For 'R * these operators “approach” the desired field op-

erators (35) and properly satisfy (2). In the sense of this “lim-

it” we have represented the field commutation relations (2)

on .% ,,, in close analogy to the usual representation of Bose

field commutation relations on a Fock space.

As any polynomial in F {c} is densely defined on .%*,,
we expect that the Weyl operator

W{c} = expF{c}
= exp j d’k [ ¢“(K)a,;] (k) — cx(k) a*(K) ] an

can be defined on %, by its power series. In the Appendix
we convince ourselves that this series indeed converges for
any a€D. However, in contrast to the corresponding case on
a Fock space we have no proof that it can be continued to
& u by the usual continuation by continuity. We have
namely, in general, || W {c}a|| # ||a||. However, we also show
in the Appendix that W {c} can be continued to any .£9,
gef, and this is all we actually need further on.

On D and, if necessary, by continuation on any .7, we
thus get for any c¢,g, fe€ the relations

[, (&), W (c}]=c, W {c},[a] k), W {c}] = ch@W {c],
(72a)
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Wif+el
WS ig) exo| it [ @k 0 g100)
(72b)
Wic} = exp[ —1 j dk c;f(k)c“(k)]
Xexp[ J d’k c(kya,; (k)]
xXexp| — | dk e*(K)a*(X) |, (72c)
p[ f » (Ka( ]
W{—cl=Wicl|*, (724d)

which are the main tools for our conclusions. The last formu-
la means (W {c}a|W {c}a) = {(a|a), like on a Fock space.
By (72¢) we find easily that the coherent state (26) satisfying
{ala) = l,isgivenbya = W {c}w. Forany “curve”cft ]in€
{ with components ¢, (¢,k) with the property that ¢[¢] [with
components ¢, : = (9 /3t )c,,(1,k)] exists in € for any ¢ in con-
sideration} we get by means of (72d),

AW icien) = [F{é[t 1} +iIm f dk é:(k)c“(k)]

dt
XWic[t]].

We shall also need the operator (we define |k, | + -
+ |k, |: = 0for m = 0)

(73)

Uy(t): = ;ioexp[ —it(Jk |+ + |k, D] (74

and some relations to other operators. U, (¢ ) is the direct
sum of multiplication operators on the subspaces .7, of
% 4+ which contain the elements a with only one nonvanish-
ing component a,, (K ™), m = 0,1,2,--. Uy(t) is defined ev-
erywhere on %, and unitary, U (t) = U,(—t)

= U,(t) ~'. By straightforward use of the definitions (18)
and (74) we get

a, W)U, (1) = Up(t)a, (e~ *a. ®Up(t)

= Up(t)a, e ¥, (75a)
F{f[t, NUs(t,) = Uy (t,)F (e[t 1f [ 11, (75b)
Wil U () = Uy ()W {e[t, 1/ [ 1), (75¢)

where e[t ]is the function ¢” *!, to be considered qua function
of k. We note finally that U, () is the time evolution opera-
tor as formally generated by the direct sum?

H, = mZiO(;kl |+ + ko )= Ja”k |k|a,; (k)a*(k)
(76)

of multiplication operators |k, | + - + |k, | on /. Itis
densely defined and self-adjoint because the corresponding
proof * can be carried over to any .*°%;.

15. THE ISOMORPHY OF ALL LORENTZ SPACES
RELATIVE TO THE INDEFINITE METRIC ON .#,,, AND
THEIR PRE-HILBERT SPACE PROPERTIES

We are ready now to verify Theorems 24 of Sec. 5.
For Theorem 2 we consider the Weyl operator W {c}
corresponding to any ce€ which satisfies ¢, (k)k* = g(k),
g<9. Further on, let a be any element from .#°° so that
L (k)a = k*a,(k)a =0. Then W{claisin 5y and by
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means of (72a) we get

L®W [cla
= k*a, (KWW {cla=k*W{c}(c, &) + a,(k))a
=g(k)W [cla for almost any k. an

Thismeans W {c}ae.Z’?. Themappinga—W {c}atherefore
depicts .£° into .Z°%. Now let @’ be any element from .£? so
that L (k)a’ = g(k)a’, and consider the equation

L&W{ —cla’
=k*a, (W)W { ~cla’
=k*W{—cj(—c,(k) +a,k)a’
= —gKW{|—cla"+ W{—clL(K)a'=0. (78)

The mappinga’—W { — c}a’ therefore depicts .¥"?into .£°.
But because of W{ — ¢} W {cja = @ and

W {c}W | — cla’ = o', both mappings are onto and one-to-
one, and we can write

LI=W{c}.L° (79)
From (W {c}a|W {c]B ) = (a|B ) we now obtain the stated
isomorphy .#°<>.79, and by the iteration .% 9.7 %> &%
we get the isomorphy of all Lorentz spaces.

Note that the equation & “c, (k) = g(k) has, in general,
more than one solutions ¢c@ so that correspondingly many
mappings .% %-.7 7 exist. This will play a certain role later
on.

We now prove Theorem 3. In view of the above it holds
clearly on any .#? if it holds on .#’°. But on . it is equiv-
alent to the main achievement of the conventional Gupta—
Bleuler formalism. Since the statement is usually proven in a
somewhat heuristical way we give a short generalization in
the present terminology which will also be needed for the
proof of Theorem 4.

By a straightforward application of definition (18a) of
a, (k) we geton D

a, (K" =a,(k;.5K, )
={w|a, k,)..a,k,)a)/ (n)" (80)

By continuity this holds for any a. By means of (20) and (22)
we get

a,(k) = P Ka,,, (k) @81
and thus
n 1 o, -
@, (K= i )4k
X (@ | 8,y &y )., (K, a). (82)

Inserting this into (16) and using (20) we obtain for any
apes

Bla)=(o|p)*w|a)+ ¥

n=1

X S 8010)-80,0)0(@,0,) (Y
1600
- f k- f d*k, (@ | a0k, )0k, )8 )*
X (@ | a7k, )a" (k). (34)

1
n!
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In view of (28), definition (29) means a;, (k)a = — a, (K)a
for any ae.#°. Therefore, we have
I(o),o, 1,0,0,, 1000,) =1(0,...0,_1,3,0,, 15.0,)
(85)
for any a,Be.¥°, any n and ve{1,...,n},and any o ,...,0, _ |,
O, 1,-+0,. The contribution of the terms o, = 0 and o,
= 3 to the n-fold sum in (83) reads

g00) 3 £0,0,)8(,0,)10,05,-.7,)

+833) S 80:0,180,0,) I (:0s00,). (86)

This vanishes because of (85) and g(00) = — g(33). It fol-
lows that the factor g(o, o, ) = 1 can be ignored further on.
Repeating the same arguments for the sums over o, ,...,a,, we
finally get for any a,Be.#°,

Bla)=(w[B)* (w]a)+ z %J-a”kl...
xfa”k,, i

- @] gy k), (k,) B )*

X <a) ’ a(ol) (kl )"'a(a,,) (kn) a) (87)

For # = a this yields {(a|a) >0 which proves theorem 3.
Finally consider the vector

o' = f dk AL * Ko = [0k, h(k,),0,.}# 0, (88)

where £ (k) is any complex-valued, square integrable func-
tion over the R>. As

L ®a* = k*a, (0){0,k, h (k),0,...]
= k*{k,h (K),0,~} = {0,0,..] =0,

a"isin .£°. Using k, k* = 0 once more, we get (a” |a" )
= §d°k k*k,|h (K)|* = 0. Therefore, a: = W {c}a” also
satisfies (@|a) = 0 and is in .Z°7 if ¢ is any solution of
¢, (K)k* = g(k).

Let ¢’ be any solution of ¢/, (k)k * = ¢'(k), ¢’ #q, and
consider the vector B: = W{c'{w in .27 which clearly satis-
fies (B |6 ) = (w|w) = 1. By means of (72) we get

(@|B) = fdskh*(k)(w!L(k)W{ — e} W ()
= [@khr @@ | W{ )L 1)~ o)W (e}
= (0| W{—c)W(c}|o) f %k h* W0 () — g(l). (89)

The first factor is a pure exponential different from zero. As
¢'(k) — g(k) does not vanish by assumption, we can always
find a function 4 (k), e.g., # (k) = q'(k) — q(k), such that the
second factor is also different from zero. So we have
(alB)#o.

If, in contradiction to theorem 4, the Cauchy-Schwarz
inequality holds on the span of .#? and .#7, the above vec-
tors a,ff would always satisfy | (a|f ) |?
<{B|B) {ala) = 1.0 = 0. So Theorem 4 must be true.
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16. THE GAUGE HILBERT SPACES IN ANY LORENTZ
SPACE

We now verify Theorem 5. In view of Theorem 2 the
proof is also needed only for .¥ °.

We first show that ¥, as defined by (24), is indeed a
Hilbert space. Its completeness could be proven in analogy
to Sec. 13. Itis once more contained in the following proof of
the isomorphy of " and the usual Fock space # ¥ of trans-
verse photons, which verifies all other Hilbert space proper-
ties of # " as well.

Let @ be short for the sequence

¢7={?0!@1(‘(1/{1)"Pz(kl,/{ﬁkz,/{z), f, (90)

wehre the nth component ¢, of ¢ is a complex number for
n =0, and for n = 1,2,---, a complex-valued, symmetric
function ¢, = @, (k,,4,;...;k,.»4,) of n pairs (k,,4,). Each
k, varies continuously over the R %, and each A, assumes the
values 1,2. For any given 4,,...,4,,, @, is defined almost ev-
erywhere on R *". Let y be defined similarly and consider the
sesquilinear form

o0 2
@lx)=edvo+ > X fd3k1~-~Jd3k,,

n=0A.4, =1

X@rk A KA, KA.k, 4,). (91
Denote by Z#, the complete set of all ¢ for which (¢|@)
exists. Equation (91) defines a Hilbert metric on %, and
the pair 7§ : = (% »»(:|))isindeed a Hilbert space, the usu-
al representative of the Fock space of transverse photons. In
order to get its isomorphy to .# " we see by comparison with
(87) that the mapping a—¢ = @(a), as given by
Po: = (@ | a)
and

wn(kl ”1] "’kn "{n):

= (o | au, & )aq,k,)a)/(n)'"? (n=12..),
(92a)

depicts # " isometrically into # ;. Moreover, the mapping
p—a = a(p), as given by

a5 =@y
and

an (kl ’,u‘] ))kn ’Iu‘n): = (n!)l/z

2
X S ek el k) Ky Ak, AL,
=1

A=

n=12-, (92b)

depicts 7§ onto .7 “. This is easily verified by showing that
a(g) satisfies a o, (K)a(@) = 0 = a5, (K)a(gp), cf. (24). Fur-
ther on, we easily find p{a(p )) = @, a(p (@)) = a, so that
(92) defines an isometrical one-to-one mapping # "%y,
which proves the isomorphy of ¥ and F . As # isa
Hilbert space, # " also must be a Hilbert space.

On .£°, the mapping a—@{(a) allows the definition of
the equivalence relation ~ : a~f if p(a) = @(B). The
equivalence classes {a}, {8 ] are elements of a Hilbert space
Z7° if the scalar product ({@} | {8}) of two equivalence
classes is defined by the scalar product of any of their ele-
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ments, ({a} | {8]) = (¢ (@) | ¢ (8)) = (a | B), whichis pos-
sible by (87). #° is obviously isomorphic to F ' as well as
to . ' so that ae.# " can be chosen as the representative of
an element of 77 °,
Let g = g(k) be a scalar function such that the 4-vector
kg = k*g(k) is in €. We claim that the Hilbert space
Ho=WlkglF", 93)
theimage of ¥ '"under the mapping a—W {k g}a, isin £ °,
and that a and W {kgl« are equivalent, @ ~ W { kgla. For
the proof of the relation W {kg}ae.? ° if ae.# " we use
[L (k),W {kg}] = 0, which follows immediately from k,, k*
= 0 and (72c). So we get for any ae.?
L)W {kg}a = W {kg}L (k)a = o, which means
W {kglae.? ®inparticular. Toprovea ~ W { kg}a we verify
pl@) = (W {kg}a) for any aeF . Because k, k" =0 we
get from (72d)

Wikgl = [CXP f d kgL * (k)}
X [exp( - f d*k g*(K)L (k))]. (94)

Consider first the component
po: =@ (W {kgla), = (0 | W{kgla)

~ o] [exe [ a% 500 0]

X [exp( - j d*k g*K)L (k))]a>
= <[exp ( - f dk g* (k)L (k))]
{exp( - J d’k g*®)L O())]u). (95)

In the last equation we have used the fact that the factors in
(94) are the adjoints of each other. Now considering the se-
ries for the exponentials in (95) we recognize that only the
first term gives a contribution because in all other terms the
operator L (k) acts on an element of .£ ° which yields zero.
So we get ¢, = p(W {k gla), = {w|a) = p(a),, which is
the statement for the zero-component. Now consider the nth
component

o, =g (W ikgla),
= (o | a;,(k)..a, &)W {kgla)/(n)"?

= (a) a; (K, )...a/l"(k,,)[exp J- dkg(R)L * (k)}
X [exp f d’k g*(k)L (k)]a)/n!)l/z. (96)

The last exponential reproduces the state a as above. Equa-
tion(29) and the commutation relations for the a,, (k) [cf.
(22)] show further that the first exponential can be ex-
changed with the destruction operators left of it because any
A, assumes only the values 1,2. Then the exponential acts on
o as above. So both exponentials can be omitted, which
means @, = ¢(a),, and gp(a) = p(W {k g} ), as stated.

Xow

For the complete proof of Theorem 5 we must still ver-
ify Eq. (37): Assume that « is contained in both 5% and
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X sothata = W {kgla' = W {kg'}a?, a',a’cF . This
means a' = W [k (g — g')}@’, and as a, (K)a' = o, also
ao (K)W {k (g — g')}a’ must vanish. But by (72b) we get
ae) (KW {k(g— g')}az

=W{k(g—8)) [k (8k) —g®) + g k) ]a*

= [ko(g(k) — ') IW {k (g —g"}a™. o”n
This vanishes if and only if @* = o which means & = 0 and
thus indeed #° 9 N % ) = {o] if g#g'.

17. THE TIME EVOLUTION OPERATOR U(1)

We are ready now to verify the unproven statements in
e %y means of (73) we can easily show that the operator
U@t):=e *OU)W {f[t]}
=e POWle[ —t1f[t 11U, () 98)
satisfies Eq. (39) if U, (¢) is given by (74), and the functions
& (1), f[t] are defined by

feRr= =i [ e,
o
¢(t):=1mjd3kf dt’ "M I %(t' k)
0

t
Xf dr” e % I#(t" k). (100)
(1]
I,(t,k) is given by (38) and £, (+,k) is in € if/ , (x) satisfies the
conditions of Sec. 1. Because of @ j, (x) = 0 we get the
identity

k* £, (k) + € I, (1K) = I, (0,k).

By straightforward use of (72c) we get U * (1)U (¢)
=1=U@)U *(t),ie, U ()= U ~'(t), as stated in
Sec. 6. Equation (45) is obtained similarly by a straightfor-
ward use of (72) and (98)—(100). This also proves Statement
1.

(101)

For the proof of Statement 2 we use once more the state
a” given in (88). Further, let c@ be any solution of k # ¢, (k)
= ¢[0](k), and consider the vectors a: = W {c]a*,
B: = W {c}w which are bothin .¥ %) and satisfy (a|a) = 0,
B|B) =1, (a|f) = 0. Now consider
(@|U@P)=e " |W{—c}Wlel —t]f[t])
X Ut YW {c}w)
=e P a" | W[ —c}Wiel -t]1flt])}
XWiel —t]1clw), (102)
where use has been made of (98), (75¢), and U, (¢ Jw = w.
Now inserting for a” and shifting L (k) through the Weyl
operators we get by means of (72a)

(@ U@)B)
=(@|W{—ciWilel —t)1f[t1}W{el —t]clw)

x fd%h*(k)g,(k),

where g, (k) is given by [recall 7°(t,k) = ¢t }(k)!]

g.(k): = —q[0l(k) + k* [, (tk)e = “ ™ + e~ "IKig[0](k)
= g[2](K) — ¢[0)(K). (104)

(103)
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The first factor in (103) is always different from zero. For
any time ¢ for which ¢[¢ (k) #4¢[0](k), i.e., for j°(¢,x)
#7°(0,x), we have g, (k) #0 and so we can find an 4 (k) so
that the second factor in (103) is also different from zero. So
we obtain (@ | U(¢)B ) #0 despite of {a|a) = 0, as stated.

18. THE OPERATOR MAXWELL EQUATIONS ON A
LORENTZ SPACE

We prove now Statements 3-6 in Secs. 7, 8.

As U(t) 1s explicitly given by (98), we can now easily
compute the Heisenberg operators (40), (41). Using (72),
(75) we so get

A,(0)=4L(x) +a3(x), [T,(x)=1T,x)+ m(x),
(105)

Fox)=F[ () +f; @)
AL (x), T/(x), F/,(x) are the Heisenberg operators of the
free Maxwell field which are obtained from the correspond-
ing Schrodinger operators (35), (36) by replacing the expon-
entials e * ** by e * **. The real functions a 5 (x), 7 f(x),
S () are obtained from 4/ (x), I (x), F/,_(x), by respec-
tively replacing the operators a,, (k), a,/ (k) by the functions
[ (k) f %(£,k). By means of (105) we can now easily fill the
gap in the proof of the results quoted in Sec. 6. Since f, (¢,k)
vanishes for ¢ = 0, at ¢ = O the operators (105) agree with
Schrddinger operators (35), (36), as it must be.

We consider the functions e £(x), 7 £(x), f &, (x) in
some detail. By the above prescription we obtain, e.g.,

a(t,x) = fd%D(k)[e’“‘"‘“‘"’fu(t,k)+cc]
_ =[x
T o4r ) [x—x|
X[jt—[x=x]x)0( - |x —x'|)
—J. @ + |x=x'{x)0(~t— |x—x'])], (106)

where 8 (1) = 1for 7>0and 8 (r) = Ofor 7 < 0. The first (sec-
ond) term vanishes therefore for <0 (¢ > 0). At t = 0, both
ax(t,x)and (3 /3t Jai(t,x) vanish. Atz> 0, ar(t,x)is a retard-
ed amplitude composed of “‘signals” which were emitted by
the current j , (¢ ',x") in the points x’ at the previous times
t=t— |x—x'|, 0<t’' <t Moving with the velocity of
light and being attenuated by an inverse distance law, be-
tween ¢ ' and ¢ these signals were propagated from the points
x’ to the point x we look af. At time 7 they all arive at x and
build up the amplitude a’(¢,x) by interference. The ampli-
tudes 75 (,x), f ff (,x) have similar causal structures. In addi-
tion, 75 (¢,x) satisfies 75 (#,x) = (3/3¢ )af(1,x), 75(0,x) = 0.

We find easily that the pair 7 [ (2,x), a (¢,x) is a special
solution of Eq. (6), and that the operators 4 7, (1,x), I 7.(tx)
satisfy (6) in the case j, (#,x) = 0. So the proper Heisenberg
operators 1, (x), A, (x) satisfy (6), and thus also (7), in the
sense of operator identities on ., as could be expected.
Consider also the field operator

F, (x): = fd %k D &) [ik, (a,) + £, (6,K))

— ik (a, (k) + £, (k) Je*™ + cc (107)
as defined by the above prescription. We can easily see that
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F,, (x) itself as well as its operator part F ,fw (x) satisfy (9) as
an operator identity on .%",, whereas a;; (x) and /%, (x) satis-
fy the same equation in the sense of a c-number solution.
This proves Statement 3.

As A, (x) is now explicitly given we can compute the
expression for 3”4, (x). By straightforward calculations we
find

944, (x) = i f d°k D (0 [*(L (k) — g[01()) + ccl,
(108)

where I °(0,k) has been replaced by ¢{0](k). Since

L (k) — ¢[0](k) is independent of ¢ we get the identity (47),
but 34, (x) is indeed not the zero operator on .%*,,. Howev-
er, we recognize that its restriction to .#” 9'°! is the zero oper-
ator on . 9! because the matrix elements {a|3*4,, (x)8 )
vanish for any x and for any a,8.7 ?°.. This is Statement 4.

Since Statement S needs no further proof we ook imme-

diately at Statement 6: Let o', B be any normalized ele-
ments from & " and let g = g(k) and g’ = g’(k) be any gauge
functions. Define by a®: = W {kgla", 8% = W [kg]B" a
couple of elements of #” }, and by a”: = W {kg'}a", B*

: = W {kg'}B"" acouple of elements of & ;.. These elements
satisfy a®~a”, B°~B”, {a® | B°) = {a” | B*)

= {a" | B™). Let ¢ = ¢, (k) be any solution of k “c, (k)

= ¢[0}(k) and finally define the elements a: = W {c}a®,
B=W{c]B’ a =Wicja”, B’ = W{c]B”. These ele-
ments satisfy a ~a’, B~B", {a | B) ={a’ | B")

= (a'" | B"), and any normalized elements a, B, a’, B’ in
£ 99 which satisfy these relations, can be written in the
form given. Consider finally the difference {(a | 4, (x)B )

— {a' | 4,(x)B"). By (105) we may replace 4,,(x) by 47, (x)
without changing its value. So we get

(a]d, (B ) — (a'|4,x)B")

_ J d*k D () [e*z, (&) + cc], (109)

where z,, (k) is given by
z,(k): = {a|a,®)B) — {&'|a,B")
= {a"|W{ —kg}W{ —cla,(®) W {c] W kg]B")
—{a"|W{ —kg'}
XW{ —cla, W ()W (kg }B).  (110)
Using W { — cla, (KW {c] = a,, (k) + c, (k) we see that the
contributions from the term c,, (k) cancel. Using the same
fromula once more we get
z, (k) = k, (g(k) — g'(K)){a"|B*). (111)
If this is inserted into (109), the right-hand side assumes the
form of the right-hand side of (48) because {(a"|8")
=@|h).
By (107) we similarly get

(@|F,,(x)B) — (a'|F,.()8")
_ J d*x D[k, z,(k) — ik, z, (k) ]e** + cc (112)
with the same z,, (k) as above. The right-hand side of (112)
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therefore vanishes, and this already completes the proof of
Statement 6.

19. THE STATIONARY CASE

We now verify Statements 7-9 in Sec. 10 which are all
related to the stationary case j “(z,x) = #(0,x), I #(¢,k)
= I *(k), I °(k) = q(k).

The time integrals in (99), (100) can now be computed
explicitly and lead to

£00 = (1 = €D (/K]

O()=1tL+ Jd3k1;‘;(k)l“(k)[sin(t |kD1/ k|3 (114)

(113)

where L is given in (53). Inserting this into (98) we get a
simpler form for U (¢ ). Statement 8 can then be easily proved
by a straightforward verification.

By completing the square in (37) we obtain for the Ha-
miltonian H = H, the expression

H= [dk |k [a; 0+ 1300/|KI]

x [a*(k) + 1"(k)/ | k| ] + L. (115)
By means of (72b) we can write this in the form
H=W{c{(H, + LYW { —¢}, (116)

where H,, is the Hamilton operator if M is free, H,» = o,
and ¢ is the special 4-vector ¢, (k): = — I, (k)/ |k|. Because
KI(k) = 0, it satisfies k“C, (k) = — k*I,(k)/|k]| =1°(k)

= g(k) so that the coherent state 8: = W {clw is in .¥ 7.
Moreover, we have

HB=W{c{(H, + LYW{ —-¢c}W|clo =LW{Clo =Lp,

so that 3 is indeed an eigenstate of H to the eigenvalue L.
For the completion of the proof of Statement 7 we must

only show that it is the only eigenstate of H in . 9. Let a be

any element of . %. We show in the Appendix that W {¢la
exists. By means of (98) we further find
U)W (cla=e “COWlel —t]f[t11U, @)W {Cla
=e POWlel — 1111}
XWiel —t]ciU,(t) a
=e MW {clUy(t)a. (117)
For @ = o this reproduces the eigenstate property of 3 as
U, (t )o = w. As w is the only state in %, with this property,
B = W {clU,(t)w is the only state in .#¢ which satisfies
U(t)B = e " "B, where Eisanumber,inourcase E = L.Sof
is indeed the only eigenstate of H.
We come now to Statement 9: In Secs. 15 and 16 we
defined %" 2 by # %: = W {c| W {kg}.F "
= W{c + kg}. 7", where ce€ was any solution c,, (k) of
k*c, (k) = q(k), and g = g(k) was any gauge function. But as
¢’ = ¢ + kg’ with any g'(k) is also a solution of & #c;, (k)
= g(k), we must either specify ¢ or g. A natural choice is
¢ = ¢ with the above ¢. So we finally define the gauge Hilbert
spaces in .7 by
H=W{c+kglF" (118)
For the proof of Statement 9 we must show that g can be
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chosen so that U(t)# ¢ = 22, and that B is in this %7 {.
We claim that this is achieved for g(k) = O if we adopt the
definition (118). As 8 = W {C}w is in 7 §, we must only
verify that U (¢)7° ¢ = 2 2 holds only for g = 0. The rela-
tion % ¢ = U ()7 { is obviously equivalent to the equa-
tion ¥, = .% " where .7, is given by
Fo=W{—-C—kglU@)W{c+ kg}.F". (119)

So .#, must satisfy a©(k).7, = 0 = a®(k).#,. By means of
(98), (75¢), U, (1 )F " = F Y, (72b), and finally by (101) and

the definition ¢,: = — I, (k)/|k| we find
Fo=W{—@C+kg}Wlel —t1f[1 U ()W (T + ke}
thr

=W{—-@C+kgiWle[—t]1flz]}
XWiel —t1@ + kg)}F
=W{[—t]-1D)C—C+kg)}F"

=Wl —t]— Dkg}F" (120)
By (72a), (94a), the conditions to be satisfied are
o= '—‘1(0)(1‘)‘7: = (eiitw — Dk, g).7 ,,
(121

o=a5W)F, = "M - 1)k "k, /|k|)g®.F,.

As e ¥l _ 1 does not vanish identically in k and the same
holds for k, and k "k, = |k|?, the conditions (121) are met
if and only if g(k) = 0.

the choice ¢ = ¢ is arbitrary relative to the transverse
part of ¢ which however only depicts 5% ¢, as defined by
(118), onto itself. The space 7#° § is therefore uniquely de-
fined by the requirements U (¢ )% § = 7 § andfBe#” {. This
completes the proof of Statement 9.

20. THE GAUGE INVARIANT ENERGY

In this last section we verify Statements 10 and 11 relat-
ed to the concept of energy.

For statement 10 we note that the restriction H § of H to
# ¢ which exists by the general arguments quoted in Sec.
10, is of course determined by the equation H § a = Ha for
any ae” {nD(H ). This a can be written in the form
a = W{¢}la", where a"e# " is conversely given by a"
= W{ —Cla. Asy:= Hia is in 5 § for any aeD(H ?)
=¥ §nD(H ), it can be similarly written in the form
¥y = W{c}y", and so we get by means of (116)

V=W { —GHW(}a" = (H, + L)a"
= [L + fd3k lk|a; (k)a“(k)]oz‘r

= [L + fd3k Ikl {a(\)+ (k)a(x)(k) +ag, ., (k)a(z)(k)

+ag (k)a(s) k) — Ao+ (k)a(O) (k)} ]atr- (122)

The contributions from the last couple of terms vanish be-
cause of (24a). What remains is the usual “energy”-Hamil-
tonian H § of free, transverse photons. So we obtain H § in
the form

Hy=WISHS + LYW —§) (123)
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which verifies Statement (10) up to Egs. (55) and (56) which,
however, are straightforward consequences of the definition
(118) of ¥ 8.

Let us finally return to .#° ? and verify the last State-
ment 11 which can also be written in the form: U%(¢)a
~Ut)B if a~p, afe.? % This is equivalent to: U (t)
X(a — B)~oif (@ — B)~o0. Now let ¥y ~o0, y€.% ¥ be given,
and consider (5 | U (¢ )y) for any 5€.7%. By the Cauchy-
Schwarz inequality which holds here because U %(¢)y is in
L9, we get

8| U@ > = (U= )8 ||

K(UA—0)8|UA(—1)8) {v|y) =0,
ie., (6| U%t)y) = O for any 5. In particular, for
8= Ur)y we get {U%¢)y|U%)y) = 0so that Ut )y
= Ut {a — B)~o, as stated.

APPENDIX: ON THE DOMAIN OF A WEYL OPERATOR
ON .7,

We show first and in the usual way that D(W {c]) is
dense, cf. (71).

Leta = a, beany vector in .¥,, with only one nonvan-
ishing component a,,(K ), n = 0,1,.... Denote by F, {c} and
F, {c} thefirst and second termin (67) sothat F {c¢} = F, {c}

+ F, {c}. We obviously have the relations

IF, {ela, 1<t + 1)l [la. |
and

17, {e}an ll<n'llelllle, | < (2 + 1D)*?|le]llle, |
so that

|F{c}a,|I<( + D22lc|lllex, ]I, (AD)

where ||c|| is given by

3
=Y |[d% |c, ()| (A2)
p=0
By induction we can easily obtain the relation
IF {e}a, <[+ v)=(n + DIQllc])"lla, | (A3)
and thus

S S,

v=0

<, | 20 -:T (7 + ) (n + DIQel)”

W {c}a, || =

<Jarll 3 Sl 072Ul a9

The last sum converges for any n. So W {c{ is defined at least
on the dense set D of all @ with only a finite number of non-
vanishing components «,, (K ™).

Now we convince ourselves that W {c}aisin ., if ce@
and if  is any element from any Lorentz space .% 9.

For the proof of this we use the Hilbert metric (-]-) de-
fined by (15). Then we get

(fd%h:(k)a"(k)aW) = (al fd3k h “(k)g,ma:ﬂ()ﬂ)
(AS)
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ifeither aeD or BeD. Under the same condition we obviously
get:

(expfd k h X(K)a"(Ka|B )

= (al exp f d’k h (k) g,,a; (KB ), (A6)
(Ficla|B)=(a]| F{c'}B), (A7)
(Wicla [B)=(a| W{c'|B), (A8)
where ¢’ is given by
k)= —g,.c, k). (A9)

As W {c}a exists for any aeD, we get by means of (A6)
W {cla|®=(W{cla| W{cla)=(a| W|{c]W|cla)
=(@| Wic+cla), (A10)

where ¢ + ¢’ has the components (¢ + ¢')°(k) = 2¢°(k),
(c + ¢')(k) = O for r = 1,2,3. By means of (72c) we thus get

Wic+c) =(expzfd3k |c°(k)|2)

X (exp 2f d°k CKag a())

X (exp[ —2 f d’k cg‘(k)a"(k)]). (A1)
By the use of (A6) we therefore arrive at

1 (elal = (exp [ @k |001?)

X exp[ — 2fd3k c(’)*(k)a"(k)]a‘ ’ (Al12)

Now consider any a€.? ¢, geQ. Then
e = FI«T [k "a, ®) - q0)]a

holds for almost any keR®. As a°(k) commutes with any

a, (k), in any term of the Taylor series for the last term in

(A12) we can replace a°(k)a by the right-hand side of (A 13),

ie.,

exp[ -2 f d’k cg‘(k)ao(k)]a

(A13)

= exp{ ~2 [ @% [es0/ K[ 10k "a, 00— e a
= (exp2jd3k cx(k)q(k)/ |k|)
X(exp[ - 2fd3k cx¥(k)a, (K)/ K| ]) a.  (Al4)

So we get
|W {cla]

= (exp J d’k |k)| 2)
X exp(2 f d’k cX(k)qk)/ | k| )

X exp[—ZJd3kcg(k)a, (k)k,/|k|] a. ‘

(A15)
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By (A6) and (45) we obtain

exp[ -2 fd3k c¥(k)a” (K)k,/ | k| ]a‘ '2

= (e

Xexp[ — 2fd3k c¥(k)a, (k)/ k| ]a)

exp[ — 2fd3k co(K)a,* (k)k’/lkl]

=(a| W{g}a)exp[ - 2Jd3k |co(k)|2], (Al6)

where g is the 4-vector with the components g °(k) = 0, g "(k)
= 2¢°K)k '/ |k|, r = 1,2,3. By the Cauchy-Schwarz in-
equality, which of course holds for the metric (-|-), we get
(@| Wigla) | <lla|l |W {g]al| = ||la|l?, (A1)
where use has been made of || I {g}a|| = ||a|| which holds by

(A10) because g °(k) = 0. Inserting (A17) into (A16) and
this into (A15), we finally get

1 (e)adl<lal [exe2 [ @k ezg0/ 1] |

= Ha"exp[Z Re J d’k c3(k)q(k)/ | k| ]

This proves the statement because the second factor is inde-
pendent of c.
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Summation of partial wave expansions in the scattering by short-range
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Previous theorems on the convergence of the punctual Padé approximant to the scattering
amplitude are extended. The new proofs correspond to the case of potentials having a short-range
tail of the type V(r), ... ~V,r ~° ' exp[ — ur], where V, is a constant, p an integer and p.> 0, and
are restricted to within the Lehmann ellipse, in the complex cos@ plane, where the partial wave
expansion converges. Asymptotic estimates are obtained for the error of the approximants.

1. INTRODUCTION

A usual method for the calculation of differential cross
sections is that based on the partial wave expansion of the
scattering amplitude (PWESA). For two-body potential
scattering, if we restrict ourselves to spherically symmetric
interactions, this series is given by

o

f(cosf) = z a,P (cost)

=0
o« [exp(2i6,) — 1]
2, G
where £ is the magnitude of the wave vector, the {5, | are the
phase shifts, and the { P} the Legendre polynomials. The
number of terms in (1.1) which contribute significantly to
the series can be estimated by the semiclassical relation

Nmax Nkr() ’ (12)

where 7, is the effective range of the potential. Thus, the
method is of great value when relatively low values of #,, of
the energy, and of the reduced mass of the system are in-
volved. Otherwise, the convergence of the PWESA is slow,
and a considerable number of phase shifts must be calculated
in order to obtain accurate values for the scattering ampli-
tude. Typical of these situations are atomic and molecular
collision processes, where long range interactions are pre-
sent, and nuclear systems described by short range potentials
in the intermediate energy region.

Several alternative methods of calculation can be used
for some of these cases, such as the semiclassical and distort-
ed wave approximations. An interesting global approach,
however, is to keep the original PWESA, and to find ade-
quate mathematical methods to resume efficiently the infor-
mation contained in the terms of the series. Such methods
are available within the framework of Padé-type rational ap-
proximations, and some of them have been proposed for that
purpose.'™ Of particular interest is the punctual Padé ap-
proximant (PPA) approach,’ which has the attractive fea-
ture, from the numerical point of view, of counting on algo-
rithms which allow for a recurrent calculation of the
successive approximations.

P,(cosf), (1.1)

“Partially supported by CNPq (Brazil).
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The convergence of the PPA to f(cos6 ) was proven®’ in
the case of long range potentials having the asymptotic
behavior

V() ~ Vo/r?,

ros

a>—1, (1.3)

where @ is an integer and ¥V, a constant. The proofs included
all of the cases for which £ (cosf Y has finite meaningful values
in the physical interval — 1<cosf<1, where the conver-
gence of the PWESA is, in principle, restricted. The efficien-
cy of the approach was shown, as a convergence acceleration
procedure, when the PWESA is slowly convergent, and, as a
regularization method, when it is divergent or oscillating.
Furthermore, its importance from the practical point of view
was verified in a set of typical examples of situations involv-
ing this type of potentials.*

In this work, we deal with potentials having the short
range tail

V() ~ Vor " lexp(—pr), (1.4)

where V,, is a constant, p an integer, and iz > 0. We prove the
convergence of the PPA to f(cosé), for cos@ within the Leh-
mann ellipse in the complex cosé plane, where the conver-
gence of the PWESA is restricted, and obtain asymptotic
estimates for the error of the approximants. It is shown that
the rate of convergence of the nontrivial PPA’s is asymptoti-
cally greater than that of the sequence of partial wave sums
of the PWESA,

In Sec. 2 we briefly outline the PPA method, and prove
two theorems regarding the convergence of the PPA when
applied to certain sequences. The asymptotic behavior of the
sequence of partial wave sums of the PWESA within the
Lehmann ellipse is investigated in Sec. 3, and it is shown that
its study essentially reduces to that of the sequences consid-
ered in Sec. 2, and, thus, we are able to establish the main
results of this work.

2. THE PUNCTUAL PADE APPROXIMANT (PPA)
A. The method

Given a formal power series

e

g@y= > a,2", Q.1

n=0
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the [V, M ],.,,, Padé approximant (PA) to g(2), is defined as
a quotient of polynomials,’
[N, M ], =Ry(2)/0x(@)
=(ro + Nz 412 + w4 ryz")/
(I +g,z+q,2" + - +q52"), (2.2)

where the coefficients {#, ] and {g, | are uniquely determined
by the requirement

[N, M 1oy —8@) = o[V 1]

The PPA [N, M ] .0, is defined’ as the PA
[N, M ] ;cosos to the series

(2.3)

F(cosf2)= S a,P(cosf)z',
/=0
calculated at z = 1. In this way, a doubly infinite array of
rational approximants to f(cos@ ) are introduced, the PPA
table, from which many different sequences may be chosen.
Of particular interest, are the row sequences, consisting of
the PPA [n, n + m] ;.. for fixed n>0. By defining

S, (cos0) = 3 a,P,(cosh), 2.4)

I=0
they can be shown to coincide with the £, (S,,) nonlinear
transforms introduced by Shanks® as formal generalizations
of Aitken’s extrapolation formula, which corresponds to
n = 1. Moreover, for n = 0, i.e., for the first row of the table,
one has

EO (Sm) = Sr

Thus, the sequence of partial wave sums is one of the
particular sequences of approximations to f(cosd ) which
may be chosen within the PPA table.

The [n, n + m], may be expressed in a compact form:

[n,n+m), =H (S,}/H™(A3S,], @.5)
where A°S, =S,,47S, =4°7'S,, | —A”7'S forp>0,

and the H { are the Hankel determinants, defined for a given
sequence { f, } as

o

fv f;+1 fv+k‘1
mpipy=| b b b
f\-+1\71 f.;+k f;+2k,2

for k>0and H$'{ £, ]=1.

By inspection of Eq. (2.5) it is clear that the PPA
[n, n + m], may be seen, equivalently, as a nonlinear trans-
formation of the sequence {S,, } (given S, S, . |,
S, 2. )» OF Of the series F (cos6,1) (given a,, a,,
-, a,. ., »,). Because of this equivalence, reference will be
made, alternatively, to the series or to the sequence, and we
shall define

[n,n+m], g, =[n,n4 Ml -

Furthermore, let us state a useful property of the PPA
which may be easily deduced from Eq. (2.5). If

S.,.=A+ BS!

m 3

where A4 and B are constants, then

[n,n+m], =A+B[n,n+m]15” . 2.6)

113 J. Math. Phys., Vol. 21, No. 1, January 1980

A final remark can be made with regards to the calcula-
tion of the PPA, which becomes very involved, from the
numerical point of view, when # is large and Eq. (2.5) is used.
The PPA table may be generated recurrently by means of
certain algorithms,* which, while doing so efficiently, allow
us as well to check the convergence of the successive ap-
proximations being calculated.

B. Convergence of the PPA for certain sequences
Definition: Given the sequences {4,, } and {B,, }, we

shall say that 4, asymptotically approaches B, , that is,
A, ~ B

m
m s

if, given any small positive quantity ¢, an integer m,, > 0 can
be found such that, for m>m,
’Am - Bm I/!Am I <€.

Lemma 2.1: Given the sequence | D, } with asymptotic
representation

D ~(r+57, 2.7

where v is an integer, then

k—1

HP(D,) ~ (p+p o VL= vl (= Dt
P o= =0

(2.8)

where [ —v], =(—=v)(—v— Dl —v—1t + 1)ift>0
and [ —v], = 1.
Proof: We have

HPD,) ~ HP(r+1) "} =HPA(p+D 1.

P

2.9
Recalling now that
Alp+3) " ~ [=vllp+p " (2.10)
and the equality’
n—1
H"{pl,} = [[ [Plm. (=D, @.11)

=0
valid for any p, we obtain from (2.9), using (2.10),
HPID} ~ HPA (p+3) )

P>

~ HP([ ~v].(p+4 "7
P~
=(p+ O O ),
from which (2.8) follows, by using (2.11).
Theorem 2.1: Given the sequence { C, | whose members
have the asymptotic representation
Cr ~ R — qu ,

where R = r + 4, |9] < 1, and v is an integer, the PPA
[n,n + m],, has, for fixed n>0 and large m, the following
asymptotic behavior:

(2.12)

[mn4mlie, ~ g4+ —v] (= 1yni/g — 17"

Fernando F. Grinstein 113



X(m+ L)+ (2.13)
Proof: Starting from Eq. (2.5), we have
[, n+m)ie; =H (C/HMAC,) . (2.14)
Let us evaluate A °C, asymptotically for large #:
AC, =C,, , —C,=¢"R " "[q1 +1/R) " —1]
~q"R g—1) ~ (@—1C,;
consequently,
A’C,=4C, ., —AC, ~ (g —1)'C,. (2.15)
By replacing (2.15) in (2.14), we then have
(n,n+ m])c,q ~ anmj 1 {Cr}/H(nm){(q - 1)2Cr}
=H{" {C)/(g—1"H{™M{C,}
— q(n+ Dm+ § +n)H(m+) . iD }/
m- »oc(q _ l)2,,q(n)(m + 5 +n - 1)H EIm)ID } ,
(2.16)

where {D, } is the sequence of Lemma 2.1. Using now Eq.
(2.8) in (2.16), Eq. (2.13) follows.

Lemma 2.2: Given the sequence {g, } defined by

g =g =(r+ §)siny,, (2.17)
where € is an arbitrary complex number, %, = r6 + b, withd

and 6 real constants, the sequences {g/* '} defined for
fixed j>O0 by the recurrent formulas

gl =g +gi, —2cos8g’e, (2.18)

have, for large r, the following asymptotic representations:

g% ~ (= 2sinf)[€],(r + ) “sin(y, — jm/2),

roeoc

(2.19)

with [e], defined as in Lemma 2.1.

Proof: 1t follows from an immediate extension of that of
Lemma 2.1 of Ref. 3, by noting that, in the latter, only the
linear dependence of 17, on r is essential, and that its results
are actually valid for any €.

Lemma 2.3: Given the sequence {g, } of Lemma 2.2, we
have for fixed n>>0 and large m:

n+

H(m) . [gr} — ( _ 1)(N+ D(n — 2N)(sin9 )2(n —~N)

S (sing, , ) H O, HO kY, (2.20)
where N = n/2 forevenn, N = (n — 1)/2 for odd n, and the
sequence {4, } is defined by

h, = (—2sin@)[e],(m + L) 7. 2.21)

Proof It follows as an extension of that of Eq. (4.4) of
Ref. 2, by noting that in its algebraic derivation it is only
essential that a family of sequences be associated to {g, } asin
Eq. (2.18) and having the asymptotic behaviors given by
(2.19).

Lemma 2.4: Given the sequence {7, } whose members
have the asymptotic representation

T, ~ Rexp[ — (r + Dalsina {*7, 2.22)
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where R =r+3%,a>0,A " =+ 10 + v+ 7/4,
0 < 6 <, and € is an arbitrary complex number, with ¥ such
that tany = tan(6 /2). coth(a/2) (0 < ¥ < 7/2), then

AT, ~ QR+ Vexpl — (# +alsinA {77, (2.23)
where Q =2 (cosha —cosf)and A (7} =A LT —27.
Proof: We have
AzTr:T v 2 +Tr_2Tr+]

~ (R + 2)exp[ — (7 + 3)a]sinA [ 1)
o + R ‘exp[ — (r + DalsinA
— 2R + D¥exp[ — (r + Da]sinA 1)
~ AR + Dexp[ — (r + 2]
- X | (cosfcosha — 1)sinA L)
— sinfsinhacosA {7 |

=2(R + Dexp[ — (r + 2)]
X (cosha — cos@ )sinA ¢ T,

r

where we have used the identities

cosfcosha — 1 sinf@sinha

cosy = ——————,

sin2y =
cosha — cost

ool
cosha — cosé

valid for y defined as above.

Theorem 2.2: Given the sequence {7, } of Lemma 2.4,
the PPA [n, n 4+ m], ;. has, for fixed n>0 and large m, the
following asymptotic behavior:

(non+mly ~ (=Q) "expl —(m+n+ Ha]2?¥

X (sin@ )" ~ M [e] yN!
(SlnA (+) )2/\'7— n+ 1

m+4n

(SlnA (-) )n — 2N

m+-n

(m + ’124)5-2/\',
(2.24)

where Nisdefined asin Lemma2.3,and A (') ,,4 ) ,, and
Q are those of Lemma 2.4.

Proof: Starting from Eq. (2.5) and using Lemma 2.4, we
have, with R = r + 1,

S H AT,
mhu+mlp = ————
17 H(,:"){AZTr}
H(n";)]{REeXp[~(r+l)a]SinA(’J{)}

e H{{4°R ‘exp| — (r + Da]sind (]

H | (R “expl — (r + Dalsind )}/

nosoc

H ™ {QR + Dexp[ — (r + 2a]sina 7]}
expl —(n+ D)(m +n+ Da]H) (R sind (1}
Qexpl — n(m +n + DalH™* (R sing -}
(2.25)
from which Eq. (2.24) follows, by using Lemma 2.3 to evalu-

ate asymptotically the Hankel determinants in (2.25), noting
that for k> 1, fixed m, and {4, ] defined by (2.21),

HOh,} = HO{ —2sin6 /(m + H1'm + Yle), )
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= [2sin6 /(m + H1**~ O0m + PH O[], }
(2.26)

and taking account of Eq. (2.11) in (2.26).

Let us remark, to be more precise, that Eq. (2.24) does
not actually hold, whensinA ¥, = Oand nis even, or when
sind {7}, = 0and n is odd. For these isolated singular cases
the predictions are [n, n + m]~0, and [n,n 4+ m] ~ o, re-
spectively, these results being related to the fact that only the
leading asymptotic term was considered for g #<in Eq. (2.19)
and further on in the calculations which lead to Eq. (2.20).

3. THE PARTIAL WAVE EXPANSION OF THE
SCATTERING AMPLITUDE (PWESA) FOR SHORT
RANGE POTENTIALS

A. Asymptotic representation of the sequence of partial
wave sums within its region of convergence in the
complex cos6 plane

Let us consider short range potentials with the behavior

V(r) ~ Vor=?" 'exp(—pr), Q.1

where ¥, is a constant, p is an integer, and g > 0. For these
cases, it has been shown’ that the corresponding phase shifts
have, for large values of angular momentum, the following
asymptotic representation:

8 ~ A =La) (), G2)

Imew [P
where a is a positive number defined by
cosha = 1 +u?/2k?,
L=1+4%,
and
A = (= Vy/2k) (w/2)sinhay ~ *(k*/uy .

Owing to this fact, the PWESA given by Eq. (1.1) con-
verges within an elliptical region Z in the complex cosf plane
(the Lehmann ellipse), characterized by having focii at + 1
and major axis equal to 2cosha. Let us note that within Z the
sequence of partial wave sums of the PWESA defined by Eq.
(2.4) can be expressed in the form

S, (cos6) = f(cosb) — 3 s, (3.3)
I=m+1

with 5, = a,P, (cosf), and investigate its large m behavior,
which in turn, is responsible for the convergence of expan-
sion (1.1). In order to do this, it will prove useful to study the
asymptotic representation of the partial wave amplitudes a,.
According to (1.1), and noting that §,—0 when /— 0, we
have

a, = @I+ 1)[exp(2i8,) — 1]/Qik)
= 2L (2i8, — 452 + )/ (ik)
~ BL =" dexp(—aL)[1+o(1/L)] , (3.4

where B = 24 /k, and Eq. (3.2) has been used. Starting now
from (3.4), let us obtain the large-/ behavior of s, within Z.

(i) Consider Z, = {Z — [ — 1, 1]}: Here, cosd = coshé
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with
Rea >Re£ >0, (3.5)

and®

exp(L$)
P 1 (COSh§ )l:w m

and, consequently,

(1+(/0)], (3.6

s,l~ C,L ~Pexp(—BL) 1+ +(1/L)], 3.7

with C; = B(2msinh€) ~'? and B = a — £. In particular,
we note that, because of (3.5), Ref > 0 within this region.

(i) Consider Z, = { + 1}. Here we use
P(£ 1) = (% 1)’ = exp(inl)
to obtain
s, ~ BL ~°*+V2exp(—aL)[1 + +(1/L)] (cosb=1),
>
(3.8a)

s, ~ —IBL ~P*exp[ — (@ — im)L ][1 + +(1/L)]

()
(cosf = —1). (3.8b)

(iii) Finally, consider Z; = {( — 1, 1)}. Here’
P,(cosf) ~ [Qmsing)/?L '] !
I"’w

X [exp(i2,) + exp( — i2,)][1 + »(1/L)], (3.9)
with 2, = L6 — ©/4, and, then,
exp[ — La' ) — in/4]
LF
exp[ — La' ™’ + in/4]
LP
X [1+4+2(1/L)],

51~ G

-0

+
(3.10)

where @'+’ = a + if and C, = B(2wsinf) ~ /2.

The explicit dependence of S, (cosé ) on m can be for-
mally obtained from Eq. (3.3) by using the Euler-McLaurin
summation formula,' in the form adequate for our case:

S,,(cosf) = f(cosf)
© . B 2n—1)
_{f s,dI—SL—z 2"1__3’_ }
m 2 =1 @n) di*tt .
(3.11)

where the | B,, | are the Bernoulli numbers. In what follows,
we shall obtain an asymptotic representation for S, (cosd ),
by replacing the estimates for s, given by Eqs. (3.7)«3.10)
into (3.11). In order to do so, it suffices to note, that for
complex u such that Rex > 0, we have, with M = m + 1,

f"" exp(—uL)dl 1 exp(—uM) {1+0(L)}
M

m LP m—o U Mp
and
e By, d¥-! exp(—uL)l
n=1(2n)!d12"“ Lr I=m
_ = B
_ _ exp(—uM) 1 3 2n u2"[1+0(_1_)]
m—eo MP u ,,=1(2n)! M,
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_exp(—uM) [ 1 v 1 }[H&(L)],
Me 2 2 u M

Making use of these results, we obtain, after some
algebra:

S, (cosh& )m~m Sf(coshé) + E, %&)‘ [1 + 0(;})]

(Reff>0, Re£>0),
with £, = — 24 {[exp(B) — 1]’ Qnsinh& )k 2} 12

——fﬂl [1 +0(ﬁ)] ., (3.13a)

(3.12)

S, (1) ~ f()+E, exp(
n() ~ S+ L

withE, = — 24 {[exp(@) — 11k} };

S(=1) ~ f(—D+E, 1'"3’3’1——)
(=D~ =D+ B~y Sad

o)
with E, =24 {[exp(@) + 1]k}~ ';
—a(m + 1)]
M
X sinA &,,*’[1 + 0(—1‘1})] , (3.19

(3.13b)

S, (cos0) ~ flcosd) + E, P

with

E, = — 24 {(2mk *sinf )[sinh*(a/2) + sin(@ /2)] ~ *;
AL =(m+ D)0 +y+7/4,

tany = tan(6 /2)coth(a/2) O<y<n/2).

B. Asymptotic behavior of the PPA to the PWESA

By comparison of Egs. (3.12)—(3.13) with (2.12), and of
Eq. (3.14) with (2.22), it is readily seen that, with a proper
choice of the parameters which define the large-r behaviors
of sequences {C, } and { T, | in Sec. 2, we have, in a first order
asymptotic approximation:

S, (coshé) ~ f(coshé)+ E C,, (Rea>Ref>0),
. (3.15)

withv =p and g = exp(— ) = exp(§ — a) in (2.12):
S, (1) ~ f(H)+E,C, , (3.16a)

m »ox

withv =p — 1 and g = exp( — @) in (2.12);

S, (=1 ~ f(—D+IEC,,

m s oc

1and g = exp(— a + im) in (2.12);

(3.16b)
withv=p —

S, (cosf) ~ f(cosd)+ E, T, (—1<cosf@<1), 3.17)

with € = — pin (2.22).
Taking account of property (2.6) of the PPA and of
Theorems 2.1 and 2.2, we may now state the following:
Theorem 3.1: The PPA [n, n + m] /., correspond-
ing to a central potential having a short range tail such as
that given by Eq. (3.1), has, for fixed n>0, m— «, and cos@
within the Lehmann ellipse, the following asymptotic
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behavior:

[’1 n + m]j(noshg

~_Jflcoshf)

_ B (=)'l —-pl,n!
(2msinh&)'7? [exp(B) — 1] !

oo+ )

(m + %)p—+ 2n
(cosf = coshé, with Re£ > 0 and Reff = Re(a — &) > 0);
(3.18)

’

(=D'[=p+3l.n

]2:1+I

{n,n+ m]_/‘(l) ~ f() —B

m oo [exp(a) — 1

. expl —an + 3]

(m + lz_)p+ 1/2 + 2n

(_ l)"[ —pP + %]nn!
[exp(a) + 1] *!

o (= Dexpl —alm + )]

(m+%)/14 172 + 2n ?
(3.19b)

. (3.192)

(mon+mly -~ f(-=1D)+B

[n’ n + m]f(cmﬁ) ~ f(cosa)
m o

B
 {@msind)[sinh¥(a/2) + sin¥(6/2)]] "
(— 2N "(sin@ " N[ —plyN!
[exp(a)(cosha — cos6)]"

(1) 2N n gl

exp[ - a(m + 1)](SlnA o+ n
(m + l)ﬂJrM\(SlnA m & n o

(—1<cosf<1), (3.20)

where

B=2A/k= —(V,/k? (#/2)"X(sinhay ~ "*(k*/uYy ,
AP =F+ D0+ 7+ 7/4,

tany = tan(6 /2)coth{a/2) (O<y<nw/2),

N =n/2 foreven n,and N = (n — 1)/2 for odd n.

As in the discussion which followed the proof of Theo-
rem 2.2, for a given & we must exclude from Eq. (3.20) the
isolated cases for which sin4 (", = 0 for even n or
sind {,), = Ofor odd n. Furthermore, by inspection of Egs.
(3.18) and (3.20), it is seen that, for potentials for which p<0,
we have [ —p], = 0if j>|p| + 1, and the first predicts

’

[n, n+m] omey ~ Sf(coshg) +0

oo

for n>|p} + 1, while the second gives

[n’ n+ m]f(cns()) -~ f(COSO) + 0

for N> |p| + 1,i.e., forn>2|p| + 2 (even n) or n>2{p| + 3
{odd »). In order to obtain, for finite large m, a nonvanishing
asymptotic estimate for the error of the PPA, higher order
terms in (3.12) and (3.14) should be considered in the calcu-
lations, and, hence, a more detailed knowledge of those ex-
pansions is required. Since important potentials from the
physical point of view, such as the Yukawa (p = 0) and ex-
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ponential (p = — 1), fall into this category, it is worthwhile
to investigate these singular cases with some more detail. We
shall do so only for cosf within the Lehmann ellipse and out
of the real segment [ — 1, 1], i.e., for cosf € Z,, where the
algebra is somewhat less involved.

By using the Born approximation for the phase shifts,
we show in Appendix A that for p<0and cosf € Z,, Eq.
(3.12) can be written in a more detailed fashion as

B
_ hé) —
S, (coshé ),,wa(cos &) (msinhé ) [exp(B) — 1]
% exp[-Bm+Pl & %, , (3.21)

(m+d” S+
where the x; are independent of m and, in particular, x, = 1.
Then, using again property (2.6) and Eq. (B4), obtained in
Appendix B as a proper extension of (2.13) of Theorem 2.1,
we expect for the singular cases, i.e., forp<0, n>|p| + 1, and
coshé =cosbe Z,,
B
(2msinh& )2
(1 +p— Dt —p + 1) expl —B(m + D1
[exp(ﬂ)_ll2n+l (m+%)2n+l ’
3.22)
and it is seen that the first |p| + 1 terms of expansion (3.21)
are “filtered” by the PPA tranformation.
For — 1 <cosf < 1 we can expect, at least qualitatively,
analogous asymptotic predictions when p<0 and N> |p|
+ 1. The algebra involved, however, is much more compli-

cated, particularly so with regard to the required extension
of Theorem 2.2.

[n, 14 m)comey, ~ Sflcosh)—x,
m--+oo

4. CONCLUSIONS

The results of Theorem 3.1 of the preceeding section
prove the convergence of the PPA [n, n + m], for fixed n
and m— o, to the scattering amplitude f(cos@ ) correspond-
ing to short range potentials with behaviors given by Eq.
(3.1) and for cosf within the Lehmann ellipse, where the
PWESA converges. Moreover, by inspection of Eqgs. (3.18)
and (3.19), it is seen that for cosf@ € { Z, UZ, }, the asymptotic
rate of convergence of the sequence [n, n + m], with fixed
n >0, i.e., the nth row of the PPA table, is greater than that
of the first now (n = 0) consisting of the sequence of partial
wave sums S, (cos@) of the PWESA, by a factor of order at
least (1/m)*". In the singular cases, i.e., for p<0, n>|p| + 1,
and cosf € Z,, Eq. (3.22) predicts a corresponding factor of
order (1/m)*" * ¢! + ! while the first [p| + 1 terms of the ex-
pansion (3.21) of S, (cos@ ) are ““filtered”” by the transforma-
tion procedure. Furthermore, for cosé € Z, and according to
Eq. (3.20), the factors involved are of the order of at least
(1/m)"and (1/m)" ~ ', for even and odd n, respectively. They
are expected to have larger exponents in the cases in which
p<0and n>2|p| + 2 (even n) or n>2|p| + 3 (odd »).

Thus, the traditional method of summation of the
PWESA by considering the sequence of its partial wave
sums, i.e., the first row of the PPA table, turns out to be one
of the poorest with regards to its rate of convergence, as was
also verified in the case of long range potentials in previous
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papers. This fact shows that the importance of the PPA ap-
proach is independent of the range of the potential involved.
Our proofs have been restricted to cosé within the ellip-
tical domain where the PWESA converges, and, hence,
where Eq. (3.3) is valid. Thus, we are not able, at present, to
obtain the behavior of the PPA out of that domain. Howev-
er, owing to the rational nature of the approximations and
their good behavior within the Lehmann ellipse, we can ex-
pect them to be an important method for the approximate
analytical continuation of the scattering amplitude in the
complex cosf, starting from its partial wave expansion.

APPENDIX A: Asymptotic expansion for S,
(coshg) (Rea > Reg > 0)

The plan of this appendix is to first obtain an asymptot-
ic expansion for the partial wave amplitudes and then, by
using the corresponding ones for the Legendre polynomials
P,(cosh¢ ), and repeating the procedures of Sec. 3A, obtain
the form of an asymptotic expansion for S, (cosh¢ ) valid for
large m.

For a short range potential, and, in particular, for the
one considered in this work, with behavior

V(r) ~ Vor=*~'exp(—pr), (A1)

with constant ¥, integer p, and p > 0, it is well known that
the phase shifts §, tend asymptotically to their Born
approximation'':

6’,,~ — (/2) Jw r{J kDY (Ddr,

where L =/ + 4 and J, (kr)is the Bessel function of order L
and argument k7. Furthermore, noting that for /-« only
the large r tail of ¥ () contributes significantly to the integral
in (A2), we can write

(A2)

8,1~ (—7Vy/2) fw r~Pexp( — ur)[J (kr)}dr. (A3)

Let p be such that p<0, and define o = |p|. Then,

5 ~ —o (— 1L
lmw 2 du’
.~ Vo , d° u’ )
e o1+ 45},
where Q, is the Legendre function of the second kind of
order /. Let us recall a property for the derivatives of this
function'*:

4°Q2) _

dr
and the fact that for z > 1, fixed o, and /— o0, we have,'* with
z = cosha,

fo " exp(— un)\ U, kn) Pidr

(A4)

@ - 1)~ "Q7@) (A5)

Q 7(cosha)
™ \*I'(+o+1)
=( - 1) _ ; s
( (ZSinha) rd+3 exp[ — a(l + )]
1
23 5 1~ expQa) (A6)
o m 172 o 12
SSA P (+3)7 Vexpl —all + Y]
bow 2sinha
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Xi 14

o (44
where the {y, ] are independent of I, and in particular, ¥,
= 1. Then, using (A5) and (A6) in (A4) and taking account
of Eq. (3.4), it follows that the partial wave amplitudes g, can
be asymptotically represented in the form:
@ ~ =+ 18,

i

= B
~ B+ 1)V exp[ —a(l + )] ., (A7
= é % ng() (l + %)n )
where 5, = 1,the {8, } are independent of I, and B is defined
asin Eq. (3.4).

Furthermore, for Ref > 0, we have®

P (coshé) ~ rd+ %)e)fp[s‘(l + 3]

e 11(2msinhé )72

T 213_(;_51)
XF(%’ 5 -l+y 2sinhé
- 1R ))

oo (2sinhg )20+ 1)V o (1 + 4
where ¢, = 1 and the {@, } are independent of |. By using
(A7) and (A8) we can now obtain an asymptotic expansion
for s, = a,P,(cosh¢ ), and, making use of the Euler—
McLaurin summation procedure as in Sec. 3A, we are able to
obtain the form of such an expansion for S,, (cosh¢ ), when
Rea > Reé > 0:

S,.(coshf§) = f(coshf) —

(A%)

o0

I

I=my 1

_ f(COShg) +E, Cxp[ —pB(m+ %)]
oo (m+ 37’
= x
Xy —, (A9)
rxg() (m + i)n
where x, = 1, the {x, | are independent of m,B=a — §,
and E, is defined as in Eq. (3.12).

APPENDIX B: Extension of Theorem 2.1

Let the sequence { D, } have the asymptotic
representation

D,~R~"S xR (B1)
r— o 1= 0
where x, = 1, the {x, } are independent of , R = r + 4, and
v is an integer.
If only the first order term in the above expansion is
considered, we have, according to Lemma 2.1,

HPID,) ~ (p+ 9~ A 0] [ = vl (= D)et. (B2)

t=0
Moreover, forv<Oand > |v| + 1,wehave [ —v], =0,
and hence, for k> |v| + 2, Eq. (B2) predicts
HP(D,] ~ 0,
P

and, in order to have a nonidentically zero asymptotic esti-
mate for HP{ D, }, higher order terms must be considered in
(B1).
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Let v be such that v<0 and k>0 + 2, witho = |v|.
Then,

HP(D,} p:wH‘;f’{ S %+ %)‘”“‘]

=0

=a9| S xap+p ],

and, after some algebra, we can show that, in the lowest
asymptotic approximation which allows for a nonzero esti-
mate, we have

HP| $ xap+p ]

=0

p: (__ 1)0(0+‘)/2((7!)0+lH§<23,+,2_)1 {xa+ lA r(p+ %)— l}

~ ( __ l)o(a+ 1)/2(0,!)04— 1

p—oo

XHZ D (e [ =10(p+ 377
=(__ l)a(o+l)/2(o,!)a+1(xa+l)k-a—l(p+%)V[kl—(a+1)1]
Xchziﬁz_)l [ - l]r} *

By using Eq. (2.11) and rearranging the final expression, we
obtain

HPD,} ~ (x, ) o (p+p K@i
P

X(~ et 02ty [ Qo+l (B

t=0

Let {C, } be such that C, = g"D,, with |¢| < 1, and let
us investigate the asymptotic behavior of [n, n + m], ¢, for
fixed n and m— .

As in the proof of Theorem 2.1, we can show that

AC, =C.., —C,

r+1

) l —v—t
e SR e g) Tk
r—»ccq Igo q R *

~g8 Y R~V '(g—1x,
t=0

r—oc

~(@—-1C,,

r—

hence,
A7C, ~ (¢~ 1C,;
consequently, as in that case,
q(m +1/2 4 2n) Hf."’l . {Dr}
@—1" H{D,]
x!v{ . lq(m + 1/2 + Zn)(n + v— 1)!(’1 — vt l)‘
M- o0 (q _ I)Zn(m + %)Zn + 1

[n’ n+ m]‘cy& ~
m—>cc

(B4)

where Eq. (B3) has been used in the last step. Equation (B4)
extends Eq. (2.13) of Theorem 2.1 in order to have a noni-
dentically zero asymptotic estimate for the PPA

[n,n + m], ., inthe singular case in which v<0 and
nxiv| + 1.
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Algebraically special, nonflat vacuum Einstein spaces with an expanding and/or twisting
geodesic principal null congruence are considered. These spaces are assumed to possess
locally a homothetic symmetry as well as two or more Killing vectors. All metrics of
such spaces are determined along with the form of the homothetic Killing vector

admitted. All but one of the metrics are twist free. It is proved that two of the NUT

metrics do not admit a homothetic motion.

1. INTRODUCTION

Two Riemannian spaces M, M endowed with metrics g,
g are conformally related if

g=e%g D

for some function ¢. In general, ¢ is not constant. The rela-
tionship is said to be Aomothetic if ¢ is constant, and isomet-
ricif¢ = 0.

If X is a vector field on M which generates locally a one-
parameter group of infinitesimal conformal motions on M,
then in local coordinates x ¢,

JXg;u' = ¢g;tv (12)

for some positive function ¢ = (x “) on M, where ., de-
notes the Lie derivative with respect to X, and g,,, are the
components of the metric g. The motion is hiomothetic when
¥ = constant=0, and isometric when ¢ = 0. If (1.2) holds in
M, we say that M admits a conformal Killing vector (CKV), a
homothetic Killing vector (HKV), or a Killing vector (KV)
according as whether 1 is a nonzero function, a nonzero
constant, or zero.

The amount of interest in the use of the conformal
group in physics has increased a great deal in the last dec-
ade.! In microphysics much attention is being given to such
matters as the breaking of conformal invariance.” The study
of conformal motions as an external symmetry group in the
theory of gravitation and cosmology is also developing.* A
survey of the use of the conformal group from its beginnings
to the present time will be presented elsewhere. However,
the following brief remarks will serve to set the background
for the rest of the paper.

Brinkmann* long ago determined all Einstein spaces
which can be conformally mapped nontrivially (i.e., nonho-
mothetically) on Einstein spaces.

Collinson’ proved that the only curvature collineations®
admitted by a vacuum space-time not of Petrov type N are
conformal motions. However, type N vacuum spaces do ad-
mit more general types of symmetry.

Collinson and French’ showed for nonflat vacuum
space-times that (i) a conformal motion must be homothetic
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unless the space-time is type N with a twist-free principal
null congruence, and (ii) for each Petrov type the maximum
order of the group of conformal motions is at most one great-
er than the maximum order of the group of isometries.

The only type N vacuum fields which admit nontrivial
conformal motions are the pp waves.>* That pp waves admit
homothetic motions has been demonstrated by MclIntosh,’
who also proved that nonflat vacuum space-times can admit
a nontrivial'®* HKV only if the HKV is nonnull and not hy-
persurface orthogonal, is shear-free and has constant expan-
sion; such HKV H has either (a) a nonnull homothetic bivec-
tor, in which case A is not tangent at a geodesic, or (b) a null
homothetic bivector, in which case the space—time is neces-
sarily Petrov type Il or N.

Godfrey" has classified Weyl metrics according to the
homothetic motions which they admit.

A result attributable to Yano' is the following: If H,, H,
are two HK V’s in a Riemannian space, then their commuta-
tor [H,,H,] is a Killing vector. This result has been men-
tioned by Eardley"’ and McIntosh,”!* and specializes to the
cases where either or both of H,, H, are improper, i.e., are
Killing vectors.

Several authors®'*™'* have discussed the physical impor-
tance of homothetic motions. Mathematically, the HKV
should be treated with the same respect as a Killing vector,
for it plays the same role as the KV in the solving of Ein-
stein’s field equations viz. reducing the order of the partial
differential equations; if enough symmetry is present (K'V’s
plus HK V’s), the field equations reduce to ordinary differen-
tial equations. This paper supports the case for the seeking of
solutions of the Einstein equations by requiring symmetry of
a higher order than an isometry.

The above results imply that, when looking for confor-
mally symmetric nonflat solutions to the vacuum field
equations”

R, =0, (1.3)

we can restrict our attention to those spaces which admit at
most one nonnull HKV, unless the space is Petrov type N
with a twist-free geodesic ray congruence. In this paper we
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further confine our attention to nonflat vacuum spaces which
are algebraically special, possessing an expanding and /or
rwisting principal null geodesic congruence, and which admit
one HKV plus some KV’s. Here we treat the case of two,
three, or four KV’s. The case of one or no KV’s plus the
HKYV will be dealt with in a separate paper.

This work has been inspired by the papers of Debney,
Kerr, and Schild,” and Kerr and Debney? who constructed
all possible isometry groups for nonflat vacuum Einstein
spaces which possess an expanding and/or twisting, shear-
free null geodesic congruence. It is a natural extension of
that work. It is also believed to be the first systematic search
for all vacuum spaces of the above type which admit ho-
mothetic motions.

2. FORMALISM

The basic tetrad formalism is that developed by Kerr,
Debney, and Schild.? * Only the main features of it are given
here as a prelude to the development in the next section.

A complex, null orthonormal tetrad {e, } is defined
over a four-dimensional Riemannian manifold M with met-
ric g and signature ( + + + — ). The vectors ¢, and ¢, are
real, while e, and e, are complex conjugates, ¢, = e,. The dual
basis {€¢] is defined by the inner product

(% e,) = 6%,

The tetrad components of the metric tensor are given by

8ab = (ea’eb) = g,uvea'u’ebv

with
01 0 0
1 0 0 0 b
(8) = 00 0 1 =(g”)
0 01 0

The rotation coefficients I" ™, are defined by

v
c

8am Fmbc :Fabc = —€

ap;v

e,te

and are related to the connection forms w*, by
o'y, =1I" €

The requirement that the tetrad be “rigid” implies

Wyp = — Opgs I

abe — Fbac'

The tetrad vector e, is chosen to be a Debever principal
null vector in an algebraically special space-time. The neces-
sary and sufficient condition for this to be so are the vanish-
ing of two of the five complex conformal quantities of
Sachs®: C'*’ = C**’ = 0. The Goldberg-Sachs theorem re-

quires the vanishing of geodesy and shear,
Fy=0="ru,

and their complex conjugates I, = Iy, = 0. The remain-
ing optical information is contained in the statement

Wy = — peE; + i€,

wherep = 0 + iw = — Iy, is the complex divergence (as-
sumed nonzero), & and o being the rate of expansion and
twist respectively. One can choose to set I,; = 0 by means
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of a proper, orthochronous Lorentz transformation of the
null tetrad, and then the following tetrad freedom remains:

e, = e'e,, 2.0

where 4 and B are real functions. The (4,2) curvature equa-
tion [see Kerr and Debney,” Eq. (1.5)] now enables one to
write

Wy = —d;, €' :&:p" dg’ (22)

where ¢ is a local smooth complex function on M. Under a
tetrad transformation (2.1), w,, transforms as

w0y ="' TPy, (2.3)

A coordinate system (£,,u,0) is chosen, where u, v are
real functions satisfying

— A
e;=e ‘e,

v=Re(p ), (24)

where “,a” denotes the directional derivative in the e, direc-
tion. In these coordinates the metric takes the form

u,3= 1, “,4201

dr = 2€.€, + 26,6, 2.5)
where
&=w+A4),, €=E¢,
€& =dv—2Re[[(v — 4)2 + DA )d¢ )
+ Re(D2 + pp)e., (2.6)

€ =du+ 2dl+02dC.

The functions {2, i, 4 are independent of the coordinate v
and u is the “complex mass.” In (2.6) we use the notation
2 =412 /3u=4, 12, and the complex D operator is defined by

D=4, 124,
The pure imaginary function 4 is defined by
A =iIm(D2) =iIm(p™),
whence the Debever vector e, is hypersurface orthogonal if
and only if 4 = 0.
The functions {2 and ¢ must satisfy the field equations
D—,u = 3.(2u,
Im(u — DDDR2) =0, Q.7
d,(u — DDDR) = |3,D |*.
The remaining conformal quantities of Sachs are given
by Kerr and Debney,? Eq. (1.16), and we note

C = pup. 2.8)
The space M is flat if and only if
u=D3, DN =34,3,D12 =0. (2.9)

It was also shown by Kerr and Debney that if the space
admitsaKVofthetypeK = e *d,, wherep = p(¢,£), thena
coordinate system (§,4,s,7) could be chosen such that

r=¢ v, K=4,
and the metric takes the form
idr? = (P + d*)e’ d df + [dr + i(dz d —d, d¢) e

s =¢u,

+ {R® + Re[m/(r + id )]}x?, (2.10)

where
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k=e’e,=ds+Adl+Adf, A=e"(2—p.u),
.11
d= —ide ?=e¢ *ImAg), m=pe %,
and R ‘*’is the 2-curvature of the 2-metrice % d¢ d, given by
the “generalized Liouville equation”

R =e " %p., (2.12)

where coordinate subscripts denote partial derivatives. Also,
A=A E)andd = d (¢,£) = d. The field equations in this
coordinate system are
Im=0, R®;=0, Im(m)=e %d;—2Rd.
(2.13)
3. COORDINATE AND TETRAD FREEDOM

We now determine the coordinate and tetrad freedom
available under a homothetic change of metric (1.1).

Consider a diffeomorphism ¢: M—M * from one con-
nected manifold M to another M *. Writeg = ¢ ( p)eM * for
each point peM. Let {e* ] be a basis in the tangent space
T,(M *)atg, corresponding to {e, } in T, (M) at p. ¢ defines
a linear map @,

P T (M)>T (M™*).

Let {€* ] be a basis in the dual space T, *(M *) at g, corre-
sponding to {€“} in T, *(M) at p. ¢ induces the linear map
o*

P*: T, H(M *) T, (M),
by the requirement that the inner product ( , )is preserved,
thus

(€°,e,)(p) = (6*,e*,)(g) = &%

Let {¢,} = {e ~%*,} beanew basis in T,(M *), and let {¢',}
be a basis in T,(M *) obtained from {é,} by a Lorentz trans-
formation which leaves the direction of €, unchanged. Then,
by demanding I',,, = 0, we may use (2.1) to write

e{ —e— iBél —e— ¢e — iBeal’

ey =e "

e, = e'é, = e Pele*t.

Alsolet {é*] = {e’¢**} beanewbasisin T, *(M *) and intro-
duce the basis {€} in T, *(M *) by

(e“.e;)(g) = &%

The structure constants C ", and the rotation coeffi-
cients "™, are related (in M) by

2'1-‘4:xbm = Cabm + Cbma - Cmab'
(.2)

o — S, A%
s=e %e” “e*,,

3.1

[ea!eb ] = Cmabem’

Under the mapping ¢ we require
Pxlents] = [PxaPses ]
Define, at geM *,
é mabém = [éa’éb ] = [e B ¢e*are - ¢e*b ]
= [e P@yene *pie,]

=e g, le.,e,] (since ¢ is constant)
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= e HCH" e,

=e~?C*" ¢ (3.3)

where@,C™,, = C*" It '™, I'*™  aretherota-
tion coefficients withrespecttobases { e, ], {€,}, {e*,} onM *,
then (3.2) and (3.3) give I',,, = e ~ *I"* . Hence the re-
spective connection coefficients are related by

B (@) = (L5 8)G) = (T * %)@
=%, (@) =9 * Y0, ()

Using (2.2) we have
Dolg) = 0*@) = —@*(d5(p) = —dp*'C(p)
= —di*(9),

where { * = {op™ is a differentiable function on M *.

Also, by the reasoning leading to (2.2) and (2.3) we havefora
differentiable function § ' on M *,

0@ = —dE(@ ="t Bo,(q)= —e' T BdL*
which implies

F'=2E",
where

et tiB — ag,qb E‘p;.-
The function £ * is thus coupled to the tetrad {e*,} through
@, = oA+ iB,

Define functions u*, v*, £2* on M * by

(3.4)

u* =uo@™, v¢¥=uvop~, N*=A»Nog"!
and define

€t =du* + 2*di* + Q*di+. (3.5
Let «’, £2' be smooth functions on M * such that

€, =du' +02'dl' +2'df’ (3.6)
and require #’ to satisfy [cf. (2.4)]

u,=1, u,=0. 3.7

Since u' = u'(£ *,£*,u*,v*) and €, = e®¢’e*,, we find from
(3.5), (3.6), and (3.7) that

u'=e®|P..|(u*+S*), (3.8)
where S *(¢ *,£ *) is a real function on M *, and also
n' =e¢]¢§.|¢§'.’[.()* —S*g.—§¢g.§.¢§i‘
(u* +.5*) (3.9)

The complex divergence relative to bases {e’, } and {e*, } is
given by

p': —-F’n]: —efée’{l"*mz ’_é‘égglp*, (310)

where p* = pog™. Let v', 4 ' be smooth functions on M * de-
fined by

v'=Re(p)', p'=@+4)"

Then, using (3.10), we have
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v =e? | Pes|'0* 3.11)
and

A’=e¢[¢g.[“A . (3.12)
where

A4 *=AQogp™,

Let u* = pog™, where u(¢,£,u) is the complex mass
function of Sec. 2. Under the mapping @ the quantity C *’ of
Sachsmapsas@*C *'* = C*?’, where C V% = y*p*. If C''*
is the corresponding quantity relative to the basis {¢, ] at
qgeM *, then

é(;\) — 2“'7\(1"“123 + 1'-‘\3“) — e~ 2C O

Also, by the theory of Sec. 2, we have

C(J)' =#’p/3.
Under a tetrad transformation (3.1) we find
CO — éu)

and so, with the aid of (3.10), we obtain
u=e|P. | ur. (3.13)
Now let us view ¢ as a mapping of M into itself,
@:M—->M.

Then we can interpret the transformation equations (3.4),

(3.8), (3.9), (3.11), (3.12), and (3.13) in the following ways:

(i) ¢ = identity map (g=p), ¢ = 0. This corresponds to
a change of coordinates at the point peM.

(ii) p=~#identity map, $20. This corresponds to a prop-
er homothetic motion, where the coordinate system is
“dragged along” by ¢. The symbols with an asterisk are to be
identified with the symbols without.

Summarizing, the remaining coordinate and tetrad
freedoms under a homothetic change of metric (1.1) on M
are:’

§'=dE) w=e|B|u+5) v=e B,

(.19
where § (§,§: ) is a real function,

2 ' =et|@, | QS — 48D, U+ 5)),

u=e o, |"u, (3.15)
4'=é o, |4,
and
ej=e"?|D, | D, e,
el=et| @, e, (3.16)

es=e"?| P, e,

When ¢ = 0 the homothety becomes an isometry (when @ is
not the identity map) and Egs. (3.14)~(3.16) reduce to those
of Kerr and Debney.?

In the (£,£,s,7) coordinate system the transformation
equations corresponding to (3.14) and (3.15) are

'=P(), s=e’Cos+4), r=e’Cy'r, 317
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where 4 ({,£) is a real function and C, (and ¢ ) are real con-
stants, and

A'=e*Ce®, (A —A4;), m' =e’Cy °m,

, G.18)
d=e*Cyld, & =C)|0,|"e.

4. HOMOTHETIC KILLING VECTORS

It is well known* that every vector field X on M gener-
ates a local one-parameter group of local (infinitesimal, iden-
tity-connected) transformations ¢,, and conversely. Geo-
metrically, if UCM, then ¢, takes each point peU a
parameter distance f along the integral curves of X. Suppose
X =H, a homothetic Killing vector, and the local one-pa-
rameter group ¢, of homothetic motions generated by H is
defined by x“—x" = f #(x",t ), where (x*) = (£,&,u,v) and
the x'# are given by

§'=2)
u'=e*D| D) [u+ S5O, 4.1)
v =e?D| D (55t)| .
Then (x'#), _, = x* implies
DL =¢ D0 =1, SEELH=0=4(0)

The HKV has components H * relative to a local coordinate
basis {d, = d/dx*} at p(t = 0), where

axlll]
H#=|Z— } 42
at li-o *2)
Defining
o = [c?S] =
= | — N R s =\l =R’
a(;) [8t t=0 @;) at t=0

and
a= [iqi = real constant,
6! t=0

we obtain the following form which a HKV must take if it is
present in the type of space which we are investigating,

H = ad; + ad; + Re(a,)ud, — vd,)

+ R3, + a(ud, + vd,). 4.3)

For H to exist, the constant a must be nonzero. If we set
a = 0, the form (4.3) becomes that of a KV admitted by such
a space [Kerr and Debney,” Eq. (3.5)].

The functions a(¢ ) and R (£,) in (4.3) will transform
under a coordinate transformation (3.14) (with ¢ = 0) ac-
cording to

o =®a, R'=|®|(R—[Re(a,)+a]S+HS)
(4.4)

By solving the equations R ' = 0, o' = 1 when a=£0, or by
choosing a new u coordinate when a = 0, we can put the
HKY into either of the two mutually exclusive canonical
Sforms

H=0,+dz+ ud, + 19, (4.52)
H=ud, +vd, (4.5b)
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In the (£,£,s,7) coordinates the expressions correspond-
ing to (4.3) and (4.4) are
H = ad, + @d; + a(sd, — rd,) + T, + a(sd, + rd,),
(4.6)

where a is a function of £ only, T'(£,£) is a real function, a,
and a are real constants (@ nonzero for homothetic motions);
and

a=@.a T'=C[T—-(a+a)d+HA]. 47)
The two canonical forms of H in these coordinates are

H=20, +3ds + (a + ay)sd, + (a — ay)rd,, (4.82)

H = (a + ay)sd, + (@ — ay)rd,. (4.8b)

5. HOMOTHETIC KILLING EQUATIONS

The HKYV (4.3) must satisfy the homothetic Killing
equations (1.2) for ¢ = nonzero constant. We shall express
these equations, and their first order integrability condi-
tions, in a form which involves only the functions 2 and y
(and their derivatives) since these are the unknown functions
in the field equations.

Let p(x) denote the components of a geometrical object
at a point of M with local coordinates (x #). Under a mapping
@ of M let the transformed object be denoted by y'. A symme-
try of the local object is defined by

y'(x) = yx"), 5.1
where @ : x—x'. If @ is the local one-parameter transforma-
tion @, generated by the HKV (4.3), then ¢, : x—x'(x,t).
Identifying y with £2 and u in turn in the derivative of both

sides of (5.1) with respect to ¢, also using (3.15), we obtain (at
t = 0) the homothetic Killing equations

(H— a2 + 3(a, — a2 + jau + R, =0 (5.2)

and (5.5) listed below, where H is given by (4.3). The integra-
bility conditions are obtained by successive differentiation of
(5.2) and (5.5) with respect to &, £, and u. Writing (5.2) in
different form, we now list the set of homothetic Killing
equations and their first order integrability conditions:

(D) H (2 — u2) + (Y, — &) — a) (2 — ug)

+R2+R, =0, (5.3)
(D H? + a, 2 + sa, =0, (5.4)
(1) Hy + (3 Re(a,) — a)u =0, (5.5
(IVa) Hyi + 4 Re(a, )i =0, (5.6)
(IVb) H(D12) + 2 Re(a,)D12 = 0, (5.7)
(IVc) HA + (Re(a;) — a)4 =0, (5.8)
(V) HO + (a, + Re(a,) + a)? =0. (5.9)

The references in Roman numerals are used to match the
corresponding equations for isometries in the Kerr and Deb-
ney paper® to which the above set reduces on putting a = 0.

Since there are essentially six unknowns
(a,@,a,05R,a) in the above set of equations, we have the
following extension of the Kerr—Debney Lemma, based on
the same reasoning with the standard form of these
equations:
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Theorem 1: The dimension of the group of homothetic
motions of an algebraically special vacuum space with nonze-
ro complex divergence is at most six. When the dimension is
six, all integrability conditions are zero identically and the
space is flat.

This result confirms the Collinson-French theorem’
that the maximum order of the group H,,, of homothetic
motions admitted by a nonflat empty space—-time is at most
one greater than the maximum order of the group G, of
isometries.

In the (£,,s,r) coordinate system the equations corre-
sponding to (5.3)—(5.9) are

DHA+(@:—a—a)A + T, =0, (5.10)
(D Hp, +a.p; 4+ Ya, =0, 5.1
(II') Hp + Rela;) = a,, (5.12)
(I Hm + (3a, — a)m =0, (5.13)
(IVb) HR ‘*’ 4 2a,R ‘¥’ =0, (5.14)
(IVe) Hd + (a, — a)d =0, (5.15)

where R **’ 1s the 2-curvature given by (2.12), and H is given
by (4.6).

6. SPACES WITH HIGH SYMMETRY

Since (see Sec. 1) there is at most one independent HKV
in the space, we concern ourselves here with spaces which
admit one HKYV plus two, three, or four KV’s, four KV’s
being the maximal number in a nonflat space. In order to
find the metrics of those spaces possessing this high symme-
try, we use the results of Kerr and Debney.?? The (£,5,5,r)
coordinate system with the field equations and the homothe-
tic Killing equations in the form (2.13) and (5.10)—~(5.15) will
be used except for the Cases VIII and IX below.

Case | (4 KV’'s + 1 HKV):

2=A= z'd(,f, M1 = m = m, = nonzero real constant,

A = id,, p=0=R".

(1) my5-0, dy%0. Equations (5.13) and (5.15) givea = 0,
so there is no HKV in this case.

(i) mo70, d, = 0. Equations (5.11) and (5.12) yield
a = al + f3, Re(a,) = a,. There is enough coordinate free-
dom available to transform a to @ = a,{ and m, to 1. Equa-
tion (5.10) gives T = T, real constant, while (5.13) gives
3a, = a. Equations (5.14) and (5.15) are trivially satisfied.
Thus we have found an HKV of the form

H = a3, + {3z + 459, + 2r3,) + T,

But a HKYV is determined only up to an additive KV, and
because K = J, is already present in the space, we may take
the HKV to be

d = d, = constant,

H =3, + {9g + 459, + 213, (6.1)
The metric which admits this is
idr = r d¢ dE + drds + r' ds, (6.2)

which is Petrov type D. The 4 KV’s are
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Ki=3d, K,=9d.+3d; K,=1id,~ ),
K, = i(£d, — £d¢).
The metric (6.2) is of Kerr—Schild type? since Df2 = 0,

and can be made manifestly of this type by choosing new
coordinates (x,p,z,? ), where

Ce—t)=x+1, Var=z—1t, Vas=z41+r
There is a plane of singularities z — ¢ = 0, so this is the metric
for a nullicle.?® The metric is known from the Collinson and
French paper,” where it is in their Class C, Case (i), ¥ = 1
with U° = 0; itis, infact, the NUT metric”’ withu® = 0 = p°.
(iii) m, = 0 = d,. The space is flat.
Case ll (4 KV’s + 1 HKV):
A = id /R(EE — Ry), m = m, = constant,
d=d,= — Im(m,)/2R,,
e ?=¢(E—R,
(1) m==0, d;~0. Equations (5.13)and (5.15) givea = 0,
so there is no HKV.
(ii) m=40, d, = 0. Equation (5.14) gives a, = 0, and then
(5.13) gives a = 0, so there is no HKV. This result confirms
the well-known fact that the Schwarzschild metric (m, real)

does not admit a HKV, and also proves that the same is true
of two of the NUT metrics (m, complex).

R ‘? = R, = real constant,

(iii) m, = 0 = d,. The space is flat.
Case lll (3KV’'s + 1 HKV):
A=m=d=0, RV=(+{ e ?=2¢+{)

Equation (5.14) gives a = — 2a,({ + ib,), where b, is a real
constant. There is still a linear transformation in £ left to
transform « to the form a = — 2a.{. Then equations (5.11)
and (5.12) are satisfied identically, while (5.13) and (5.15)
are trivial. The remaining equation (5.10) gives T = T, real
constant. Thus we arrive at the metric

Ydr = PC+ L) d dE +drds + (¢ +£)ds (6.3)
which is Petrov type III and admits the HKV
H=sd,+rd, (6.4)

where we have accounted for the K'V’s present when writing
down the form of H. Putting 8§ = 3(x + iy) we can write the
metric in the form

drt = Px(dx? + dy?) + 2drds + gx ds?, (6.5)
which admits the HKV (6.4) plus the KV’s
Ki=3d, K.=9d, K,=2xd,+yd)—sd,+7rd,

This metric is that given by Kerr and Debney,? Eq. (5.19); it
has been noted by McIntosh?’; it is the so-called “singular”
metric in the Collinson and French paper,’ Case (i) with
0
=0.
2

CaselV(2KV’'s + 1HKV):

A =ife*] — L Im(m)R* + C, + C,(2 logR + R.R )
+ C(R*+ RXR )],

125 J. Math. Phys_, Vol. 21, No. 1, January 1980

m = m, = constant such that either Re(m,) = 1 or
Im(my) =1,

d=e"*Im(A;), R =R,= constant,
e P=¢(E—R,

where R = |{ | and C,, C,, C; are real constants.
The space is flat when m, = 0.

(1) my=-0, R,40. Equation (5.14) gives a, = 0, which
together with (5.13) gives a = 0, so there is no HKV.

(2) m=-0, R, = 0. Equation (5.14) is the zero identity,
while (5.13) gives 3a, = a. Equation (5.12) yields

a=ag?—ag,

where a, is a complex constant, while (5.11) is satisfied iden-
tically. Equation (5.15) is satisfied when either (i) C, = C,
=0or(i)a,=C,=0,5a,=gq;or(liiya,=C,=C,=0,
5a, = a.

Using (ii) and (jii) with 3a, = a implies @ = 0, and no
HKYV.

When (i) obtains we find

A=iBL™", d=0, B,=C,— iIm(m,).
Equation (5.10) and 3a, = a now give

T=iBlzalog /§) — aks + @k ]
Using this form of T'in (4.6) and taking the commutator of H
with each of the two KV’s

K =0, K,=i(d,—d7)
and applying the theorem [H,K,] = mK, + nK, leads to
a, = 0. Choosing Re(m,) = 1 as we may, we obtain the Pe-
trov type D metric

Ldr? = P(EY? dE dE + drds + iB(E " dE — 1 dE Ydr

+r'lds + By 1 dg — £ dE)], (6.6)

where f3, is an arbitrary real constant, which admits the
KHY

H={0,+ {0z — 459, — 2rd, + 4iB, log(¢ /¢ )d,. (6.7)

This metric is not of the Kerr-Schild type since D240, but
it does collapse to the Kerr-Schild metric (6.2) when 5, = 0.
It must be the special form of the “C”* metric® of Ehlers and
Kundt: in their coordinates

dr*=(x + ) (xdx* +xde* + y> dy? — y* dt?)
which admits the HKV
H=xd, +yd,—3¢d, + 340,

Case V(2KV’'s + 1HKV):

A = i[cex™" sinh%\/l—B-(x — X,) + % Im(my)x’],

m = m, = complex constant,
constant,

d=e *ImAg), R¥=(+C=x, e ¥=2/3.
The space cannot be flat since D3, D2 = ¢*.

Asin Case Il Eq. (5.14) leads to @ = ~ 2a,{, while

¢, = arbitrary real
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(5.11) and (5.12) aré satisfied identically. However, Eq.
(5.15) gives rise to three possibilities:

(Dee=0=13a,—a, Im(my)£0 (a,50);

) ¢, =0=Im(m,), 3a,— a0,

3 e=0=13a,—a=1Im@m,) (a,50).
Taking these in turn we have

(1) If a, = 0, then @ = 0 and there is no HKV. If ¢,540,
equation (5.13) is satisfied identically and (5.10) gives
T =T, real constant. Thus we arrive at the Petrov type II
metric

drt = 3x73(t? + A X )(dx? + dy?) + 4(dt + Ax dy)x

O

a, arbitrary;

wherex = ds — Ax* dy,26 =x + iy, t = r/2 and A is an ar-
bitrary, nonzero, real constant given by 44 = 3 Im(m,). The
HKY admitted by this metric is

H=xd,+yd,— 259, — 13, 6.9)
Since 4 = i de?£0 in this case, the metric (6.8) is that of a

type II vacuum space with twist; it has not yet been
identified.

(2) In this case Eq. (5.13) gives m, = 0, while (5.10)
yields T = T, real constant. Thus we recover the solution
(6.3), (6.4) of Case I1I, which admits 3 KV’s.

(3) Equation (5.13) allows the (real) constant m, to be
arbitrary, but if zero the space would be flat. We may use the
transformation (3.18) to set m, = 1. Equation (5.10) gives
T = T, real constant. Thus, on putting 8§ = 3(X + iY), we
arrive at the Petrov type II metric

drt=rX*(dX*+dY? + 2drds + (3—;(— + i) ds?,
’ (6.10)

which admits the HKV

H=Xdy+ Y3y, — 259, —7d.. (6.11)
The metric (6.10) is given in the Collinson-French paper’ as
their class C, Case (i) “singular” solution with 9 = 1,
Ur=¢+¢.

The two KV’s admitted by (6.8) and (6.10) are

K,=d, K,=i@d,—3dz)=4,
Case VI (2KV’s + 1 HKV):

A = At — Vo 4 o Fag o=

m =2moay; Na, — 3¢ ~ ¥,

d= Im(Az), p=0=R""?,

where Re(a,) = 1 (@, invariant), 4, is a complex constant,
and m, is a complex constant which can be made real if the
remaining coordinate freedom is used. However, we prefer
to use this freedom to transform a obtained from Egs. (5.11)
and (5.12) to

a=pB4, Re(B) = a,.

Now condition (2.9) requires m,5~0 for nonflat space. Then
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Eq. (5.13) gives (3a, — a)a, — 353, = 0. Adding this to its
complex conjugate yields @ = 0, so there is no HKYV in this
case.

Case VI 2KV’s + 1HKV):
A=iG+E)Y'LO), {=pe”,
m = u& ¥, u, complex constant,
d=¢+{)F@), F=F,

R =(+f e =3¢ 46D

Kerr and Debney did not obtain a solution for L and F,
where

1sin20 (dL /d9) — L = ¢*F,
and

Im[puo(1 + 2¢ ~29)72]
= e*’ cos’@ (d F /d0?) — (2 + Le ~ *)F,

d*P 3 )

—|)=1, P=P(@).
o T @)
The only known solution of the last equationise = ** = 2/3,
Just as in Case I1I, Eq. (5.14) leads to @ = — 2a.{. Then
(5.11) and (5.12) are satisfied identically.

If m=-0, Eq. (5.13) now gives @ = 0 and there is no
HKV.

If m = 0, Eq. (5.13) gives no information. But (5.15)
gives either ¢ = 0 and no HKV; or F(6) = 0 when we have
L = Ctand, where C is a real constant, so that

A=CE-EXE+ )

Equation (5.10) now is an ordinary differential equation in
T=T(¢—¢)ifeither(1)a,+a=0,0r(2)C=0, 0r (3)
a, + a = 0 = C, in which cases 7 can only be a real constant.

(1) Putting 85 = 3(x + iy) we obtain the Petrov type 111
metric

dr* = Px(dx* + dy*) + 2drds — 2Cx Yy dy dr
+ -23~x(ds — Cxy dy),

e ¥ (cosze

6.12)

where C is an arbitrary, real, nonzero constant, which ad-
mits the HKV

H=x3,.+yd,+rd, (6.13)
This metric appears to be the “singular” solution in the Col-

linson-French paper,’ Class C, Case (ii) with ¢ = 0,
VU °540.

(2) This is a degenerate case in that the metric is (6.3)
with 3 KV’s. However, there remains the possibility that
a, = a, when the metric (6.3) admits the HKV

H=xd,+yd,— sd,. (6.14)
(3) Again degenerate to (6.3), which is now found to
admit also the HKV (6.13).
Case VIll (2 KV’'s + 1 HKV):

In this case, and in Case IX below, the metrics do not
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admit a KV of the type K = e ~#d,, so we revert to the
(¢,£,u,v) coordinate system, The appropriate sets of equa-
tions to use are (3.14), (4.3), and (5.3)—(5.9). The functions £2
and u are known to the extent that they are dependent upon
4 only:

N=0@w), p=up", (6.15)

where y1, is complex constant. The two remaining field equa-
tions are

E=|@) | (6.16)
and

Im(E)=0, 6.17)
and

E(u) = 4u2° + 22227 (6.18)

and the dot denotes differentiation with respect to . The two

KV’s present are K, = d; + 95 K, = i(d, — dz). Now the

commutator of a HKV H with each of these is
[K.H]=aK +bK, (i=12), 6.19)

where the a,, b, are real constants. Applying this constraint
and using the transformation equations (3.14) and (4.4) we
find seven possible forms for the HKV. However, upon using
the field equations and homothetic Killing equations with
each of these forms, we find either no solution or flat space
except when H takes the form

H={0,+ 37+ (@a+ Dud, + (@ — 13, (a— 1,0).
(6.20)

Using this form, Eqs. (5.3) and (5.4) give
2 =Cuy*@+ b,

where C is a complex constant which we take nonzero, for
C = 0 implies flat space. But since

Hu=Hu2%) = —3uQ'HR2 = — 3au,

Eq. (5.5) gives (3 — 4a)u = 0, so that either (1) z = 0, 0r (2)
a=%0r(3)3—-42=0=p.

(1) The field equations (6.16) and (6.17) are satisfied if
a =1 (flat space) ora = % The remaining equations (5.6)—
(5.9) are trivial. Thus we arrive at the Petrov type III metric

drt =20 d¢ df + 2[dv — 2w n(Cdg + Cdf)

+ CCu*e e, (6.21)

where
€ = du + uw(Cd + Cdf),

and C is an arbitrary, nonzero, complex constant. This met-
ric admits the HKV
H =283, + 2{9; + 5ud,, + v3,. (6.22)

The form (6.21) of the metric appears to be explicitly new.
(2) The field equations are satisfied if
343u = — 16(CC )yu".
The remaining equations (5.6)—(5.9) are trivial. We have ob-
tained the Petrov type I metric
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drt =202 d¢ df + 2[dv — 3 u"u(C dE + Cdf)

+%CC—u'9”(21u"’ _ 4CC:U_1)€4]€4, (6.23)

where
€. =du+ ' (Cd¢ + Cdf),

and C'is an arbitrary, nonzero complex constant. This metric
admits the HKV

H =40, + 4L0g + Tud, — vd, (6.24)

The metric does not appear to have been written down ex-
plicitly before.

(3) The field equation (6.16) is not satisfied, so this case
does not yield a solution.

Case X (2KV’'s + 1 HKV):

The functions {2 and u were not fully determined by
Kerr and Debney, but it is known that

2=02(0), p=uv(t), t=u/Im().
The two KV’s are
K =0,+3s K,=(d,+Edz+ ud, —vd,

By using the constraint (6.19) with each of these KV’s and by
making a transformation u—u + S we find two allowable
forms for H, only one of which leads to nonfiat solutions,
namely,

H=ud, +vd,
Equations (5.3), (5.4), and (5.5) now yield
2 =Ct=Cuy’, p=Au’t*=Auy>,

(6.25)

where 4, C are complex constants and { = x + iy. The field
equations (2.7) are satisfied if and only if 4 = 0 and either (1)
C=0,0r(2)C=1i/2,0r(3) C = 3i/4. Condition (2.9) shows
that nonflat space results only in case (3), when we have the
Petrov type 111 metric

dr* = 20¥(dx? + dy?) + 2[dv + S vy dy
— 2y du — > uydy)(du — S uy dy).  (626)

This metric is of the Robinson, Robinson, and Zund form?® if
oneputsP=v,Z =3v/2( — £),S= —3/2(¢( - E)a=1,
b= —3u/2({ — ), o =u, p = vin their Egs. (2.12) and
(2.13). It does not seem to have been written down explicitly
before.

CONCLUSION

The class of nonflat, vacuum, algebraically special me-
trics which are expanding and/or twisting and which admit
an H,, symmetry group (m = 3,4,5) is small. It consists of
the metrics (6.2), (6.5), (6.6), (6.8), (6.10), (6.12), (6.21),
(6.23), and (6.26). All are hypersurface orthogonal except
(6.8), which has not yet been identified. Three others in the
Robinson-Trautman class are believed to be explicitly new,
namely, (6.21), (6.23), and (6.26).
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Einstein spaces and homothetic motions. I
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Algebraically special, nonflat vacuum Einstein spaces with an expanding and/or twisting
geodesic principal null congruence are considered. These spaces are assumed to possess
locally a homothetic symmetry as well as an isometry (one Killing vector). Nine metrics
are obtained, six of which are twisting Petrov type II.

1. INTRODUCTION

In a previous paper,’ referred to as Paper I, we deter-
mined all algebraically special nonflat vacuum Einstein
spaces with an expanding and/or twisting geodesic principal
null congruence, and which admitted a homothetic Killing
vector (HK V) plus two, three, or four Killing vectors (KVs).
It was evident that the addition of a homothetic symmetry
enabled one to obtain solutions of the vacuum field equations
more readily. In this paper the same claim is made; an HKV
is placed in the space along with just one KV, and the field
equations are reduced in complexity. Even so, they are still
of a sufficiently difficult nature that in some cases a complete
solution has not been obtained.

The formalism used in this paper is that of Paper I. It is
an extension of the formalism developed by Debney, Kerr,
and Schild? and by Kerr and Debney.* In order to make this
paper self-contained and easier to read, the main equations
and results of Paper I will be summarized next.

The general form of an HKV admitted by a vacuum
space—time with nonzero complex divergence is, in local co-
ordinates (§,f,u,v),

H = ad, + ad; + Re(a, )ud, —vd,)

+ R4, + a(ud, + vd,), (1.1)

where @ = a(¢), R = R (£,£) = R, and a is a nonzero real
constant. In any space—time there is only one independent
HKV.* Of importance is the following result: A Killing vec-
tor K and a homothetic Killing vector H obey the commuta-
tion relation

[K.H]=KH — HK = AK, (1.2)

where A is a constant. This restriction on the geometry is
used to determine more precisely the form of H for a given K.
Kerr and Debney® showed that X may take one of the ca-
nonical forms
@ K=e %3, p=pEs) (1.3)
(i) K=9;+0 (1.4)

in the (§,§_,u,v) coordinates, in which the field equations take
the form

Du =30u, (1.5)
Im(u — DDDR2) =0, (1.6)
d,(u —DDD2) = |3,D2 |- (1.7)

Here 2 and y are functions of only three coordinates £,&,u
and the operator D is defined by

D=3, —04,.
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The dot appearing in (1.5) and in the sequel denotes differen-
tiation with respect to u. The bar over a symbol denotes
complex conjugation.

The metric which admits the KV and the HKV is of the
form

dr?=2e€, + 26:€, (1.8)

where
&=Ww+A4)d;, =6,
€3=dv—2R§{[(v—A)ﬂ+DA]d§}

+ Re(D#2 + up)e.,
€, =du+ Ndf + N2 dE, (1.9
and 4 is defined by
4 =iIm(DN2). (1.10)

The complex divergence p( = 6 + iw) is related to the co-
ordinate v by v = Re(p™).

In order to obtain the explicit forms of the metric (1.8), our
procedure is to take one of the forms (1.3), (1.4) for X, solve
the field equations (1.5)—(1.7) for £2 and u subject to the
following homothetic Killing equations and their integrabi-
lity conditions:

(H— a)(2 — pu2) + Y(a; — T2 — pf2)

+RQ+R, =0, 1.1
HQ+ a2+ 4a, =0, (1.12)
Hu + [3Re(a;) —alu =0, (1.13)
Hji + 4 Re(a )i =0, (1.14)
H (D) + 2 Re(a, )(D2) =0, (1.15)
HA + [Re(a;) —ald =0, (1.16)
H? + [a; + Re(a,) +a)2 =0, (1.17)

where (¢ ) and R (£,€) are the functions occurring in H,
which are found initially from the geometric condition (1.2).
This leaves a certain amount of coordinate freedom which
may be used to simplify the form of the metric. The function
4 is computed from (1.10) and checked for consistency with
(1.16). The Killing equations and their integrability condi-
tions to be satisfied for a selected K are obtained from (1.11)—
(1.17) by putting @ = 0 and by using a and R as in (1.3) or
(1.4) as the case may be.

When the KV is present in the form (1.3), Kerr and
Debney’ showed that it was convenient to use (¢,5,s,7) as
local coordinates, where s = e?u and r = e ~ ?v. The form of
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the KV is then simply

K=94, (1.18)
and the metric takes the form
dri=(r*4+d»e* d¢ df
+ [dr + idz dt — d. d¢) ]«
+ {R ¥ 4 Re[m/(r + id)]}x?%, (1.19)
where o
k=ds+Adfi+Adl, A=e"(2—p.u),
(1.20)

d= —ide ?=e ?Im(Az), m=pe

R 2 isthe curvature of the two-dimensional metric e % d¢ d¢
and is given by the generalized Liouville equation

R =e~p,, (1.21)

where, as usual, coordinate subscripts denote partial deriva-
tives. AlsoA = A (§,{)andd = d ({,{ ) = d. The field equa-
tions (1.5)—(1.7) become

mg =0, (1.22)
R =0, (1.23)
Im(m) = e~ *d,; — 2R d (1.24)

The homothetic Killing equations (1.11)~(1.17) become

HA +(a; —ay—a)A + T, =0, (1.25)
Hp, +a; p; +4a, =0, (1.26)
Hp + Re(a,) = aq, (1.27)
Hm + (3a, — a)ym =0, (1.28)
HR @ 4 2a,R * =0, (1.29)
Hd + (@, — a)d =0, (1.30)

where the HKYV has the general form
H=ad, +ad; + (a + a))sd; + (a —ay)rd, + 79,. (1.31)

Herea=a(§), T= T(§,§_ )= T, and a.,a are real constant
with a#0. In Paper I it was shown that H could be put into
one or other of the canonical forms
(i) H=(a+aysd, + (a—ayrd,, (1.32)
(i) H=9, 497 + (@a+ ao)sd, + (a —ap)rd,. (1.33)

This is always possible in the presence of K = d,, but the
coordinate freedom is reduced and depends upon which of
the two canonical forms of H we take.

We now proceed to determine those nonflat vacuum
space-times with expanding and/or twisting rays which ad-
mit an HKV and one KV.

2. SPACES ADMITTING K = d, AND ~ AS IN (1.32)

Equation (1.27) gives a, = 0. The form of the HKV re-
duces to

H=s0, +rd,. (2.1
Equations (1.25), (1.28), (1.30) and field equation (1.22) give
A=m=d=0,

and the Egs. (1.26), (1.29), and (1.24) are satisfied identical-
ly. It remains to determine p({ ,£ ) from field equation (1.23).
To do this, we consider separately the possibilities R ‘?’ = 0,
R ‘¥ = nonzero const, R ®* # const. It turns out that the
only case leading to nonfiat space is the last. Then

R @ =2 Re[F (£)] for some analytic function F of . Using
available coordinate freedom (see Paper I), the 2-curvature
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transforms as
R(Z)——>R(2)’=C({'2R(2), (2.2)

where C, is a real constant. Setting £ ' = C ;" 2F(£ ) in (2.2)
and dropping the primes (since we shall be working with the
new functions hereafter), we have

R»=( +C=e "pg.

This generalized Liouville equation possesses only one
known solution, namely,

e =2, +C).
Substituting (2.4) into (1.19), we have the metric
dr>=3r¥{+ ) didE + 2drds + 2(6 + &) ds?

or, putting 85 = 3(x + iy),
dr*=r’x?dx’ + dy*) + 2drds + 3 x ds*.

(2.3)

2.4)

(2.5)

This is the Petrov type IIT hypersurface-orthogonal metric
of Kerr and Debney? which, in fact, admits not just one KV
but three of them:

K =4, K,=4d,, K;=2xd, +yd,)—sd, +rd,.

y
Because it also admits the HKV (2.1) it has appeared already
in Paper L.

3. SPACES ADMITTING K = d, AND 4 NOT IN FORM
(1.32)

H may be taken in form (1.33), but we shall not do so
because we prefer to have the full coordinate freedom avail-
able for future use. We take H in the general form (1.31) with
a # 0. The constraint (1.2) requires A = a, + a. We shall
split the analysis according to whether the 2-curvature R *’
is constant or not.

A. R? — const = A,

Equation (1.29) gives a,R, = 0. Consider in turn the
possibilities R, = 0, R, # 0.

Case I: R, = 0. We have ps = 0, implying p

= Re[G (£ )] for some analytic function G of {. The allowed
coordinate transformation {—¢ ' = @ ({'), under which
e’—e’ = C,| P, |"'¢” (see Paper I), enables us to set p = 0 by
choosing @, = C,e. The coordinate freedom left is a linear
transformation in ¢, with complete freedom on s and 7. Now
(1.26)and (1.27) givea = y,{ + a,, where ¥, and a,are con-
stants such that Re(y,) = a,. There are two possibilities:

(@) 7.#0, (i) o = 0(=a, = 0).

In (i), if a,#0 we can use the coordinate freedom in § to
transform a to a = y.§. Also, a, may or may not be zero. If
a, = 0, then y, = ib,, where b, is a nonzero real constant
which we may take equal to 1, since a multiplicative constant
can be absorbed into the HKV. Thus, if @, = 0, we have
a=Ii.

In (i), @ = a,#0 and a, is necessarily zero.

In both (i) and (i1), field equations (1.22) and (1.24)
give, quite generally,

2id =23 -2+ ¢ — @, 3.1
where m = 2f3,, 3 = (£ ) and (¢ ) is a function yet to be
determined. The definition of & in (1.20) then implies

A=0B +lp+ B,

where B (£,£) is a real function of integration which can be
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eliminated_by letti_ng s—»s + B, as is allowed. Then
A=EB + . (32)

We must now discuss (i) and (ii) separately.
Case I (i): R, =0, a = 74, Re(y,) = a,.
Equations (1.22) and (1.28) give
m§) =N, c=(a—3a)/Ve

where N and ¢ are complex constants. Integration yields 5,
and then (3.1) gives d. Substituting 4 into (1.30), we get

Im{{ 2748, + 270 B + 2(a — ar)B]

+ [¥bp, + (@ —alpl} =0,
which gives rise to the following solutions:
(A) @=2ML+ DL (aza),
(B) ¢=B8Boy; 'logl +2ML +E, (a=ay),

where B,, D, E,, and M, are constants, B, real. In (B) one can
redefine the function ¢ to absorb E;, and in both (A) and (B)
the constant M, can be eliminated by an allowed coordinate
transformation s—s + 2 Re(M.£E ?). Having done this, we
determine 7'(¢,&) from (1.25). We obtain respectively

A) T=T, B T=T,—- B¢,

where T, is a real constant which can be eliminated because
of the presence of K = d, in the space.

Thus there are two vacuum metrics (1.19) which admit
the Killing vector K = d, and a homothetic Killing vector
H, specified by

Case I (i)(A4):

a#a,, (a + a,) may or may not equal zero,

p=0=R"?,

A =N°§(a——3ao+7’n)/7’u52+Do§(a—ao)/7a§_, (3‘3)
m =2(a — 3a, + yo)yg 'No§ @ =37,
d = 4i(A, — Ap),

where aq,a,70,N,, D, are all constants (y,,D, complex) such
that 270, Re(y,) = g, and the HKV admitted is
H = y{d, + V07 + (@ + a0)sd, + (@ —an)rd,. (3.4)

A simplification occurs if @, = 0. For, as pointed out above,
we may then take y, =i

Case I ()(B):

a=a, (a,+ a)cannot equal zero,

p=0=R*,

A =N @202 4 Bys ' logt, (3.5

m =2y, — 2a)y; 'N& >,

d=3%iA; — Ap),
where a,7,,N.,B, are constants, with ¥, complex such that
Re(y,) = a#0, and the HKV admitted is

H = yo£d; + 7oL 0; + (2as — BLE)d,. (3.6)

In both Case I(i)(A) and Case I(i)(B) the remaining coordi-
nate freedom may be used to make N, a real constant. Both
metrics (3.3) and (3.5) are Petrov type II with twist, unless
N, = 0 when the space is flat.

Note: (a) The metric (3.3) with @ = 3a,(7#0) and D,#0
is Zund’s metric’ [his Egs. (1), (6), and (9)].

(b) Formally putting @ = 0 in (3.3) and (3.5) produces
vacuum metrics which admit Killing vectors.

In Case I(i)(A), we regain the Kerr-Debney metric
[Ref. 3, Eq. (6.16)] which admits fwo K Vs, when a, = 1,
a = 0. In case I(i)(B), @, = 0 = a gives, for B,#0, one of the
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Kerr-Debney metrics [Ref. 3, Eq. (6.10)] after suitable co-

.ordinate transformations; it admits two KVs. If, further, we

put B, = Oin this last case, we obtain one of the NUT metrics
[see Paper I, Eq. (6.2)] which is Petrov type D and admits
four KVs and an HKV.

Case I (if): R, = 0, a = a,(#0), a, = 0.

Equations (1.22) and (1.28) give m({ ) = Ne®’*, where
Nis an arbitrary complex constant. Integrating m = 25,, we
get B3, and then (3.1) gives d. Substituting d into (1.30), we get

Im{ZET(aoBg —B)+a.B]+ (a0¢g -@)} =0,

with the solution, for A as found,
PE) =40 — N(k + &L et '™ + 2a.M, + 2M(§ + o),

where Ak, M, are constants, A, real. However, M, and 4,
can be eliminated by the allowed coordinate transformations
s—8 + 2 Re(M S ?), s—s + AL respectively. Having done

this, we determine 7'({,¢) from (1.25), obtaining
T=|ao|* [Nk — |a|? + Tk )t '™

+ Nk — |ao|? + al )b ™]. 3.7
Thus we arrive at the metric (1.19) with
p= 0=R,
A=NQG af?— ki — aff)e’™, (3.8)
m = Net /=,

d =Im[N(a,f — &L — k)e'™],
where a,, N, and k are complex constants, a,7 0. This metric
admits the Killing vector K = d, and the HKV

H=ad, + ad; + 59, + rd, + T9,, 3.9
where T is given in (3.7). The metric is Petrov type II with
twist, unless N = 0 when the space-time is flat.

Case IT: R,#0 (const).

Equation (1.29) requires g, = 0, so (@, + a) cannot
equal zero for proper homothetic motions.

By means of the transformation (2.2) with C3 = |R,|
we can make R, = + 1. The metric e® d{ d¢ is then that of
a sphere or pseudosphere and so the coordinates can be cho-
sen so that e —? = (£ — R,. Then D3, DR =0=4,3,DN
and u = m(¢€ — R,)>, so unless m = 0 (corresponding to
flat space) Petrov type II solutions are possible. The coordi-
nate freedom left is a bilinear transformation in £ and com-
plete freedom in s and r.

Equations (1.26) and (1.27) give
a = a? + ib — TR, (3.10

where a, and b, are constants, b, real. There are two cases to
consider:

(i) R, = — 1 (sphere), (ii) R, = + 1 (pseudosphere)
Case Il (i): R, = — 1.

It is always possible to reduce the form (3.10) to
a=k(&*+ 1), 3.11)

where & is a constant. The coordinate freedom left on ¢ is
§'=(KE+ LYK —LE),K?+ L? = 1. Thereis still com-
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plete freedom in s and r. We can use part of this freedon in s,
after making the substitution

& = tanz,
to put the HKYV in the form
H=9, +d. +a(sd, +rd,), 3.12)

where a is a real constant. The freedom remaining on the
coordinate sis s—>Cy(s + A), A=A =e“Y(z — 7).

The remaining equations (1.22), (1.24), (1.25), (1.28),
and (1.30) lead to m as given below in (3.14), and

A =e%cos’zf(z —7),
where fis a function of (z — Z') satisfying
A+ f" + (1 +2%)f" —2f = m,.

Here m, is a complex constant, x = tan(z — Z), and the
prime denotes differentiation with respect to x. On putting
S (x) = 1(g), g = 4(1 + ix), this yields the solution

. 1
N=MNg — 3 My
where

Ny = C1F(ayﬂ9?/9q)
+Cqg' " F@—y+ 18—y +12—749),
a=2, 32_1) y:l—%l,

C,,C, are arbitrary constants, and F is the hypergeometric
function. There is no solution expressible in finite terms oth-
er than the trivial one 7, = 0. Thus

Fx) = J 71 () dox + (N — bme),

where N is a complex constant.

The particular choice 5, = O gives the metric

ldr?=(r?+d?Y)secl(z—2)dzdz
+ [dr+id;dz —d, dz) ]«

+ {Re[m/(r +id )] — 1}x3, (3.13)
where k = ds + A sec’z dz + A sec’Z dz, and
A =e”cos’z[N — L my tan(z — z)],
m = mqe*, (3.14)

d = (— i/ (me” — me™),

where m,, N are arbitrary complex constants. Since 4

= ide ?, this metric is Petrov type II with twist, unless m, is
zero when the space-time is flat. The HKV admitted is
(3.12). In (£,£,s,7) coordinates, this metric takes the form
(1.19) with

e P=¢f+1, RV= —1,
A= 4 1)le “EIN—Lmf¢ - X+ )],
m=me "%, Qy=0i) (3.15)

d= — (i/4)(mee"? — me“?),

where Q, () is the Legendre function of the second kind,
and Q,(i¢' ) = 4 log[(1 + i£)/(1 — i)]. The HKV now ad-
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mitted is
H=@*+ 13, + (€ + 1)d; + a(sd, + r3,).
Case I (ii): R, = 1.

It is not always possible to reduce (3.10) to a single
form. We consider separately

(A) @o#0, b, =0, (B)ao =0, b0,
(C) 070, by 0.

Case II (if)(4 ): By means of a transformation
c—& " = (a/ay)"*6 we can reduce a to the form

A= |a|(*—1).

It turns out that there is no nonflat solution to Egs. (1.22),
(1.23), (1.24), (1.25), (1.28), and (1.30) in this case.

Casell (ii)(B ):Nowa = ib,{ and wecanabsorbthe con-
stant b, into the form of the HK'V, and also eliminate 7'(£,¢)
by using some of the s-coordinate freedom, to obtain

H = i3, — ildr + a(sd, + rd,). 3.17)

Equations (1.22)-(1.25), (1.28), and (1.30) lead to m as given
below in (3.20), and

A=§ 1), x=¢—1,

where

(3.16)

(3.18)

Jx)=B—3m(l +ia)'x? + fx"G x)dx. (3.19)

Here B is a constant which can be made real by the transfor-
mation s—s + .o/, where & = a({ ~*“ + £*) Im(B). The
function G (x) is given by
Gx)=kF(—1,—1—ia, —2,—Xx)
+ x*F(2,2 — ia4, — x),
valid for | x | < 1, where k and / are arbitrary real constants
and F'is the hypergeometric function.

There is no solution expressible in finite terms except
the trivial one G = 0. In this particular case we have the
metric (1.19) with

e P=¢E—1, RY =1,

AEAP
=¢ ' B yml — i)l +@)'CE — 1)),
) (3.20)

d= —3i(l+a)'@G 1"
X [(1 —i@)me& ~ — (1 + ia)mf ],

where a,B,m, are constants, with m, complex and a #0. The
space-time will be flat iff m, = O; otherwise, Petrov type 11
with twist. The HKV admitted is (3.17).

More generally, we should have A as in (3.18) and
(3.19).

Case IT (1i)(C ): In this case we can reduce the form (3.10)
toa = | a, [(£? + ibog — 1) by means of the transformation
;¢ = (a/a,)'"*, where a, and b, are nonzero constants,
b, real. If Im(a,) 0, we can reduce « further by transform-
ing b, to zero, and then we have Case I1(ii)(A) with no non-
flat solution. Otherwise, a, is a real nonzero constant, and we
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have
a=af +5ib)y+ G b~ D]

(@Ifb, =2, weput{ +i= — (a.2)" giving
a = (a2?)' and we may use a coordinate transformation to
put the HKV in the form

H=24,+3d; +a(sd, + rd,). 3.21)

(b) If by > 2, putting z = arc tan[({ + 4ibo)/k ), where
k?=1b% — 1, gives @ = a,k ? sec’z, and we may take the
HKYV in the form (3.21) after absorbing the factor a.k.

() If b, < 2, putting z = arc tan[({ + ib,)/(iM )], where
M?=1—-1b], givesa = — a,M?sec’z, and we may take
the HKYV in the form

H= l(az - ai) + a(sax + rar)s
after absorbing the factor aM.

(3.22)

We treat each of these cases in turn.

Case 11 (if)(C )(a): Equations (1.22)~(1.25), (1.28), and
(1.30) lead to the metric

Ydr*=ajx(r* +ddzdz + [dr + i(d; dZ — d, d2) )«

+ {1 4+ Re[me™(r +id )] }x?, (3.23)
where

x=14ia(z—-2)=x,

k=ds + ay [e”f (x)dz + ¢ f (x)dz],

d= —5a; % [e“f'(x) + F'®)].
The function fis given by
f(x) = (Aaa? — 2iBaja” — L maxga)x?

+ (iAa' 4+ 2Baa)x™' + [Ba + Cx7e ™=, (3.24)

where a,a,4,B,C,m, are arbitrary constants, with ¢ and «,
nonzero real. The metric (3.23) is Petrov type I with twist,

unless m, = 0 when the space—time is flat. The HKV ad-
mitted is (3.21).

Case 11 (ii)(C )(b ): Equations (1.22)-(1.25), (1.28), and
(1.30) give

m =me“, m,arbitrary complex constant,
A =e%cos’z.f(0),
where
z=arctan[(¢ + Lib)/k], 4k>=b2 —4, b,>2,
and the function f(#) is to be determined from
k (k + ib, tanf
X {2[(2k 2 — 4 iboka) tan*0 — (2ak * + @ + 2ib.k ) tanf
— 2k + 2 — L iboka)] [ + [(2ibok — ak? — @) tan?6
+ (8k* + 4 + iboka) tan@ — (2ibok — ak ?)] f"
+ (k+ 4 iby tanb )f "} = my(1 + tan’@ ),

O=2z-—7%

(3.25)

for arbitrary b, (> 2), @ (#£0), and m,. Solutions f(@)to
(3.25), other than the flat-space one m, = 0, f = const, have
not been found.

Case I1 (i))(C )(c): The analysis is essentially the same as
in Case II(ii}(C)(b), with a similar conclusion.
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B. A'? £const

We may proceed as in Sec. 2 to obtain R **’ and p({,€ ) as
in (2.3) and (2.4) respectively. Equation (1.29) gives

a = — 2a/{ + ie;), where ¢, is a real constant. There is still
enough coordinate freedom on ¢ to bring «a into the form
a = — 2a44, and we can use some s-coordinate freedom to

transform the function 7'(¢,¢) in (1.31) to zero. Equations
(1.26) and (1.27) are satisfied identically. The remaining
equations (1.22)-(1.25), (1.28), and (1.30) must be solved for
the two possibilities a, = 0, a,#0.

Case LI (i): a, = 0.

We regain the metric (2.5), which admits not just one
Killing vector, but three, so that this case is degenerate.

Case 111 (ii): a, #0.

After suitable allowed transformations, we obtain

A=A, —2a,=3a,+a, Arealconst,

m = myreal const, d=0.
This gives the metric
dr? = 3r¥¢ + EYdE dE + 2drds + 2Adr(¢ dE + £ dE)

+ 26 + &+ mor Hlds + A€ dS + < db)),
(3.26)

which admits K = d, and the HKY

H =23, + £d7) — a5 '[(a + a)sd, + (@ — a)rd, ].

(3.27)

The constants a, (#0), @ (#0) and 4 are all real and arbi-
trary, and either (A) ¢# — 3 (i.e., a#3a,) when m, =0 in
order to satisfy the field equations, or (B) c = — 3 (i.e,,
a = 3a,) when my, is real and arbitrary. In case (A), the met-
ricis Petrov type I11 and twist-free. In case (B), it is twist-free
and type Il (m,£0) or type I (m, = 0).

4. SPACES ADMITTING 4 _ ; _ 5 AND AN HKV

Elsewhere® we showed that the HKYV in the presence of
this K must be of “the form, in (£,4,u,v) coordinates,
H=£0, + {3 +(a+ Dud, + (@ — .. (CRY)

From Egs. (1.11)~(1.13) and their Killing counterparts, we
obtain two possibilities:
M) ar -1, 2=u"""Vg p=y""h  (42)
() a=—1, Q=ypY, pu=y*l, 4.3)

where{ = x + iy, fand I"are both functions of u, and g and A
are both functions of (y“* 'u™).

Case 1V (j): Equations (1.15) and (1.17) require g = 0.
Field equation (1.5) is satisfied if either h = 0 (flat space solu-
tion) or a = 3 and 4 is a constant which field equation (1.6)
requires to be real. Then £2 = 0, 4 is a real constant which
can be transformed to 1, and Eq. (1.16) gives 4 = 0. All
other conditions are satisfied, and so we obtain the Petrov
type D, twist-free metric

Ydri=v d¢ df + dudv + vidu?, 4.4)

which we recognize as the NUT metric [(6.2) of Paper IJ.
This case is therefore degenerate in the sense that the metric
admits

H={0, + £0: + 4ud, + 2v9, 4.5)
and four Killing vectors.

Case IV (ii): The remaining conditions (1.14), (1.15),

W.D. Halford 133



and (1.17) on £2 and 4 are satisfied. The field equation (1.5)
gives . .

Qi+ 3N+ =0, (4.6)
which may be expressed in terms of a new complex function
G (u) as follows:

f=2i/G, I'= —ieSG/8. 4.7
Introducing _ _
E (w)=if — 2ff, F(u)=iE +JE, (4.8)

the field equations (1.6) and (1.7) become the ordinary dif-
ferential equations

A —QiF+2F) =|EP, 4.9

A —TI'y=3iF+ F)+2(fF~fF). 4.10)
By substituting (4.7) into (4.8) and (4.9), we get a fifth order
equation in the complex function G (u), subject to the con-
straint (4.10). Apart from some obvious special solutions
which represent flat space—time, I do not have any solutions
in this case.

5. CONCLUSION

The number of nonflat, expanding and/or twisting
vacuum solutions of Einstein’s field equations which admit
one Killing vector and a homothetic Killing vector is small.
In the foregoing sections we have obtained nine such me-
trics, but two of these, namely, (2.5) and (4.4), are degenerate
in the sense that they admit more than one Killing vector.
The other seven are given at Egs. (3.3), (3.5), (3.8), (3.14),
(3.20), (3.23), and (3.26), all of which are Petrov type II with
twist except (3.26), which is a Petrov type III hypersurface-
orthogonal member of the Robinson-Trautman family’
when m, = 0 and type IT without twist otherwise. Except for
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a special case of (3.3), all these seven metrics appear to be
explicitly new.

The list is not quite complete since only particular solu-
tions to the field equations are given in Cases II(i) and
I1(ii)(B), and no(nonflat) solutions have been obtained in
Cases I1(ii}(C)(b), (c) and IV(ii).

Apart from the intrinsic interest in metrics admitting
homothetic motions, the technique of introducing this high-
er-order symmetry into the space-time has again proved
useful in finding vacuum solutions which admit Killing vec-
tors. If one formally puts a = 0 in the solutions obtained in
this paper, one may pull out algebraically special vacuum
solutions which admit only isometries. The process works
for (3.3), (3.5), (3.14), (3.20), and (3.26), but not for (3.8) and
(3.23) on account of apparent singularities. Each solution
thus obtained admits at least two Killing vectors.
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A new formulation for the study of the asymptotic structure of a gravitational field at
spatial infinity is presented. First, the disadvantages of the existing formulations are
identified in order to recognize the underlying causes and exclude them from the new
formulation. It is concluded that neither conformal nor projective completion should be

used. From a study of the Euclidean space we obtain a method of completion of a three-
dimensional space (7,8) with positive-definite metric g so that a two-dimensional
boundary .Z is attached to the space at infinity and a three-dimensional positive-definite C * metric
@ exists near and on .#. The whole method is based on replacing the conformal transformation of the
conformal completion by the relation 2 ~%¢¥ — 2 ~‘*g™¢g" 0. =g — §"¢"N, 12, . Thusthe
concept of asymptotic simplicity is defined. Then the additional conditions are determined for the

space to be asymptotically Euclidean. The asymptotic symmetries and the uniqueness of the

boundary are examined briefly.

1. INTRODUCTION

Let us consider a bounded source of gravity, e.g., our
solar system, a binary neutron star, a globular cluster, a star
undergoing gravitational collapse, etc., alone in the universe.
In the framework of general relativity it seems reasonable to
assume that inside or near the source the space-time is
curved while as we go away from the source the curvature
decreases so that at infinity we recover somehow our famil-
iar Minkowskian geometry. To describe such a system (or
more generally a system whose energy density decreases ap-
propriately as we go to large affine distances from a central
region) we introduce the concept of an asymptotically flat
space-time. Naively perhaps, we picture as asymptotically
flat a space-time whose metric approaches in some sense the
Minkowskian metric as the affine distance from the region of
large energy density becomes infinite.

To make this concept precise we have to go to infinity.
Hence, because of the Lorenzian signature of the metric
there are three choices: We can go to infinity along null,
spacelike, or timelike directions. Thus we can study (future
or past) null infinity, spatial (or spacelike) infinity, and (fu-
ture or past) timelike infinity.

Modern studies of null infinity have been started essen-
tially by Bondi, van der Burg, and Metzner,' Sachs,’ and
Penrose,’ while of spatial infinity by Arnowit, Deser, and
Misner* and Geroch.’ Studies of timelike infinity, as well as
attempts to unify the approaches to null and spatial infinity,
have started relatively recently.” Thus for null and spatial
infinity there is a rich collection of results, particularly re-
markable given the inherent difficulties of general relativity.
However, comparing the existing formulations for null and
spatial infinity we can definitely say that the formulation of
null infinity is conceptually clearer, aesthetically nicer, and
practically better than that of spatial infinity. Thus for null
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infinity a precise definition (a kind of ““fine tuning”) in tensor
as well as coordinate language has been made possible,®
while for spatial infinity such a procedure seems impossible
at this stage. This situation persists even after considerable
improvements for spatial infinity by Ashtekar and Hansen®
and Sommers.'® Can we do anything about this situation? It
seems we can. In this and the subsequent paper we shall
propose a “better” formulation of the asymptotic structure
at spatial infinity. However, we have first to highlight the
disadvantages of the existing formulations and state clearly
the final objectives. This is done in the next section. The
conclusion can be summarized as follows: A better formula-
tion (i) should not be based on the idea of conformal comple-
tion (for a three- or four-dimensional space) and (ii) should
result in the definition of an unphysical metric which is C ©
everywhere including the boundary of the space-time. In
Sec. 3 we establish the new method for completing a three-
dimensional manifold and introduce a generalized definition
of asymptotic simplicity. In Sec. 4 we present some theorems
and define rigorously the concept of asymptotically Euclid-
ean space, that is a space with a positive-definite metric
which approaches in an appropriate sense the Euclidean
metric at infinity. In Sec. 5 we examine briefly the asymptot-
ic symmetries of asymptotically Euclidean spaces and the
question of uniquesness of the boundary. Finally, in Sec. 6
we present some remarks and conclusions and we comment
on future developments.

In our notation Latin indices run from 1 to 3 while
Greek indices from 0 to 3. A semicolon denotes covariant
differentiation with respect to g;;, while a vertical rule with
respect to §;. The special symbol £ hasbeen used instead of
the equality symbol in equations which hold only on the
boundary of the space. The symbol O, denotes a quantity
O (2. In a coordinate system (w,8,¢) in which 2 = & such
aquantity is O (0") near @ = 0, its derivatives with respect to
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0 and @ are also O (@), while its derivative with respect to
isO@" ).

2. FORMULATION OF THE PROBLEM

To specify our objectives for spatial infinity we outline
briefly the formulation of null infinity emphasizing those
features which we would like to have in a formulation of
spatial infinity. Then we present the existing formulations of
spatial infinity in a way that underlines their deficiencies.
This unfair presentation has the advantage of isolating the
features which should be changed, if possible. It is expected
that most of the physically meaningful results of the existing
framework which are not mentioned here can be easily re-
cast into the new formulation.

The formulation of null infinity starts with the concept
of asymptotic simplicity.>® This concept guarantees the exis-
tence of a boundary and defines from the physical space—
time'' (.#, g) the unphysical space-time (.#, §) with g,,,
=0,’ 8,.,» Where (2, isascalar fieldand g, and £2, are C =
on a neighborhood of the boundary .# of .#. Further condi-
tions specify the intrinsic structure of the boundary and how
it is attached to the space—time. Thus we end up with an
unphysical space-time having the following properties:

(A) The boundary has dimension n — 1, where # is the
dimension of the space (in the particular case of the physical
space-time n = 4),

(B) The unphysical metric is C © on an open neighbor-
hood of the boundary.

(C) On an open neighborhood of the boundary the un-
physical metric is determined completely and uniquely from
the physical metric and the scalar field £2 and, vice versa, the
physical metric can be determined completely and uniquely
from the unphysical metric and 2.

In general, if we are able to compactify a manifold in a
way satisfying the above conditions we will say that we have
attached a natural boundary to the manifold or that the
manifold admits a natural boundary. As naive as they seem
to be these three properties are the essential reasons for the
superiority of the formulation of null infinity. And they are
both obtained following an idea originated by Penrose’:
Bring infinity “metrically” close by a conformal transforma-
tion of the metric. The advantage resulting from the exis-
tence of a natural boundary is essentially the possibility to
study the geometry at infinity by applying local differential
geometry on the boundary, since tensor fields on the mani-
fold can be extended smoothly to the boundary. Thus the
boundary serves simultaneously as a boundary of the space—
time manifold, a space where asymptotic symmetries can be
studied and a manifold in its own right where asymptotic
fields register. The whole formulation is simple, elegant, and
practical.

For spatial infinity Geroch’s formulation* of the
Arnowitt-Deser—Misner approach* is based on the concept
of asymptotically flat initial data sets and (again) Penrose’s
idea of conformal completion. We give here the basic formal
definition in order to pinpoint the undesired features. In Sec.
4 we will show that the new formulation satisfies the condi-
tions of this definition.
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Let.7 be a three-dimensional spacelike hypersurface of
the physical space-time with a smooth positive—definite
metric g,,, (the induced metric) and extrinsic curvature p,,,,.
The set (77,4,,,,p,..) is an initial data set. It is asymptotically
flat at spatial infinity if there exist a three-dimensional mani-
fold .7 with a preferred point A and positive-definite metric
4, a scalar field 2, and a diffeomorphism ¢ from .7 to
7 — A (which identifies 7 with & — A ) such that:

()AtA, T isC',q,, is C° and &2, is C?, while all are
C~*on9 —A.

({)On.7, g, =23 g, o

(iii) At A, 2, =0, D,2,=0, D,D 02,=24,,

(5“ is the derivative operator with respect to g, ).
(iv) The relations

pyv = hm '{20 P,uv!
‘qu = lim{2 o 12 (l‘j’# 5»"90 - unv)!
R, = himQ YR

define direction-dependent tensors at A (i.e., tensors which
depend on the unit tangent vector of the smooth curve we
follow in going to A ).

The first undesired features of this formulation to be
noticed are its three-dimensional character, its dependence
on the evolution of initial data sets, and all the inherent prob-
lems which arise from them. To eliminate this problem Ash-
tekar and Hansen® have proposed an improved formulation
along the same lines. Their key idea is to attach to the space—
time (which is to be regarded as asymptotically flat) a single
point ; ° at spatial infinity (as a replacement of all possible A )
and describe the asymptotic structure of the gravitational
field in terms of the behavior of the various tensor fields at i °.
In particular they recast Geroch’s definition in a four-di-
mensional language replacing essentially (7" ,q,,, ,p,.,) by the
physical space-time, (7,4, f,.) by the unphysical space—
time (#, §) and . condition (i) by the following:

(VA% #isC>§,,isC >%and 2is C?, while all
areC~on.# —i°

(C > " states essentially that the differential structure of
the object is such that its derivatives of order n + 1 have
direction-dependent limits at #°.) The condition (iv) is not
needed.

Although this formulation is a definite improvement
(since it is four-dimensional in character and global prob-
lems of evolution do not arise), it makes more acute the re-
maining deficiencies of the original formulation: the awk-
ward differential structure of the manifold and the metric at
i %, the dependence of tensor fields on the direction of ap-
proach to /°, the single-point spatial boundary (although the
space is four-dimensional), the inability to set up at i° a co-
ordinate system in which everything behaves nicely, the fact
that all asymptotic properties of spatial infinity register at a
single point, etc. To study further spatial infinity Geroch
introduces a three-dimensional manifold . ; (consisting in
his formulation of all ““points” at spatial infinity) with an
appropriate metric. Ashtekar and Hansen propose a suitable
“blowing up” of i °. Their result is a four-dimensional mani-
fold called Spi constructed from various inextendible space-

(#,, is the Ricci tensor of §,,)

nv
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like curves “regular” at ; °. But both these manifolds are
somehow artificial and neither of them is a boundary surface
of the space-time itself. Thus, e.g., it is meaningless to ask
whether or not a curve of the physical space-time .# has an
end point on . ; or Spi, or whether a tensor field defined on
# has a limit on ¥ or Spi.

The above raise many puzzling questions: Why do we
have to worry about differentiability class, something which
almost has no physical significance®? Is it reasonable to mod-
el the space-time in such a way that going to infinity along
different directions implies ending up at the same point? Is
spatial infinity represented faithfully by a single point on the
Penrose diagram?®? Is it reasonable to “shrink” spatial infin-
ity to a point and then “blow” it up? Why are we restricted to
consider only the structure of first and second order (metric
and its first derivatives) at / ®? The conclusion is inescapable:
All these are inevitable results of the one-point compactifica-
tion. The conformal completion shrinks spatial infinity too
much. Ifwe want to avoid the previous undesired features, we
have to abandon the method of conformal completion.

The basic idea in Sommers’ approach' s to attach to an
asymptotically flat space—time at spatial infinity a three-di-
mensional boundary & using projective rather than confor-
mal completion. The boundary Z is assumed to be the unit
timelike hyperboloid of the Minkowski metric. Instead of
£2, ascalar field 2 on .# is used (Z is essentially the inverse
of a spacelike distance) to define the 2-foliation, that is the
family of timelike hypersurfaces 3 = const-40, with known
intrinsic properties. This family suggests an intrinisic metric
for the limiting case & = 0 which represents 7. Attaching
this surface & to the manifold we have a new manifold
M = MUP . Finally, it is asked that the metric and the neg-
ative of the extrinsic curvature of a £ = const hypersurface
tend in a continuous way to the metric of & as 2—0.

This second approach (i.e., Sommers’ formulation)
does not have any of the deficiencies of the first approach
(i.e., the Arnowitt—Deser—Misner—-Geroch—Ashtekar—Han-
sen formulation). No awkward differentiability require-
ments are needed, no direction-dependent limits are to be
taken. It has, however, another perhaps more serious defi-
ciency: There is no four-dimensional metric on the boundary
Z . Thus to study the physical fields near & we have to
decompose them into their tangential and normal compo-
nents with respect to the 3-foliation and treat each compo-
nent differently. A spacelike curve which defines a point p on
& is not spacelike or anything else at p simply because there
is no 4-metric there. Thus we reach the following conclusion:
The projective completion results in a 4-metric which diverges
on the spatial boundary. If we want a metric regular every-
where, we have to abandon the projective completion.

In summary, the first approach seems to be more practi-
cal (more fruitful) while the second more simple and elegant.
Of the requirements for a natural boundary the first ap-
proach satisfies completely (C), partially (B) (it gives a met-
ric C >° at /%), and violates (A). The second approach satis-
fies completely (A) and (C) (withg,, =2 2g,w), but violates
flagrantly (B). Is there any approach that will have the ad-
vantages of both and none of their disadvantages? Is there
any way of attaching a natural boundary to the space-time?
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The objective of this and the subsequent paper'?is to provide
such a framework. As an extra (and nonanticipated) bonus
'we get a “unified” formulation which applies to null as well
as to spatial infinity. Before, however, we start to formulate
the new approach let us give two of the final results of this
paper: The new unphysical metric for the three-dimensional
FEuclidean space is

h; = diag[(1 — ©® ', 1, 5in’@ | 6))

while for any three-dimensional ¢ = const submanifold of
the Schwarzschild space-time is (r, = 2Gmc ~?)

gAfi — dlag [(1 —_ a)2 -+ r, (03) - 1, 1, sinZB ] (2)

with @ = 0 on the boundary.

3. THE UNPHYSICAL METRIC

In the previous section we have formulated the problem
in a rather negative way: We specified what deficiencies the
new formulation should not have. In this section we give a
positive contribution: We specify how the new unphysical
metric should be determined. To discover that “how” we
have to be faithful to the old principle that in general relativ-
ity “metric is the foundation of all.”

The fact that the awkward conditions in Geroch’s for-
mulation of the Arnowitt—Deser—Misner study appear from
the beginning (that is, when we are dealing with asymptoti-
«cally flat initial data sets) shows that the bad behavior, is not
.only a property of four-dimensional space-times with Lor-
zntzian signature but also of the innocent three-dimensional
‘Euclidean space. Thus we set ourselves an apparently
simpler problem: Define the concept of an asymptotically
IFuclidean space. But even that seems difficult. So we consid-
exr as a first step an even simpler problem: Complete the
thiree-dimensional Euclidean space with a natural boundary.

In coordinates (r,6,¢ ) the metric of E* gives the line
element

dS?=dr + r(d6* + sin’0 dp *). 3)

We consider as “infinity” whatever we reach by leaving
r-—co with @ and @ constant. Let us bring this “infinity”’
close at least in terms of coordinates. This is simple and can
bie done by a transformation of coordinates, e.g.,

£ =nrr+ 1)~ 'and 8 and ¢ unchanged. The whole space is
niow mapped on the interior of the sphere 0<p < 1. We con-
sider the surface p = 1 as representing infinity and denoted
by .Z. A further transformationp’'=1—p=(r+1) "'
sendsp = 1 (thatisr = o« )top’ = 0. Sincep’ behavesasr ~
near p’ = 0, the simplest transformation which will bring
infinity to @ = 0 is @ = r~ . From (3) we have the compo-
neznts of the physical metric tensor in coordinates (w,6,¢)

h; =diaglo =% 0 % o *sin’6 ]. 4)

It is clear that if we want to complete conformally this space
we have to multiply 4, by £27, where £2, behaves as w’ (or
r~?) near w = 0. Such an action will result in “excessive
shrrinking”: While the area of a surface » = const tends ori-
ginally to oo as 7 0, after a conformal completion will tend
to zero. We can, however, set 2 = w = r — ! and define the
conformal metric

1
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h; =02%h, =diaglew 2 1,sin%6 |. 5)
Thus we have “shrinked” the surface » = const but not too
much: Its area is constant and remains constant as 7— o0 .1*
However, A ; still diverges on .Z.

Equation (5) suggests two things. First, since every sur-
face £2 = const=~0 has intrinsic metric diag [1, sin*8], we
should give somehow the same intrinsic metric to the boundi-
ary .Z."* Second, since 4, diverges on . while /,, and £,
behave nicely there, we should find a way to treat 4,, “differ -
ently.” Here we face the essential and perhaps the only diffi -
cult part of the problem, whether we deal with Euclidean
space, Minkowskian space-time, or a general asymptoticall'y
flat space-time. How can we treat h 11 differently using only
tensor relations? To answer this question let us consider the
contravariant form of the conformal metric

hY=0 ~?h'=diag[w? 1, sin’d ]. (€)
If £ ¥ s the contravanant form of the unphysical metric we:
must have 2 '5£0on .%. A change in the scale of » will give

£'' = 1. We observe now that the desired behavior of 4 ¥/ on
£ can be obtained if we add 1 to h ' only, that is if we write

KIS Ry himhg), 8. Q)
But this relation can be easily written in tensor form as

RiZh—Rmhm 0, Q. (&)
We have determined 4 7 on . but not on E *. Obviously (%)
can be written in the form

Bit+Xi=hi—h"mh"0, 0, ()
where X ¥ = 0. What is the best choice for X 7 It appears

that the answer to this questionis XY= — A"™"h"" 2, n,.
Thus (6) becomes
R —h™ k"0, Q, =R —h™ k"0, 0, (1)

This is the relation which determines # 7 from / ¥ or 4 7. Ess-
sentially it replaces the conformal transformation of the me t-
ric in the conformal completion. Of course many other rela-
tions have been tried. None of them exhibited the nice ancl
fruitful properties of (10) which will become apparent in th:is
and the next paper.

Before we proceed any further it is appropriate to give
here the definition of asymptotic simplicity at spatial
infinity.

Definition: A pair (57,8) of a three-dimensional mani -
fold 77 (without boundary) with a positive-definite metric g
is asymptotically simple (at spatial infinity) iff there exist:

(a) A (three-dimensional) space % with a two-dimer:-
sional boundary .¥ (. CW) and a metric § positive defi-
nite and C ~ on an open neighborhood Uof &

(£CU C%’) i
(b) A C = scalar field £2 on U, positive on U — .# and
zero on .7, such that'
__g'\im‘éjn 'Q|m D]n =0 —Zgy_ n —4gimgjn ‘Q;m '();n .
an
Thus asymptotic simplicity is essentially a guarantee that the
space # can be imbedded in & with a boundary .¥ insuch
a way that the first two conditions for .# being a natural
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boundary are satisfied. As it will turn out in the next paper
this definition serves its purpose for a locally Minkowskian
space-time too, if we drop the term “positive-definite”” and
consider /, j,--- as taking values from O to 3. Furthermore, we
will see that we can easily generalize this definition to cover
null infinity by dropping from it the term “‘spatial infinity”
while keeping (11) as it is. At present, however, we have to
find a condition such that condition (C) for a natural bound-
ary is satisfied. For this the following theorem will help us.
Theorem 1: If an asymptotically simple space satisfies
the conditions 2 “?g702, 2, ¢ 02, 2, =1, thenina
coordinate system (@,6,9) in which 2 = » we have
(4,B =2,3)

gAn -1 __g~n, (12)
g*lA ~1A (l/gll - 1) (13)
g'\,AB_:gAB+g1Ag~lB[(1/g~ll__1)2__1]‘ (14)

Proof: In coordinates (w,0,p) with 2 = » we have 12,
=4, =6, Hence (11) becomes

gﬂll_g‘ilgﬂjlzg"zj_gilgjl. (15)
Fori=j =1 this gives a second degree algebraic equation
with solutions 8'' = g''and §'! = 1 — g''. The first is reject-
ed because it does not satisfy the condmons n %N, 0,
= g‘f 02,9;= Z 1. Thus we have only the second solutlon,
that is (12). Forz =1,j=Aandi=A,j= B we have from
(12) the other two relations (13) and (14). It should be noted
that in this coordinate system we obtain g from g7 by simply
interchanging g/ and g7,

An immediate consequence of this theorem is that if we
want condition (C) for an asymptotically simple space to be
satlsﬁed itis enough to assume that 2 ~ g7 2, 12,

g £, .()V = 1. Thus we have the following theorem

Theorem 2. An asymptotically simple space which sat-
isfies the conditions 2 ~2¢ 2, 2, S ¢7 02, 2, = 1 admits
a natural boundary.

Before we define in the next section the concept of an
asymptotically Euclidean space it is useful to summarize the
essence of the proposed changes. The most important point
is the replacement of the relation £ = £2,* g¥ (conformal
completion) by the relation (11). They are both arbitrary and
artificial relations in the sense that they have been invented
by us to register at infinity information about the structure of
the space-time. They are not suggested by the space-time
itself. The best is that which is more convenient, more practi-
cal, more useful. At spatial infinity this is relation (11), al-
though g, = £2,° g, seems at first glance simpler. Finally, it
should be noted that the behavior of 2 as  — ! (instead of 2,
asr ~?) could have been anticipated from Geroch’s formula-
tion of asymptotic flatness at spatial infinity. In that formu-
lation {2 ;> appears too often to be pure coincidence.

4. ASYMPTOTICALLY EUCLIDEAN SPACES

The original, naive but basic idea for an asymptotically
flat space is that somehow the metric approaches the flat
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totic simplicity we should impose this boundary to the
space.’

A definition of a particular kind of space, e.g., of flat or
asymptotically flat space, should be always given, if possible,
in terms of tensor conditions as well as in terms of the exis-
tence of a coordinate system in which the metric has a par-

metric as we go further and further away from the source.
Thus we expect that the asymptotic behavior of the metric is
described somehow by (3)—(6). Perhaps the weaker condi-
tion covering this case is that an asymptotically Euclidean
space should admit a suitable completion with a natural
boundary similar to the boundary .#” of the Euclidean space.
The model suggested for the latter in the previous section is a ticularly simple and useful form. The following theorem will
two-dimensional manifold isometric to the unit two sphere help us to do so in the definition of an asymptotically Euclid-
S'?, a manifold on its own right. Thus in addition to asymp- I ean space.

Theorem 3: For an asymptotically simple space the following conditions are equivalent:
(a) The boundary .¢ is isometric to .S* and

2°%0,0,280,0,21. (16)

(b) There exists a coordinate system (w,8,¢) in which on U (an open neighborhood of .¥") we have 2 = ,§'' = w* + O,
and (A4, u arbitrary functions of 8, )

1+ A24+u’sin"6+0, A+0, p+0,
g, = A+0, 1+0, 0, : (17)
| u+ 0, 0, sin’d + O,
(c) There exists a coordinate system (@,8,¢) in which on Uwehave 2 = w, ' =w® + O,, and
1+ 0, - A+ 0, —pusin~?0 + 0,
& = —1+40, 144240, Apsin=20 + 0, . (18)
__—,usin"zts’—i—o1 Ausin "9+ 0, sin 0 +pu’sin~ %0+ 0,

(d) There exists a coordinate system (w,6,) in which on U we have 2 = w, §'' = 1 + O, and

[0 24+0_, A+0, u+0,
gq = A+0, 1+ 0, 0, . (19)
L u+ 0, 0, sin’@ + O,

(e) There exists a coordinate system (,8,¢) in which on U we have 2 =, 8" = 1 + O, and

o’ + 0, —A0*+ 0, —psin~?0-w*+ 0,
§= —Aa? + 0,4 1+ 0, 0, ) 20
| —psin~ 00’ + 0y o, sin =26 + 0,

Proof: Let (a)be true. Then since the space is asymptotically simple and .¥ is isometric to S?, there is a coordinate system
(w,6,¢) in which 2 = @ and on an open neighborhood of .¥

k+0, A1+0 u+ 0,
gi=| A+0, 1+0, 0, . 21
u+ 0, 0, sin’6 + O,

From (16) we have §'' £ 1, » ~%§"! £ 1 which givex = 1 + 412 4 p?sin ~ 28 and §'' = »® + O,. Hence (a) implies (b).
Inverting (17) we have (18). Hence (a) implies (c). From (12)~(14) we find (20). Hence (a) imples (e). Inverting (20) we find
(19). Hence (a) implies (d). Thus (a) implies (b), (c), (d), (). Let now (b) be true. Then .¥ is isometric to S 2. From (17) we find
£'' =1 4+ 0,, which means that (16) is satisfied. Hence (b) implies (2) and consequently (c), (d), and (e). If (c) is true, then
inverting (18) we obtain (17), etc. If (d) is true we obtain (20) and then use the relations (12)—(14). Thus we find (18), etc.

We are now ready to define an asymptotically Euclidean space.

Definition: A pair (77,g) of a three-dimensional manifold 5% (without boundary) with a positive-definite metric g is
asymptotically Euclidean iff it is asymptotically simple and satisfies one of the conditions (a)—(e) of the previous theorem.

A word of caution should be added to the above defini- l near .¥. However, in the case of a space~time with Lorent-

tion. As it is, the definition contains only the minimum
requirements for a space to resemble asymptotically the Eu-
clidean space. There is a rather small probability that use-
fullness will suggest at a later stage the addition of other
conditions which hold in Euclidean space, such as R, =0
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zian signature it is quite possible that some additional condi-
tions will be needed in order that certain physical quantities
can be defined on the boundary.

To familiarize ourselves with the new formulation and
increase our confidence let us determine §; for a few well-
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known spaces which must be asymptotically Euclidean
whatever the definition is. From (12)~(14) it is obvious that
(in coordinates 2 = w,8,¢) if §’ is diagonal, then g7 is also
diagonal with 87 = g% except '’ = 1 — g'!. Thus for the Eu-
clidean metric (3)—(6) we find (1). For the spatial metric
(w=r""r,=2Gmc™?

g; =diag[(1 —r, )=, w2 0 ?sin’6 | (22)

of the Schwarzschild space—time we find (2). For the spatial
metric
g, =diaglp’4 "o ~*, p?, o~ ?sin’6
+ (1 4+ r.0 'p~?sin%g)a’ sin’f | (23)
of the Kerr space-time with p> = w ~* + a* cos?6,
A=@p *—rw '+ a®wefind

g, = diagl(1 — p ?4w?) ', p* &*, sin’0
+ (@* + r,wp ~ *sin’0 )’ sin’d |. 24)
For the spatial metric

g, = diaglo 4 -, 0 "%~ 9 o sin*fe 2] (25)

of the Weyl solution we find
; = diag[(1 — P -9 sin’Ge 2], (26)

Itis obvious that all §; of (1), (2), (24), (26) are C ~ atw = 0.
Finally, we observe that if from (19) we obtaing; = » g,
transform it to coordinates (7,8,¢ ) and then to coordinates
(x,y,2) (with the usual transformation from spherical to Car-
tesian coordinates) we find a metric of the form

diag(1,1,1) + O, .*"" So, after all, the original naive assump-
tion was not wrong.

Before we close this section it is useful to see if there is
any relation between the new definition and Geroch’s defini-
tion of an asymptotically flat initial data set. In fact we can
prove the following:

Theorem 4: An asymptotically Euclidean space satisfies
all Geroch’s conditions which refer only to the intrinsic ge-
ometry of the three-dimensional hypersurface .7

Proof: The conformal factor for the conformal comple-
tion is §2, = £2 . Hence in coordiantes (w,0,¢) with 2 = @
we have the “conformal” metric of the conformal comple-
tion” §, = 258, = 27§, = w’g, and from (19)

2 2(a—B))— 1’

1+0, o, 0,
d; = 0, o' + 0, 0; . 27
0, 0, o’ sin’0 + O,

Obviously g, is C° at A (that is for @ = 0) and £2, is C*.
Hence condition (i) (Sec. 2) is satisfied. Note, however, that
dy1, = Oy which depends on # and g at @ = 0. Hence g, is
not C'atA. Also 2, = @> = 0and D, 2, = 208! =0at A.
Calculating the Christoffel symbols we find r 'y =0, and
D, D0, —2§, = —20I", =0
at A. Hence condition (iii) is satisfied. Further calculations
show that ; and R, of condition (iv) are direction-depen-
dent tensors at A. The condition on the extrinsic curvature
cannot be checked since it does not refer only to the intrinsic
geometry of 7 . Note that we have also proved condition (i)
of Ashtekar and Hansen that §,; is C >°at A.
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5. ASYMPTOTIC SYMMETRIES AND UNIQUENESS

In this section we consider two somehow related prob-
lems which arise naturally for any asymptotically flat space.
The first refers to the group of transformations which leave
the asymptotic behavior of the space unchanged. This group
is intimately related to the physical quantities which register
on the boundary and are conserved in some sense in the four-
dimensional case. The second refers to the uniqueness of the
boundary. It is important to know to what extent the bound-
ary is determined by the space (57,g), since otherwise we
cannot know whether our statements express properties of
(#°,g) or of the procedure in constructing the boundary.

The group of asymptotic symmetries can be defined as
the group of coordinate transformations which preserve the
asymptotic form of the physical metric. From (19) the
asymptotic form of the physical metric g, = 2 ~ 2g",-j is

o *+0_, o _, o,
g, = o , © '+ 0 0.,
o, o o *sin’d +0 |

(28)
Assuming a transformation (w,6,¢)—(w’,0 ',¢") of the form
o=0,0+0,, (29)
=06, + 6,0+ 0,, (30)
=@, +,0' +0,, Gn

where 8, @y, ,, 6,, @, etc., are functions of 6 and @, we
calculate the physical metric g;; in coordinates (’,6',¢").
Demanding that each component of gj; starts with the same
term or power of ' as the corresponding component of g,
we find that the transformation (29)—(31) should satisfy the
conditions!®**

30, \ [ dp, \
( 50 ) +( a?' ) sin'o =1, ¢2)
30, \ [ deo \
(—a-i) +( ;"j ) sin%g, = sin’@’, (33)
P P
86, 36,  dp,
50" 3 a(z(i azo’ it =0 9

and w, = 1 (we have assumed that on 7 we have w > 0 and
@' >0). Hence the group of asymptotic symmetries is the
group which leaves the intrinsic metric d62 + sin’8 dg * of
-2 unchanged.

The meaning of the term ‘‘unique boundary”*is not yet
settled in the literature, since a definition of uniqueness alone
is not enough: It should be accompanied by a theorem which
will establish its usefulness. To compare two boundaries .|
and .¥°, corresponding to conformal factors 2, and {2, we
require first that they refer to the same asymptotic region™
by asking that U nU, 770 for arbitrary neighborhoods
U, and U, of .| and .&,, respectively. Next we ask wheth-
er or not the conformal metric on the boundary depends on
the conformal factor we have chosen. In Geroch’s formula-
tion the values of §,; at A do not depend on the choice of 12,
as it is obvious from (27). This is not true, however, for £, of
(17), because of A and u which carry information hidden in
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the higher orders of §,. Nevertheless, there are two encour-
aging points. First, for the transformation (29)-(31) we
found w, = 1. Thus @ and @’ or £2 and {2’ are equal to first
order. Second, the formulation contains the relations (16)
which limit the scale of {2 (they act as gauge conditions). In
any case it would be very useful to prove that £2, and {2, give
compatible asymptotes in the sense of Geroch® and that com-
patible asymptotes are equivalent.

6. CONCLUSIONS

The contribution of this paper can be summarized in
one phrase as follows: We have determined from g, and £2 a
unique metric §; which carries all the information of g; and
is C * on a neighborhood of a two-dimensional boundary
attached to the space itself. It is obvious that this formula-
tion does not have the disadvantages of the other formula-
tions, although it appears to have the right strength (i.e., it
covers as many spaces as it should be covering) as the specific
examples [Eqgs. (1), (2), (24), (26)] and Theorem 4 show. We
are free to exploit the C = structure of #” and §; at infinity.
Explicit calculations can be carried out on .¥. To study the
gravitational field itself we can use §; or £, or g;;. Every
direction-dependent field at A appears to become a smooth
tensor field on ¥ Thus a (static) electric field E, after multi-
plication by the appropriate power of {2 will register as a
tensor field on .¥” and its surface integral will give the total
charge of the space. Furthermore, the smoothness on . will
probably facilitate a definition of multipole moments for a
gravitational field with no Killing vectors.* Higher dimen-
sional asymptotically Euclidean spaces can be studied along
the same lines.

Other advantages of this formulation will become clear-
er in the next paper. These include an automatic unification
of the formulations at null and spatial infinity, a possibility
of extending this procedure to timelike infinity, etc. In the
case of a four-dimensional space-time the real problem will
be to determine the additional conditions needed on the
boundary. Quite probably conditions of the form R,,* = O or
R,” = O, will not be appropriate and some delicate require-
ments will be needed on the Weyl tensor. In that respect the
results and the experience gained from the other formula-
tions will be extremely useful.

Does the formulation presented here have any new dis-
advantages? It appears it has only one. Because of the nonlin-
ear (although algebraic) relation (11) between g;; and §;; dif-
ferential equations on (#7,g) cannot be transformed easily to
differential equations on (f?” ,&). Even the zero order terms of
g, on .2 [Egs. (17) and (18)] are complicated and this is
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expected to make the calculations difficult. Is there any
chance that a physical condition will simplify the situation
implying, e.g., A = u = 0? In any case the new difficulties
are only calculational and require some extra effort from us.
It seems that at spatial infinity we have to put more effort
than at null infinity to discover physically less important
quantities.
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A new formulation is established for the study of the asymptotic structure at spatial infinity of
asymptotically Minkowskian space—times. First, the concept of an asymptotically simple space-
time at spatial infinity is defined. This is a (physical) space-time (.#,g) which can be imbedded in
an unphysical space~time (.#,8) with a boundary ., a C “ metric g and a C ~ scalar field £2 such
that2=0o0n ., 2>00n.# — *,and " + g“’lg”"’.(),lﬂ‘p =07g" + 02 gg 2, 12, on
-4 . Then an almost asymptotically flat space-time (AAFS) is defined as an asymptotically simple
space-time for which %" is isometric to the unit timelike hyperboloid and §+"12,, £2,,,

=" 0,90, = —1 on.”. Equivalent definitions are given in terms of the existence of
coordinate systems in which g, or §,,,, have simple explicitly given forms. The group of
asymptotic symmetries of (_#,g) is studied and is found to be isomorphic to the Lorentz group.
The asymptotic behavior of an AAFS is studied. It is proven that the conformal metric

£, =12°g,, gives C,

Appyv

1. INTRODUCTION

In a previous paper’ (referred hereafter as Paper I) we
presented the reasons supporting the need for a new formu-
lation to study the asymptotic structure of the gravitational
field at spatial infinity. We also introduced a method for
solving the problem, and we applied that method in the case
of a three-dimensional asymptotically Euclidean space. In
this paper we set up the formalism for studying the structure
at spatial infinity for a four-dimensional space-time.

The whole problem can be summarized as follows: An
“isolated” material system, e.g., a binary neutron star, is
modeled in general relativity, or any other metric theory of
gravity, by a space-time’ (.#,g), whose metric approaches
in an “‘appropriate sense” the Minkowskian metric or whose
Riemann tensor tends to zero as the affine distance from the
source becomes infinite. In particular, at infinite spacelike
distance from the source we have “‘spatial infinity.” To study
spatial infinity, we apply a prescription that has been very
successful for null infinity: We attempt to bring spatial infin-
ity somehow close and then create a structure (differential or
otherwise) that will enable us to apply well-known tech-
niques of local geometry.

Ashtekar and Hansen® have used the method of confor-
mal completion to bring infinity metrically close and then
added additional structure. Their method is a four-dimen-
sional formulation of Geroch’s** version of the Arnowitt—
Deser—Misner® approach. According to this method spatial
infinity is brought metrically close by a conformal transfor-
mation of the physical metric and is represented by a single
point i°. This point is attached to the space-time and serves
as its spatial boundary. The formal definition of Ashtekar
and Hansen which will be used for comparison in Sec. 5 is as
follows™’: A space-time (.#,g) is asymptotically flat at spa-
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tial infinity if there exists a space-time (.,7/,@) with
M = #Ui°, where ° is a single point {(spacelike related to all
points of .#'), an imbedding of .# into M (by which .# is
identified with its image in ‘%) and a scalar field £2, on .#
satisfying the following conditions:

(i))On.#,82,>0and g,, =123 g,.

(i) At#, A isC ~', §,, is C "*and 2, is C? while all
are C* on.#. _ -~

(i) At i, 2, =0,V,02,=0,and V,V,02,=2§,,,.

The advantage of this formulation over Geroch’s ver-
sion is that it is four-dimensional in spirit (it does not refer to
initial-value and evolution problems). Furthermore, it does
not need additional conditions on the metric and the Weyl
tensor to ensure finiteness of the 4-momentum. It preserves,
however, some highly undesired features, all unescapable
consequences of the fact that spatial infinity is represented
by a single point: These features appear in the definition as
the awkward differentiability conditions (ii), lead inevitably
to the use of direction-dependent tensors, and impose limita-
tions on the order of asymptotic structure we can study .

The key idea in Sommers’ formulation® is to attach to
the space-time an appropriate boundary & using projective
rather than conformal completion. The boundary is con-
structed from Minkowski’s space-time as the set of all “end
points™ of (equivalence classes of ) spacelike curves. His for-
mal definition can be stated as follows:

A space-time (.#,g) is asymptotically flat iff there exist
a manifold . # with a boundary :7 and .# = .#U% and a
scalar field 3 on an open neighborhood U of Z7 satisfying the
following conditions: ) ‘

(i) ¢ is equipped with a metric h such that (2, h) is
isometric with the unit timelike hyperboloid in Minkowski’s
space-time.
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(ii)2=00n Z and T>00n U-— 2.

(iii) If 4,,,, is the induced metric and p,,, the extrinsic
curvature® of a hypersurface 2 = const #0 (a leaf of the 3-
foliation) then & Zhw and 3p,, have continuous extensions
to Z equalboth to 4,,, .

(iv) The curves orthogonal to the hypersurfaces
3 = const (the Z-foliation) are the restrictions of a congru-
ence on U which meets & transversely.

(v)IfE,, and B, are the “electric” and *“magnetic”
parts of the Weyl tensor with respect to the hypersurfaces
2 =const,>'E,,, and 3 -'B,, admit smooth limits on Z.

The advantages of this formulation with respect to that
of Ashtekar and Hansen are mainly two. First, there are no
awkward differentiability conditions, no direction-depen-
dent tensors. Second, the boundary of the space—time is
three-dimensional and the limits of fields on the space-time
become, if they exist, ordinary tensor fields on 7. However,
anew essential disadvantage appears: There is no four metric
on Z. Thus, there is no sense of “distance” near &, tensor
fields have to be decomposed to tangential and normal com-
ponents with respect to the Z-foliation, etc. Another impor-
tant disadvantage is that there is no way to determine the
order of tensor fields from the metric near &. This is mani-
fested by the necessity to include condition (v) in the above
definition in order that 4-momentum can be defined.

The Ashtekar—Hansen formulation appears to lead to
more practical results while the Sommers formulation seems
to be more simple and elegant. Both need an additional con-
dition (that X -*B,, admits a limit on the boundary) in order
that angular momentum can be defined. None of them leads
to a natural definition of asymptotic symmetries. In the Ash-
tekar—Hansen formulation a “blowing up” of i° is necessary
to obtain a four-dimensional manifold called Spi on which
the group of asymptotic symmetries is defined. In Sommers’
formulation the whole concept of asymptotic symmetries
appears nonapplicable at least in its present form. None of
these formulations seems to lead to a satisfactory unified
formulation for spatial, null, and timelike infinity (although
Ashtekar and Hansen® have presented a “unified” version
for null and spatial infinity). All the above remarks suggest
that we ask for a new formulation which will incorporate the
advantages of the previous formulations, will be free from
their disadvantages and will have, if possible, other desirable
features. The objective of this paper is to introduce such a
formulation for the study of spatial infinity in the four-di-
mensional case.

In Paper I we introduced the new method for a three-
dimensional asymptotically Euclidean space. Conformal
completion or projective completion should not be em-
ployed in the new formulation. The basic requirement is that
the space admits a natural boundary. For a space-time
(.# ,g) this requirement can be described roughly as follows:
There is an “unphysical” space-time (JZ ,€) with boundary
& such that .# = .#U.” and the following conditions are
satisfied:

A. 7 is three dimensional.

B. The unphysical metric g is C * on an open neighbor-
hood U of .&°.

C. On U the unphysical metric § is determined uniquely
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from the physical metric g and a scalar field {2 and vice versa.

The four-dimensional case can be apparently formulat-
ed in two different approaches: A first approach can be based
on the concept of a three-dimensional asymptotically
Euclidean manifold (defined in Paper I) and consider the
space-time as a family of such spacelike 3-surfaces as Ge-
roch’s approach considers the space-time as a family of
asymptotically flat initial data sets. A second approach can
use only the underlying features and the methodology em-
ployed in Paper I and consider the space-time as a four-
dimensional manifold right from the beginning. Obviously
the second approach has many advantages and will be fol-
lowed in this paper. The strategy that will be followed in
order to arrive at a definition of asymptotic flatness at spatial
infinity is similar to the one followed for null infinity.'® It
consists essentially of four successive steps which impose on
the space-time additional structure with a reasonable order.
In the first step we demand the existence of an appropriate
space-time with a boundary, a metric regular on the bound-
ary, and its interior representing the original space-time. In
the second step we specify the intrinsic structure of the
boundary. In the third step we determine the conditions
needed for a “smooth fastening” of the boundary to the
space—time. Finally, in the fourth step we determine other
“physical’”’ conditions needed for the space~time to have rich
enough and physically interesting structure. In the first two
steps only the “geometrical” fields are involved. These are
the fields that provide a “background” or “asymptotic” ge-
ometry for the manifold and have no direct physical signifi-
cance. In the third step the physical fields enter and domi-
nate the fourth step. These fields register at infinity
information about the interior of the space-time. In this pa-
per we examine the geometrical fields and some immediate
consequences of the formulation on the physical fields. The
later as well as the physical quantities they define will be
examined in a subsequent paper.

Before we proceed to the presentation of the details of
the new formulation is seems useful to present briefly its
main results and advantages. The new formulation is based
on Penrose’s idea of asymptotic simplicity'®-'! appropriately
modified (Sec. 2). Adding some boundary conditions we
have in Sec. 3 the concept of an almost asymptotically flat (at
spatial infinity) space-time. This is a space-time (.#,g)
whose corresponding unphysical space—time (.#,§) has a
boundary .# isometric to the unit timelike hyperboloid and
a C = 4-metric g on .. This structure suffices for the study
of the asymptotic symmetries in Sec. 4. In Sec. 5 we study
some properties of almost asymptotically flat space-times
and sketch a definition of asymptotically flat space—times (at
spatial infinity). Some concluding remarks and future prob-
lems are presented in Sec. 6.

The advantages of the present formulation are obvious
and numerous. It contains no awkward differentiability con-
ditions, no direction-dependent tensors, no intricate limiting
procedures. The boundary . is suggested by the space~time
(not by any arbitrary construction) and is a real boundary of
the space—time itself as .# is at null infinity. Tensor fields on
A induce tensor fields on .%. On an open neighborhood U
of % there is a C * 4-metric §, which induces an invertible
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metric on %, that of the unit timelike hyperboloid. Local
differential geometry can be used on ¥ as on any other regu-
lar subspace of .# . The group of asymptotic symmetries
emerges naturally and easily from the asymptotic structure
with no additional construction. As it turns out this is the
Lorentz group. The order of tensor fields near .7 is easily
obtained. No regularity or other additional condition on the
physical fields (e.g., on E,,,, B,,,, C,,,,,, etc.) is needed to
imply existence of the ADM 4-momentum (this is not so for
the angular momentum). Most of the asymptotic behavior of
these fields is a consequence of the smoothness of the unphy-
sical metric. Further and unexpected advantages emerge: A
unified framework for null and spatial infinity is already es-
tablished in this paper. The whole method appears to be ex-
tendable to timelike infinity with minor modifications. The
possibility of a unified treatment of spatial, null, and timelike
infinity is now in sight. The smoothness and universality of
the whole formulation open the possibility of finding stron-
ger evidence for the interpretation of the physical quantities.
Perhaps the most important of all it appears that we can
solve now problems which could not have been attacked
before.

In our notation Greek indices A, u, v, etc., take values
0,1,2,3 while Latin indices i, j, k, etc, take values 0,2,3. Co-
variant derivatives with respect to the physical metric are
denoted by V,,, with respect to the conformal metric by V,,
or a semicolon and with respect to the unphysical metric by
V,, or a vertical rule. A quantity ¥'is said® to vanish asymp-
totically to order n or is of order n near .~ iff 2~ "¥ admits a
smooth extension to .. We assume also that in a coordinate
system y, , 6, @ in which £2 = o the order of ¥ /3y,

OV /36,0%¥ /g is n (the same as that of ¥) while the order of
AV /0w is n —1. This will be denoted by ¥ = O,,. Finally the
symbol £ will be used instead of the equality symbol to
denote tensor relations which hold only on the boundary of
the space—time.

2. ASYMPTOTICALLY SIMPLE SPACE-TIMES

It is obvious that the key element in the new formula-
tion is the relation which will determine the unphysical met-
ricg,, from the physical metricg,,, . To discover this relation
we work as in the three-dimensional case of Paper 1.

In coordinates ¢, r, 6, @ the physical metric of the Min-
kowski space-time is (¢ = 1)

diag[l, — 1, —r*, — Psin?6]. ¢))
Since we want to study spatial infinity, it is reasonable to use
as a coordinate the spacelike distance y = (©* — t %)"/? from
the origin. To reach spatial infinity, we let y increase with
|t | < r. For that region of the space—time we can set

t = ysinhy, r= ycoshy. )
Thus we have a transformation (¢, , 6, ¢ )—(y, 7, 6, ¢). With
y— o, while y, 6, g remain constant, we reach spatial infin-
ity. If we set @ = y~', we have from (1) the physical metric in
coordinates y, o, 6, ¢

h,, = diaglw™, — o™, — cosh’y-w7?, — cosh’ysin’6-w*].
(3)

Obviously a simple multiplication by a scalar field (confor-
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mal completion) will not produce a regular metric at w = 0.
Nevertheless, let £2 be a scalar field such that in coordinates
Y, w, 8, p we have £2 = . Then the conformal metric defined
by the relation g,, = £2’g,, is in coordinates y, o, 6, @

h,, = diag[l, — 0, — cosh’y, — cosh’ysin®8].  (4)

Its coptravariant form is
h* = diag[1, — w? — cosh™y, — cosh?ysin?8]. (5)

The situation is similar to that in Paper I. Equation (5) sug-
gests the following: To find a “nonsingular at = 0”’ metric,
we have to change somehow # ''(and only that) to zero order
in . This can be done if weadd —1to 4 '" only, that is if we
write

R =R — R 8,18, (6)
where /" is the (contravariant form of the) unphysical met-

ric we seek to determine. The previous relation can be writ-
ten in tensor form as

R 4+ BB PR, 0, =k, ©)
Although this relation is designed to hold only for v = 0, we
can arbitrarily generalize it to hold near @ = 0 adding at the

same time any term which vanishes for @ = 0. After several
attempts the best choice appears to be the relation

R+ RPR 20,0, = R + hR P00, (8)
This is the key relation of the whole formulation. It deter-
mines g, from g, and £2. It is reasonable but essentially
arbitrary as the conformal transformation is in the method
of conformal completion. Using (8), we can define asymptot-
ic simplicity'? as follows:

Definition: A space-time (#,g) is asymptotically simple
iff there exist:

(a) a space (MA/ ,&) with a nonempty boundary
%# (% C.#)and ametric g which is C * on some open neigh-
borhood U of (% CU),

(b) adiffeomorphism f: U—U — % froman open subset
Uof #toU—B

(c) a C = scalar field"® £2 on U, positive on U — % and
zero on 4, such that

g+ é\Mngnu n,=0 g+ 02 Agwlgw{)% 2, 09

The first and more important consequence of the above
definition is that an asymptotically simple space-time can be
imbedded in a space-time .# with a boundary % which
satisfies condition B of Sec. 1 for being a natural boundary.

Another far reaching consequence of the above definition is
given by the following theorem:

Theorem 1: For an asymptotically simple space—time
the following hold:

(a) If on some part .4 of &
n7’gn., 0, s -1, n,.0,=0, (10)

then on some open neighborhood of .4~ we have

g =g (an

(b) If on some part & of &

%002, -1, §£0,0,= -1, (12)
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then on some open neighborhood of % we have in a coordi-
nate system x “ with 2 = x' (i, j = 0,2,3)

g'\11= —1—g~ll, (13)
gh=g"(=1/8" — 1, (14
g=g"+g"¢" 1 -1/8" +1y]. 15)

Proof: 1t is enough to show (11) and (13)—~(15) in a co-
ordinate system x “ with £2 = x'. In such a system
2, =10, =35,"and (8) or (9) gives

gﬂ,uv_+_g'~plgﬂvl =g~uv +g~‘u1g~v1' (16)
For 4 = v = 1 we have a second degree algebraic equation
which gives two solutions §'' =g and §"' = —1 —g'L If

~11

we assume (10), then §'' = 0 and §"' = 0. Hence we have to
take the solution g'' = g''. Then (16) gives ' = g and

8% = g”. Hence in this case 8** = §** that is (11). If we assume
(12), then §'' 20, 8" = —1 and we have to take the solu-
tiong''= —1 —g'" Thenforu =i, v=1,and u =,

v =J, (16) gives Eqs. (14) and (15) respectively. It should be
noted that in this coordinate system g,,, is expressed in terms
ofg,,, by the relations obtained from (11) and (13)~(15) after
interchanging §,, and §,,, .

Since the relations (10) specify the part of 4 that is null
infinity'® and the relations (12) specify the part of Z which
will be called spatial infinity, we have already a unified for-
mulation for null and spatial infinity: The general definition
of asymptotic simplicity is that given above. In the case of
null infinity the relations (10) and (11) hold and the defini-
tion. of asymptotic simplicity is equivalent to that given for
null infinity.'® To obtain the formulation for spatial infinity,
we will adopt in Sec. 3 the relations (12) and (13)-(15).

Another consequence of the previous theorem is that an
asymptotically simple space—time which satisfies the condi-
tions (12) admits a boundary which fulfills the requirements
B and C (Sec. 1) for being a natural boundary. Thus only
requirement A remains to be satisfied.

The unphysical metric for the Minkowski space-time
(at spatial infinity) can be obtained easily from (5) and (13)-
(15). We find

A = diag[l, — 1 + @ — cosh’y, — cosh?ysin’8 ] (17)

and

lfm = diag[1, (— 1 + &%), — cosh?y, — cosh'zxsin‘zﬁ(]l.s)
Obviously l;,w and A** are C = on the boundary .% (repre-
sented by @ = 0) and induce on .’ the metric of the unit
timelike hyperboloid. This fact will be used in the next sec-
tion. Note that the coordinates y, 6, ¢ can take any values in
the intervals — o <y < + o0, 0<0<7, 0<@L2m (@ =0is
identified with ¢ = 27). This will be implicitly assumed
throughout this paper.

3. ALMOST ASYMPTOTICALLY FLAT SPACE-TIMES

The concept of asymptotic flatness is introduced in or-
der to capture the idea that the space—time of an isolated and
bounded source behaves as the Minkowskian space—time as
we go further and further away from the source, that is, as we
go to infinity. Since the Minkowski space~time is asymptoti-
cally simple, it is reasonable to postulate as the first require-
ment for asymptotic flatness that of asymptotic simplicity.
This condition guarantees the existence of a boundary at
infinity and a 4-metric on the boundary. The next step is to
specify the intrinsic geometry of the boundary. Again Min-
kowski’s spacetime serves as a guide. It has been found in the
previous section that its boundary is isometric to the unit
timelike hyperboloid. Thus it is reasonable again to ask that
an asymptotically flat space—time has a boundary isometric
to the unit timelike hyperboloid (or to the boundary of Min-
kowski’s space-time).

For practical as well as aesthetic reasons it is always
preferable to give a definition of a particular kind of space in
terms of tensor relations as well as in terms of the existence of
a coordinate system in which the metric obtains a simple and
useful form. Thus we seek a theorem which will establish the
equivalence of tensor relations (i.e., relations independent of
the coordinate system) to the existence of one or more (gen-
erally a class of ) coordinate systems. Such a theorem, which
is very similar to the corresponding theorem for the three-
dimensional case of Paper [, is the following:

Theorem 2: For an asymptotically simple space—time the following conditions are equivalent:
(a) A part & of the boundary & is isometric to the unit timelike hyperboloid and on % the conditions (12) hold.

(b) There exists a coordinate system'* (y, w, 6, @) in which on an open neighborhood Uofa part % of the boundary % we

have 2 =0, §'"' = — w? 4 0, and

140, a+ 0, 0,
g = a+0, B+0, Y+ 0, 6+ 0, (19)
v 0, ¥+ 0, —cosh’y + 0, 0,
0, 5+ 0, 0, — cosh®ysin®@ + O,
with a, ¥, § arbitrary functions of y, 6, ¢ and
B = a® — y*cosh™’y — & *cosh?ysin20 — 1. (20)
() There exists a coordinate system (y, , 8, @) in which on U we have 2 = w, §'"' = — »® 4 Oyand (e, B, 7, 8 as before)
1 —a?+ 0, a+ 0, aycosh’?y + 0, abdcosh?ysin?6 + O,
o = a+ 0, —-1+0, — ycosh?y + 0, — Scosh?ysin 2§ + 0,
aycosh’?y + O, —ycosh?y + 0, (—1—y%coshy)cosh’®y + O, — ¥8 cosh™y sin28 + 0,
abcoshysin?6 + O, — Scosh?ysin26 + O, — y8cosh™ysin@ + O, (— 1 — & cosh ?ysin"20 )cosh 2ysin26 + O,
21
145 J. Math. Phys., Vol. 21, No. 1, January 1980 S. Persides 145



(d) There exists a coordinate system (y, , 8, @) in which 2 =@, §'' = — 1 4 0, and

1+ 0, a+ 0, 0, 0,
. a+0, —w?+0, ¥+ 0, 5§+ 0,
8=1 o 0 _ cosh’y + 0 0 22
1 Y+ 0O cosh’y + 0, 1
| 0, 5+ 0, 0, — cosh’ysin’d + O,
(e) There exists a coordinate system (y, , 6, ) in which 2 =, "' = — 1 + 0,, and
[ 1+0, aw® + 0, 0, 0,
P aw’® + O, —w?+ 0, — yeosh?y-0® + 0,  — Scosh?ysin20-w? + O, 23)
0, — yeosh?y-w? + O, —cosh?y + O, 0,
0 — 8cosh?y-w? + O, 0, — cosh?ysin?@ + O,

Proof: Let us assume first that (a) is true. Since the space-time is asymptotically simple and . is isometric to the unit
timelike hyperboloid, there is a coordinate system (y, ®, 6, ¢) in which £2 = », and on an open neighborhood U of % the
unphysical metric is given by (19) with a, ¥, § and B functions of y, 8, g. From (19) we find

g = (B —a* + y*cosh®y + 8%cosh?ysin?6)' + O,. e

But from the second of conditions (12) we have §'' = — 1 4+ O,. Thus we obtain the relation (20). Also the first of conditions
(12) gives g'! = — »? + O,. Hence (a) implies (b). Inverting (19), we obtain (21). Hence (a) implies (c). Since (12) hold, so the
relations (13)—(15) do. From them we obtain (23), and inverting we find (22). Hence (a) implies (d) and (e). Let now (b) be true.
Obviously .77 is isometric to the unit timelike hyperboloid and the first of conditions (12) is satisfied. From (19) and (20) we have
g'' = — 1 + 0,, which means that the second of conditions (12} is satisfied. Hence (b) implies (a) and consequently (c), (d), and
(e). If (c) is true, the proof is similar. If (d) is true, then inverting we find (23). Thus conditions (12) hold. Using (23) and (13)-

(15), we find (21). Hence (d) implies (c) and consequently (a), (b), and (¢). When (c) is true, the proof is similar.

This theorem is useful in two ways. First, it suggests the minimum conditions to be included in a definition of asymptotic
flatness. Second, it provides a practical framework for doing calculations near .%. Should its conditions alone be included in a
definition of asymptotic flatness or more conditions are needed? Since this question cannot be answered easily and for other
reasons to be presented in Sec. 5, it is preferable to define at this stage an “intermediate’ concept, that of an almost asymptotical-
ly flat space-time (AAFS).

Definition: A space-time is almost asymptotically Minkowskian or flat *° iff it is asymptotically simple and satisfies one of
the conditions (a)—(e) of Theorem 2.

It is obvious that an AAFS admits a natural boundary in the sense of Sec. 1. Furthermore, it is possible to give a general
expression of its physical metric near the spatial boundary. Using the relation g,,, = £2 ~’g,, we have from (22)

w? 4+ 0., 0., 0., 0.,
4
: — : : 0.
g, = o, 0"+ 0, 2022 2 25)
“ o, 0, — cosh’yw™ + O, o,
o, 0., o, — cosh?ysin’8w™ + O

This is the most general AAFS at spatial infinity. Expression (25) contains explicitly the “geometrical” part of g,,, . The
“physical” part is hidden in the terms O, . Further calculations will quite probably need some of the “physical” part to be
written out explicitly. However, this structure is enough for a study of the group of asymptotic symmetries in the next section.
Note that from (25) a general expression of the physical metric in coordinates ¢, r, 8, ¢ or even ¢, x, , z can be found.

r
4. ASYMPTOTIC SYMMETRIES ymptotic structure, based the definition of asymptotic sym-
On the subject of asymptotic symmetries at spatial in- metries on a three-dimensional manifold % ;. To construct
finity there is considerable disagreement in the literature. this manifold, Geroch considers a four-dimensional vector
This situation is in sharp constrast with that at null infinity. space V with a metric of Lorentz signature. Then .%; is the
In the later case there is a clear cut definition (in fact more submanifold of ¥ consisting of all unit spacelike vectors.
than one and equivalent definitions) of the concept of asymp- Thus %4 turns out to have the metric of a unit timelike
totic symmetries and a single group of transformations, the hyperboloid. The group of asymptotic symmetries is then
BMS group, describes these symmetries. defined as the group of isometries of .¥; and this group

The main reasons for this situation at spatial infinity is turns out to be isomorphic to the Lorentz group. Although
the lack (up to now) of a general expression for the physical the whole construction is related to the physical space-time

metric near the boundary. On the contrary at null infinity a (each initial data set gives a two-dimensional vector space
general expression for the physical metric has been available Uy of unit vectors tangent at A and all U are embedded in
from the beginning.'® Geroch,*” in his formulation of as- & ), it appears to be artificial. Consequently, it is not com-
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pletely justified why the resulting group of isometries repre-
sents the asymptotic symmetries of the physical space-time.

Ashtekar and Hansen® have followed a similar pre-
scription: They construct a manifold call Spi and take the
isometries of Spi to be the asymptotic symmetries of the
physical space-time. To construct Spi, a “blowing up” of ©°
(the single-point spatial boundary of the physical space-
time) is needed. For this they consider the collection of
equivalence classes of all “‘regular” inextendible spacelike
curves which reach . This is Spi and has the structure of a
fiber bundle with base space the unit timelike hyperboloid
and the additive group of reals as the structure group. How-
ever, any “blowing up” process introduces arbitrariness in
the construction and the interpretation of the results. The
mere fact that Spi is four-dimensional makes it unattractive.
Furthermore, the resulting group of symmetries at spatial
infinity is infinite-dimensional while at the same time there is
an invertible metric. Nevertheless, if we restrict ourselves to
the symmetries of the base space, we end again with a group
isomorphic to the Lorentz group.

In Sommers’ approach® we have at spatial infinity only
projective structure, and this introduces difficulties for an
unambiguous definition of asymptotic symmetries. Since,
however, the 3 = O hypersurface has the metric of the unit
timelike hyperboloid (and this metric is equal to 2p,,, ), it
appears that the asymptotic symmetry group should be that
of preserving the metric on 2 = 0, that is (as in the Geroch
approach) a group isomorphic to the Lorentz group.

In the present formulation of asymptotic flatness we
can determine the group of asymptotic symmetries in a rath-
er unambiguous and unique way. This is possible because the
spatial boundary % serves as a real boundary of the space—
time manifold with a C © 4-metric on it, as a manifold where
asymptotic fields register and as a space on which asymptot-
ic symmetries can be described. Nevertheless, it will be use-
ful to define the group of asymptotic symmetries as much as
naturally is possible and with more than one equivalent
definitions.

The first and apparently more natural definition can be
based on the physical space-time. The most important and
with physical significance tensor field on .#” which also con-
tains all the information about .# is the physical metric ten-
sor. Hence a first definition can be given exactly similar to
the original definition which gave the BMS group at null
infinity'®'”: The group of asymptotic symmetries at spatial
infinity is the group of coordinate transformations (y, o, 6,
@)—(y ' @',8, ¢ )ywhich preserve the asymptotic form of the
physical metric. It is obvious that this group must depend
only on the geometrical fields which emerge from g,,, at
infinity. To find the group, we use expression (25) of the
physical metric near .. The most general (differentiable)
coordinate transformation (v, w, 8, ¢)—(y ', ", 8, ¢") which
maps @ = 0 to o’ = 0 and the region >0 to the region
o'>0is

X =Xo+ Oy (26)

o =00+ 0, withw,>0, 27

0=06,+0, (28)

=@+ O, (29)
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According to the definition, we have to find ¢’,,, and
demand that g’ o has diagonal elements with leading terms
w'?,w'"*, — cosh’y "w'?, — cosh’y sin’6 'w’? and nondia-
gonal elements of the same order as in (25). The condition
g}, =o' 4+ 0, gives , = 1. Then for the requirements on
8o» 852, and gi; we have

2
(%) — ( 80") cosh?y, — (j%) cosh?yosin’6 = 1,
X

dy ay’ 0y
o o 36 36, 2 a‘Po 4 ;
_ h2y. — 9 cosh? 2
Gy 36" ay ae AT G g oS XeSInTE
=0, 31D
Yo o a6, 96, 2 8¢
Lio “Xo  _ Z00sh 0 2., in2
ax ’ a¢7r aX ' a¢7, 08 XO a B a —COSh /Yosln 00
=0. (32)

Similarly the requirements on g;,, g33, 83; give

2
(_81(3_) — ( 90, ) cosh?y, — (6@: )2cosh2/yosin260

a6 a6’ 00
= — cosh?y’, (33)
Ao\ (96 a .
(ﬁ) - (c?:;)?) cosh’y, — (8;’;0) cosh?y,sin’6,
= — cosh?y sin%9’, (34)
o o 96, 90, .- Op, 9@y .
o o _ 99 9oy 0 h2ysin’6,
36" 3 30 3"t X0 T Ggr g O NS G
—0. 35)

The remaining g;,, g5 give no additional condition. Since
», = | and we consider as identical transformations differ-
ing in the higher order of (26)—(29), we conclude that the
group of asymptotic symmetries is isomorphic to the group
of transformations (y,, 6o, @o)—(x ', €, ¢') which satisfy
(30)—(35). It contains the “translation” subgroup
Yo=Y+ const, 8, @, unchanged and the “pure rotation”
subgroupy, =", 6, = 0o(6", @), @o = Po(0 ', @") satisfying
(33)—(35). In the general case we can prove after some calcu-
lations that

2 2
(al’o) _ ( aXo) cosh™y’
ay’ a6’
(6,1/ 0) cosh?y 'sin"?6’
9’

=1, (36)
which means that the two-dimensional surface y,(y ', 6,
@') = const is a spacelike surface on .. Furthermore, the
Jacobian of the transformation (6, @o)—(€ ', @) is
dy, cosh’y’sing’
dy’ cosh?y,sing,’
which is a generalization of a known formula.!”!#

J oy 90 6", @) =

(37

Another way to define the group of asymptotic symme-
tries is to consider the points at spatial infinity as forming a
manifold on its own right (“detached” from the original
physical space-time). As we have shown in the previous sec-
tion, this is a three-dimensional manifold with metric given
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by of the uniqueness of the completion. Although this problem

, = diag[1, — cosh?y, — cosh?ysin?0 ] (38) has not yet been deﬁ{led clf:arly (and will not be examined
o . here), the above considerations indicate that a theorem simi-
with/, j = 0,2,3. Thus we can define the group of asymptotic lar to the corresponding theorem for null infinity will be very
symmetries as the group of transformations (y, 6, @)—(y ', useful and not difficult to prove.

0', @") which preserve the form (38). Calculating explicitly

g;; we find again the conditions (30)-(35) with yo, 6, @are- 5. ASYMPTOTICALLY FLAT SPACE-TIMES

laced . . Lo .
placed by y, 6, . Thus this second definition is equivalent to In Sec. 3 we defined the concept of almost asymptotical-

the first. .

. . ly flat space-times. Why “‘almost”? The main reasons are
' Finally, we can define the group of asymptotlc symme- two. First, our experience from null infinity have taught us
tries as the group generated b}j the asymptotic Killing vec- to be very careful about the precise conditions to be imposed
tors in the unphysical space-time. According to this defini- on the space-time. It is easy to impose conditions obviously
tion we consider the spatial boundary .’ asa submanifold of too strong, e.g., R,,.. = 0 on some open neighborhood of .%
M (see the Appendix). A vector field £# on .# is an asymp- or perhaps too weak, e.g., no additional condition. The diffi-

totic Killing vector field of .# iff it satisfies the conditions culty lies in finding the conditions with the right strength.
A~ Conditions too strong will destroy interesting properties of

Ag P o P : propertes o
9.°9."Vuéy =0, n,E*=0. (9 the space-time and eliminate space-times which should be

considered asymptotically flat. Conditions to weak will give
uninteresting structure and include unwanted space-times.
Second, the structure at spatial infinity has not been ana-

lyzed sufficiently to allow us to determine the additional (if
any) delicate conditions needed. Up to now we have imposed

These relations imply that the restriction of £# to .7 is a

Killing vector field for the intrinsic geometry of .¥. But the
Killing vector fields on . generate the group of the previous
definition. Hence this definition is equivalent to the previous

two. conditions on the geometrical fields. However, the condi-
Thus all the previous definitions give a unique and un- tions for asymptotic flatness at spatial infinity will probably
ambiguous result: The group of asymptotic symmetries is include some restrictions on the physical fields, as the case is
the group of isometries of .". This group is finite-dimension- at null infinity. Or the situation will be completely different.
al and does not contain any supertranslations. It is isomor- To solve this problem we need to know first the conse-
phic to the Lorentz group. It should be noted that Geroch quences of the conditions imposed, namely the properties of
has obtained the same group (although somehow artificial- AAFS. This will be done in this section. Second, a complete
ly), while Ashtekar and Hansen have obtained a larger (infi-  study of the physical fields is needed. The consequences of
nite-dimensional) group. conditions such as R, = =0, R, =0,, R*n, =0,

The knowledge gained from the study of the asymptotic n* T, =0C CHrv = O V[ iR, =0,,etc, should be stud-
symmetries is useful in attacking some related and otherwise ied as well as their interrelationships. This second step will
inaccessible problems. Thus, the fact that all allowed trans-  be considered in a future paper.
formations (26)—(29) have w, = 1 implies that although the In what follows we will prove that an AAFS satisfies the
scalar field £2 is not unique (there is “gauge” freedom), two conditions of the two other four-dimensional formulations.
possible choices £2 and £2 ' satisfy the condition2 = 2" + O, Hence no condition of those formulations is needed. Fur-
(or£2 /02’ = 1). This property should be regarded asadirect ~ thermore, we will establish some properties of the physical
consequence of the second of conditions (12) (or of the exis- fields which will exclude some of the candidates as condi-

tence of an invertible metric on %), A related problemis that  tions of asymptotic flatness.
I

The conditions of Ashtekar and Hansen*” are given in Sec. 1. Their formulation is based on the conformal transforma-
tiong,, =3 g,,, where £, behaves as o near . Hence in coordinates y, o, 6, ¢ we have £2, = w* and from (25)

o’ + 0, 0, 0, o,
= 0 —-14+0 o 0
B = 02 o l — cosh? o 2 (40)
3 > X+ 0, 0,
0, 0, 0, — cosh?ysin’0-0” + O,
Condition (i) is obvious]y satisfied. Furthermore, (40) implies that all ,,,, exist. However, §“ . = O, which means that the

zeroorder termof g, , depends in general ony,d,@at i i.e,§,,, isnotcontinuousat . Henceg,,, ,18C~ Yand condition (ii) is
satisfied. Finally we find V,, 2, = 206 }, V v, 2, = 28,'6," — 2wl Av» Which satisfy condition (jii).

The conditions of Sommers’ formulation are also given in Sec. 1. Obviously conditions (i) and (ii) are satisfied if we take
{2 =3 The verification of conditions (iit}«(v) require some long but straightforward calculations. From the physical metric
(25) we calculate the intrinsic metric g,, =g, + 1, n, and the extrinsic curvature p,,, = g,%q,”V,n, of a hypersurface
{2 = const. Thus we find (@, B3, 7, & are as in Theorem 1)
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140, a+0, o, 0,
. _|a+0 1+B+0, v+ 0, 5+ 0,
0 q/lv - ‘Qpﬂv + 01 01 ,}/+ 01 _ COShZX + 01 0[
0, 5+ 0, o, — cosh?ysin?@ + 0, 41

Hence on . we have 2°g,,, = £p,, and Sommers’ condition (iii) is satisfied. Also condition (iv) is satisfied since the unit
normal n* to the hypersurface £2 = const is continuously extended to @ = 0 and coincides with the normal to .. Finally, as it
will be proven below, condition (v) is satisfied. Hence, every AAFS is asympiotically flat in the sense of Ashtekar and Hansen

and Sommers.

It must be clear by now that an advantage of the present
formulation is the fact that calculations near the boundary
can be carried out easily without any worry about differen-
tiability class (as in the Ashtekar—Hansen formulation) or
convergence (as in the Sommers formulation). In particular
the order of any gravitational tensor field near .’ can be
found in a straightforward way from the physical metric
while in the previous formulations we had to consider direc-
tion-dependent limits® (as for 2 "> R aupy aNd 027 2¢ e ) OT
we could not find it at all and it had to be imposed on the
space-time by an additional condition [compare condition
(v) in Sommers’ formulation).

In what follows we establish some asymptotic proper-
ties of the gravitational field of an AAFS. In addition to their
own significance, these properties help us to eliminate some
of the candidates as conditions for the definition of asymp-
totically flat space—times. All the calculations are long but
straightforward and are carried out in a coordinate system
(v, @, 0, p) in which the physical metric is given by (25). First
we find the Christofell symbols I';,,, and I"'*,, . Then we
calculate the components of the Riemann tensor R, , the
Ricci tensor R,,, and R,,*, the Ricci scalar R, the Weyl ten-
sor C,,,,, and C,, " and the dual of the Weyl tensor C%,,,,
= L€,,¢, C,,°".. We find that the order of the various tensor
components in the above coordinate system is given concise-
ly by the relations

R/lypv=071~n’ Ryvzolfn! Ryv=03+m——n’
R =0, 42)
C/wpv=071,,,, C/mpv=03+m—nr
Crto,,=0_, ., (43)

where m (n) is the number of upper (lower) indices which are
equal to 1 (e.g., Cy,>> = O,.9-; = O,). Further calculations
using (42) and (43) give for the contravariant components

R¥V=0, ., R*=0 =0, ,.
(44)
From these relations and since the Weyl tensor of the confor-
mal metric §,, = £2%,, is C**" = 2 -°C**" we have the
following theorem.

5+ m? Ciﬂpv

Theorem 3: For any almost asymptotically flat (at spa-
tial infinity) space~time we have (on %)
CHr 20, Q-'CHn, =0,

Q-3¢0 0, =0, (45)

The above properties correspond to the property
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“Ciopr =00n I (C,,,, =0and C*** = 0 are equivalent
at null infinity). They are, however, “heavier” properties
than that at null infinity, and they are consequences of the
form of the metric (while at null infinity C oy = O had tobe
imposed'?). Physically this can be explained perhaps as fol-
lows: The dynamical processes that are taking place inside
the space-time (a) do not affect the physical fields at spatial
infinity and, if once C*##* = 0, then C*#* = 0 forever, while
they (b) do affect the physical fields at null infinity and the
condition C*#* = 0 on .# has to be always imposed.

Further calculations of the “‘electric” and *“magnetic”
parts of the Weyl tensor

A
E, =Cn'n", B

n nv
giveE, =0,and B,
following theorem:

(46)

. = O, near .¥. Hence we have the

=% A
=C%,,.n'n’

Theorem 4: For any almost asymptotically flat (at spa-
tial infinity) space—time we have (on %)

E.,=0, E,=o0. 47)

An immediate consequence of this theorem is that
07'E,, and 2"'B,, induce on . two (symmetric and trace-
free) tensor fields which represent the gravitational field and
satisfy Sommers condition (v). Thus the ADM 4-momen-
tum can be defined. But angular momentum cannot be de-
fined since it requires £2 *B,,, to have a smooth extension to
. Hence, for a definition of angular momentum to be possi-
ble, an additional condition appears to be necessary on the
space-time. At this point the situation is as in the Ashtekar—
Hansen and Sommers formulations. Important questions
arise.'” What are the weakest conditions which guarantee
existence of angular momentum at spatial infinity? What are
the weakest conditions which guarantee that the 4-momen-
tum and the angular momentum are independent of the
cross section of integration of ? How these conditions are
related (i.e., they are stronger or weaker) to the conditions
R,"=0,, VE®"=0,V,B*"=0, V, E,, =0,etc?Is
it necessary to impose any condition or is it possible to ex-
tract the information contained in the angular momentum
without demanding B,, = 0,? Or is perhaps the best choice
not to define at all angular momentum at spatial infinity as
the case is (up to now) at null infinity? Are more than one
degrees of asymptotic flatness useful (AAFS and AFS) or we
must just drop the word “almost” from the definition of
AAFS?

Since these questions cannot be answered before a thor-
ough study of the physical fields (which will be the subject of
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a future paper), it does not seem appropriate to define at this
stage the concept of an asymptotically flat space—time
(AFS). However, the following definition seems reasonable:

Definition: A space~time is asymptotically Minkows-
kian (or flat) and empty at spatial infinity (AFES) iff it is
almost asymptotically flat and R,,, = 0 on some open neigh-
borhood of &.

Thus an AFS is expected to be a concept between an
AAPFS and an AFES. Every AFES will be an AFS.

6. GENERAL REMARKS

In this paper a new formulation has been presented for
the study of asymptotic structure at spatial infinity. The rea-
sons justifying the need for the new formulation have been
presented in Sec. 1, while its advantages are scattered in Secs.
2-5. The evidence in its favor can be summarized as “right
strength” and “smooth operation”. Its “right strength” is
supported by the following arguments: It gives the Ashte-
kar—Hansen formulation and the Sommers formulation
(Sec. 5) and encompasses the Schwarzschild, Weyl, and
Kerr space-times, as it can be proved easily. These space-
time will be guiding examples in the study of the physical
fields. Finally, the “smooth operation” of the new formula-
tion is manifested in the applicability of tensor calculus and
local differential geometry on an open neighborhood of .%.

It should be emphasized, however, that although the
foundations of the new formulation seem strong enough,
there are still a lot of problems to be solved before we have a
complete and satisfactory picture of asymptotic structure.
Beyond the study of the physical fields we have to answer the
following questions for spatial infinity:

(a) Is symptotic flatness stable? The answer seems to be
positive, since disturbances from the interior of the space—
time do not reach .. However, a better formulation of the
question (e.g., as in Ref. 5, p. 74) and more precise answers
are desirable.

(b) What are the implications of the existence of Killing
vector fields on .# for the asymptotic geometry?® Are there
any theorems similar to those for null infinity??°

(c) Can multipole moments®' be defined on .% for
gravitational fields which have no Killing vector fields?

(d) Is there a corresponding “peeling theorem”'® for
spatial infinity?

(e) Is & unique?® What can be said for two different
completions of the same asymptotic region?’

(f) What are the implications of asymptotic flatness for
the evolution of initial-data sets? Does it guarantee a “‘suffi-
cient number’”** of them?

In a more general framework the problem of asymptot-
ic flatness of timelike infinity should be solved and a unified
formulation of timelike, null, and spatial infinity should be
presented.It appears that all the above problems can now be
solved. Our experience from similar studies for null infinity
and from the previous formulations of Geroch, Ashtekar,
Hansen, and Sommers is invaluable. However, until such a
program is completed, our understanding of asymptotic
structure will be incomplete.
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APPENDIX: SYMMETRIES OF A SUBSPACE

Let (_#,g) be a space-time and ¥ a three-dimensional
hypersurface assumed for simplicity to be timelike. Indepen-
dently of whether or not the space-time admits a Killing
vector field, the submanifold 7# (considered as a manifold
on its own right) can have an intrinsic Killing vector field. If
n, is the unit vector normal to &%, q,,, = g,,, + n,n, the
induced metric of #” and g,* =&, " + n,n" the projection
operator, we can easily prove the following:

Lemma: Let T, be a tensor field on .#. Then
q,. ‘q.F T,, = 0on 77, iff in a coordinate system x* in which
¥ is represented by x' = 0 we have T;; =0on 7% (u, v

=0,1,2,3,4,j=0,2,3).

For an intrinsic Killing vector field of # we have the
following:

Theorem: Considered as a manifold, 7 admits a Kill-
ing vector field iff there is a vector field on .# such that
9,9,V 4&, =0and n, £ =0on 7.

This theorem can be proved easily if we use the previous
lemma. In a coordinate system in which 5 is x’ = O we have
Vi€, =0,6' =00n Thesereducetoand canbeobtained
from the Killing equation on 7 with respect to its 3-metric.
The condition n,&* = 0 (which is usually ommited in the
literature) indicates how to construct from the three-dimen-
sional vector field £ on 7 the four-dimensional vector field
£+ on 4 and vice versa.

If (#, g) is an almost asymptotically flat space-time,
then a vector field £* on .# is an asyptotic Killing vector field
(at spatial infinity) iff it has a smooth extension to the bound-
ary " and this extension gives a Killing vector field on
(considered as a submanifold of .4).

The boundary .% of an AAFS admits six linearly inde-
pendent Killing vector fields (the maximum number, which
correspond to the six possible Lorentz rotations of Min-
kowski’s space—time).
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We argue that the work of Vishveshwara and Winicour suggests that there is an upper limit to the
linear mass densities of infinite cylinders in static, cylindrically symmetric spacetimes. We
investigate the class of static cylinders having two oppositely directed circular flows of dust, and
show that the above conjecture is true for these cylinders.

1. INTRODUCTION

Vishveshwara and Winicour' have presented a class of
differentially rotating dust cylinders that includes the van
Stockum universe® as a special case. The spacetimes of
these cylinders admit closed timelike lines (CTL) when the
mass M in a length Az along the cylinder axis satisfies the
inequality M > 14z. Thus the criterion for the existence of
CTL in the case of a rotating cylinder resembles the criterion
for the existence of a horizon in the Schwarzschild case (but
see also Tipler* and Charlton®). Physically, the idea suggests
itself that the spacetime of an infinite, rotating cylinder with
a large linear mass density does not have an horizon because
of the relativistic rotational motion of such a cylinder, which
leads to a spacetime with CTL instead.

It is clear that the static, cylindrically symmetric space-
times of cylinders having vanishing angular momentum do
not admit CTL. But at the same time, the exterior space-
times® of such cylinders do not have horizons. In light of the
discussion above, it is natural to conjecture that the reason
for this is that there is an upper limit, given by M<1Az, to the
allowed linear mass densities of these cylinders. Below, we
show that this conjecture is in fact true for all static dust
cylinders having two oppositely directed circular flows of
dust.

In Sec. 2 we present a general discussion of these cylin-
ders. We find that the opposing rotations, which in general
are differential, have the same angular frequency and that
the two components of dust have equal proper densities. We
reduce the interior field equations to a simple form, solve
them for the particular case that the angular frequency is
constant, and present the general exterior solution and the
Newtonian analog. In Sec. 3 we show that the linear mass
density has the upper limit quoted above.

2. THE STATIC DUST CYLINDERS
We choose the fundamental form’
ds* = — Fdt® + H(dr* +dz*) + Ldg?,

where F, H, and L are functions of r only. For the geodesics
of circular orbits ( = Z = 0; adot denotes d /ds) we then find

"On leave from the Department of Physics and Astronomy, Williams Col-
lege, Williamstown, Massachusetts 01267,
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t=(F—Lo» "7,
where

o=|@|/t=(F'/L")" (2)
A prime indicates d /dr. Thus the two components of dust
rotate with angular frequencies + w(r) and — w(7).

Letp * andp ~ bethe proper densities of the two com-
ponents of dust. One of the field equations immediately
yieldsp © =p . Itis then easy to verify that — 87 (T')

+ T% — T)=Rg + RY? vanishes in our coordinates, so
that without loss of generality we may impose the coordinate
condition’

L =#/F. 3
The metric then has the Levi-Civita form® in both the interi-

or and the exterior.
From the field equations and Eqgs. (2) and (3) we find

§=toF—La) 7 (1)

(1/AHH'/H)] = — 87pH, @)
H'/H= — (F'/F)1 — rF'/2F), )
WP /F? = (rF'/2FX1 — rF'/2F) ", (6)

wherep = p* + p — =2p *. This completes the devel-
opment of the interior solution for the general case. To pro-
ceed to specific interior solutions, one of the functions p, H,
F, and o must be supplied; Egs. (4)—(6) then determine the
other three. Physically acceptable solutions are of course
subject to the usual conditions, such as p>0, etc.

As an example, let us consider the case w = w,, a con-
stant. From Eq. (6) we find F = }[1 + (1 + 4w}7)'?], and
Egs. (5) and (4) then yield H = (1 + 403r") ~ /* and
2mp = wi(1 + 4037r”) 74

For the exteriors of the cylinders, wehavep = 0. Equa-
tions (4) and (5) then give the results of Levi-Civita,

F=Fg(r/R), H=Hy(r/R) * €))
and Eq. (6) becomes
or=wgR (7/R)". (8)

Here @ = RF  /Fy, B = a — la?, and the notation f,
means f'(¥) evaluated at the boundary » = R of the cylinder.

We note that in the Newtonian limit (F~1 + 2¢, where
¢ is the Newtonian potential) Egs. (4)~(8) give H~1 — 2¢
and the correct Newtonian results
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(1/P(rd ") ~4np, w’r~¢,
and, in the exterior,
a~2w%i R <1,
d~dr + (@/2)In(r/R), owr~wzR.

3. THE LINEAR MASS DENSITY

Owing to the fact that the spacetimes of these cylinders
are not asymptotically flat, there is a certain freedom in the
definition of the linear mass density: There are many defini-
tions that agree in the Newtonian limit but differ when the
field is strong. We use the formula for the linear mass density
given by Vishveshwara and Winicour,' which leads to the
results described in Sec. 1.

This definition is based on time-translation and rota-
tional killing vectors (7"“ and @ °, respectively) for the exteri-
or. In terms of these vectors, the mass M in a length Az along
the axis of a cylinder is defined in the general case to be

M= — 1774 Ao, — Anihor,- )42, )
where

Aw =T°T,, A, =P°P,,

P =203 —2pld,;.

In the present case, we have 7¢ = (1,0,0,0) and
@ = (0,0,0,1). Then Eq. (9) becomes

Aoy = TP,
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M =ladz. (10)

We now show that 0<a< 1. The lower limit follows at
once from Eq. (6), which for 7 = R gives

a=20%R*/(F} +wiR?. (11)
To obtain the upper limit, we calculate the Lorentz contrac-
tion factor y = — t“u, for the dust (# “is the four velocity of
the dust) relative to an observer whose four velocity ¢ is
obtained by parallel transport along a geodesic in the space
t = const from the four velocity of an observer at rest on the
axis. We find 1° = (F ~'2,0,0,0), so that from Egs. (1) and
3

y=(—*/F?)~

for both components of the dust. Thus Fr > wg R, so that
Eq. (11) gives a<1 and, from Eq. (10),

M<iAz.
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On algebraically special space-times with nontwisting rays
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With the aid of the Newman-Penrose formalism and Penrose’s conformal technique Einstein’s
gravitational field equations are first solved exactly as far as is possible for arbitrary sources. It is
assumed, however, that space-time is algebraically special with hypersurface-orthogonal
geodesic and shear-free rays. Special cases are considered. Next, the asymptotic behavior of the
components of the metric tensor, the Weyl tensor, the Ricci tensor and the spin coefficients is
determined in a suitable frame. Einstein~Maxwell space-times with the above properties are

treated in some detail.

1. INTRODUCTION

Many years ago Newman and Penrose' and Newman
and Unti® investigated the asymptotic properties of the met-
ric tensor, the Weyl tensor, and the spin coefficients in a
suitable frame in empty asymptotically flat space-time. Lat-
er, Kozarzewski® and Exton et al.* did the same for an Ein-
stein-Maxwell space—time. The present author® generalized
their results to space—times with arbitrary Ricci tensors, us-
ing Penrose’s conformal technique®’ as the main tool. In this
paper we shall employ the same method in an attempt to find
exact algebraically special solutions with geodesic and shear-
free hypersurface-orthogonal rays but for arbitrary Ricci
tensors. A similar attempt® for the twisting case (but with
some restrictions on the Ricci tensor) led to results which
had previously been obtained by Lind® and Trim and Wain-
wright'*!" for a more restrictive class of Ricci tensors. Ex-
plicit solutions are hard to get. Instead, one obtains reduced
equations which, in general, are few in number but quite
difficult to solve. In the Robinson-Trautman'? case, howev-
er, actual explicit solutions have been found.

We shall also derive the asymptotic properties of the
metric tensor, the spin coeflicients, and other variables for
the special case considered here, namely that of an algebra-
ically special space-time whose repeated principal null di-
rection is geodesic, shear-free, and twist-free. The results of
Ref. § cannot be adapted since they were based on a more or
less specific congruence of null geodesics (due to the choice
P = 0). This congruence is not necessarily the one that is
shear-free and whose tangent vector field is the repeated
principal null vector field for the Weyl tensor. Moreover, in
the Einstein-Maxwell case many of the leading terms van-
ish. It is, therefore, instructive to obtain higher-order terms.

In Secs. 2 and 3 we go a fair distance towards finding
algebraically special space-times whose repeated principal
null vectors are at each point tangential to a congruence of
shear-free and hypersurface-orthogonal null geodesics and
whose Ricci tensor is arbitrary (in particular the component
@, need not vinish). The reduced equations we obtain sim-
plify considerably if space—time is assumed to be type I (or
N), ie., if the Weyl tensor component ¥, is assumed to van-
ish in addition to ¥, and ¥, . They simplify even more, re-
gardless of whether ¥, vanishes or not, if the Ricci tensor
component @, is put equal to zero. This is done in Sec. 4.
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For this special case the equations can, with some effort, also
be derived from those of the twisting case® by putting the
twist equal to zero. We specialize further and take the source
to be a Maxwell field one of whose principal null directions is
the repeated principal null direction of the Weyl tensor. The
reduced equations now become independent of the radial
coordinate. In Sec. 5 the approximate results are obtained
from the exact results of Secs. 2 and 3. In Sec. 6 we investi-
gate the asymptotic behavior of an Einstein-Maxwell field
with the properties described above. In particular, we show
that if the component ¢, of the Maxwell field does not vanish
identically, i.e., if the Maxwell field is not “aligned” with the
repeated principal null direction of the Weyl tensor, then the
leading terms in the expansions of ¢, and ¢, vanish. Instead
of having ¢, = O(r ?)and ¢, = O (r ') we have

¢, = O (r?)and ¢, = O(r ), where ris the radial coordi-
nate. The Appendix consists of a collection of formulas used
for this paper but discussed previously.'->

The space-times under consideration are not necessar-
ily asymptotically flat in the sense of Penrose, but along each
of the geodesics they behave asif they were. That is, asin Ref.
8, we drop all gobal requirements on future null infinity # *
(such as the requirement that the topology of ,# * be that of
a cylinder) and keep only local ones.

The notation used will be the same as in Refs. 5and 8. In
particular, careted quantities refer to the rescaled space-
time M, those without carets refer to the physical space—time
M. Superscripts on a careted variable denote the appropriate
coefficient in the expansion of that variable in powers of the
conformal factor £2; e.g., B=B°+BYQ + BOn?

+ 0(£2 ). Similarly, superscripts on an uncareted variable
refer to the expansion of that variable in powers of r = ',
where r is the radial coordinate. The usual symbols are used
for the spin coefficients and other NP (Newman-Penrose')
quantities. V stands for d/0x" + i(3/dx*). Equation
(NP4.2b), for example, refers to Eq. (4.2b) of Ref. 1. For a
detailed discussion of the conformal technique as applied
here the reader is referred to Ref. 5.

2. NP QUANTITIES IN RESCALED SPACE TIME

In Ref. 5 coordinates (u,02,x*,x*) and a frame were cho-
sen in the unphysical (rescaled) space time M such that
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R=f=é=p=F—@G+B)=0 Q2.1
identically, and such that on # *
O=R == =¥, =0, =i, = ¥,
—t=A=9=0,
f= -1y, £2= — i =Pux'x),

——B——‘VP p= —Yi=4PP ", (2.2)

The coordinate lines along which », x*, and x* are constant
are hypersurface-orthogonal null geodesics.

Actually, this was done only for P independent of the u
coordinate, i.e., for P= 0, but the proof given generalizes
quite readily and will be omitted. We cannot choose P to
vanish here since this condition determines to a large extent
the null geodesics of our coordinate system, and these null
geodesics may not be the ones that are shear-free and that
correspond to the repeated principal null direction of the
Weyl tensor. The freedom left in the choice of frame and
coordinates is given by the Newman-Unti group'’* (and re-
duces to the BMS group for P = 0).

Since we are aiming for algebraically special solutions
with shear-free geodesic rays we shall assume that o and ¥,
vanish. Both assumptions are necessary since there is no
Goldberg—Sachs theorem when the Ricci tensor is arbitrary.
The vanishing of ¥, follows from Eq. (NP4.2b). Thus, in
addition to Eq. (2.1), we have

=¥, =¥, =0 2.3)

identically in M. When we substitute conditions 2.1)-(2.3)
into Eqgs. (NP4.2) and into the metric equations (A1) we
obtain the following preliminary result:

R=6 =p=r=f==L=X
= Ao":'i)1 Zéw:ém -—-(1302 =0,
a . (2.9
—f=a=4VP,
g= —PP ', £ = _if*=Pux’x"),
A= -1, &, =1iK+1¥,
and p
@, =8y —\PY(PP '), ¥, =56+ (TP,
b, =PVEP Y+ ¥, , @.5)
&,, =80+ (InP),, — (PP~ ') + 27PP ~' — (VP)P,
as well as )
Dy =1K +3¥,, DV =25y,
(2.6)

Dé=&8f DU=Af— 27,

where K = 2P2VVInP is the Gaussian curvature of the cut
u = constant on # * . The Bianchi identities™ yield nothing
further.

. Thefirst of Eqs. (A2) relates the metric variable
S, 02,x° x*) to @, as follows:

A~ 12

2

f= = [1 +2f 0 -‘dn] Q.7
(8

Let us also define a variable 7(£2,u,x*,x*) by
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2.8)

.()A
—ff*‘d.()
0

andnotethatD = f (3/02) = — 3/3T.Weproceed by inte-
grating Equations (2.6) and substituting the results into Eqs.
(2.5). The NP quantities in the rescaled space-time M are,
therefore, given by Egs. (2.4) and by Egs. (2.9) below:

y=4LPP ~' — IKT 3§,
V= — PTY(PP ') + {T?PVK + 6PV'R ,

&=fPVT, U=F[T+PP 'T—LKT*—6R],
¥, = — 1P(VK)T - 3PV'S,
@, = — TV[PV(@PP ") + 4T V(PVK)

+ 12P(VP)V'R + 6P*V'V'R, 2.9
&,, = PY(PP ~') — 4P(VK)T — 3PV'S,

&,, =(nP),, — PP 'KT —6PP 'S
— P2TVY(PP ~ ")+ §T?P*>YVK + 6P>V'V'R ,
where

T/\ T
S:f ¥, dT, R:J sdr,
0 0

and
V'S uTx'xh) = 95 4 iS_'_
ax? ox*’
The variables P and % are so far arbitrary real variables.
Equations (A2) will relate them to the source variables.

3. NP QUANTITIES IN PHYSICAL SPACE TIME

In Ref. 5 a specific convention was adopted to relate a
frame in M to one in M and the transformation rules for the
NP quantities were given. For quick reference these rules are
once more listed in the Appendix. With the aid of Egs. (A2)-
(A6) we obtain the NP quantities in M from Egs. (2.4) and
(2.9). They are

K=o=€=A=W, =¥, =X'=0,
p:ﬂf; T:—'IF:(a, a:doﬂ+a:),
B=—&0 p=—PP 10U,

A ) (3.1)
y=y+02 U, v=002"" ¥ =0%W,,
v, =0V, ¥, =9,,
§12_1§4: ..Q, w=41N lf‘l((ﬁ—é"éﬁ_),
ax'
U=0 % 1(0— ‘ifi),
du
and
@y, = 02D, Dy, =02 (VPO +éf Db,

D, = 322K + 39,) + 402 [DU + PV (@GP Y
+af 'Dé + PP - 'f],

&, =00, +PP 6+ PYU+6f DU, (3.2)
@, =By, +02 U+ 0F DO—96—56+200],
A= — 40,00 -6H + 102 — DU+ PGP )

+af 'Dd+ PP '],
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where the quantities &, U, ¥, etc., are given by Egs. (2.9).
Once P, ¥,, and @, are determined as functions of the co-
ordinates by solving the reduced equations (3.2) together
with the source equations (e.g., Maxwell’s equations if the
source is an electromagnetic field), Egs. (3.1), (3.2), and the
source variables will constitute a solution to Einstein’s equa-
tions. The contravariant components of the metric tensor
will be given by?

g"zg'3=gl4=0, g12=1’ g22=2(U—wa_)),
§=X' =G +E0), g= —EE+E
(,j=3,4).

Of course, the conformal factor £2 must be expressed in
terms of the radial coordinate r. The equations

_-( - D =0°DN)Y =N (3.3)
and

@ (= 2°Df = 2Df) = af
imply that

d’(m (r’u’x3x4) = (34)

1 0 2 (QQ )2
n ar ar/
Therefore, once @, is known, 2 (u,7,x”,x*) is found as a solu-
tion to Eq. (3.4) with boundary condition lim, . £2=0.
The variables f and T are then found from Eqs. (2 7) and
(2.8), respectively. .

The reduced equations (3.2) involve integrals of ¥,.
But by suitable differentiation they can be changed quite
readily to purely differential equations. However, if we re-
strict ourselves to type I1I (or V) space-times then ¥, van-
ishes and the equations are purely differential as they stand.

Since the spin coeflicient 7 does not vanish one might
want to change to a parallelly propagated frame by means of
a null rotation using Eqgs. (A.3) of Ref. 5. This will be done
when approximate solutions are considered in Sec. 5.
4.0, =A=0

When the component @, of the Ricci tensor is chosen
to be zero the results of the previous section simplify consid-
erably. The metric variables fand ©® become — 1and 0,
respectively, and T = £2 = » . Differentiating the last of
Egs. (3.2) twice with respect to {2 changes it into the follow-
ing differential equation for ¥, :

’v, ab, .
R LA D A X S
an’ a0 an -

If, for simplicity, we demand that A be zero, then the solu-
tion of Eq. (4.1) is given by

P, =02+ PP,
where (" and ¥ @ are “constants” of integration. The NP
variables for M now simplify considerably and are given by
Egs. (2.4) and by

»=0, f= —1,

U= —PP '0+41K0°
=1PP ' 1KQ 3007 —

+ (I/(il)QJ + 1§q/(22)n4 ,
g0

=
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= — PY(PP "2 +iP(VK)2> 4+ PV¥{0°

+1PRER0Y,

¥, =90ON + PO02,
W, = — LP(VKM2 — PT¥ 02 — PV N7 (42)
¥, = — V[PV@BP )2+ iV(PTK)2?
+ V(PWEQ° + WV(PTED)0 Y,
&, =PY(PP ") —LP(VK2

—IPVYONR - PV,
&,, =(nP),, — [PP 'K+ P*VV(PP ~H102
+ (4P2VVK — 3PP ~'¥{MN?
+ (PVV¥ —2PP ')}
+ PV PO
The NP variables in the actual space-time M become
Kk=0=€e=rT=T=A=0w=X'
=¥ = V), =A =Py =Py :(poz =0,
=—r ', a=-B=KVP) ',

p
u —%K}‘ b “(71),, 2 %"g “,
Y= —4PP 'y Pty
= —PV(PP )+ 1P(VK)r '
+PYY " L APV, 7 (4.3)
1

U=rPP ' — 1K —¥Pr a0 @r 2,

W, =P\ S g0 =,

W, = —APVK)r *—PTPYr T PVEOr 4,

¥, = — V(P*V(PP
+ U@V ED)r 4 AVEPNE ) ¢,

and

@, =1PPr 4,

@, = —LPVPYr PPV

@y =r (QPVIK 3PP WU LU0 (4
+r PV 2P WY 4 L)

+r fGPVVEY).

Note that the frame is parallelly propagated and that there is
no need for a null rotation. With some effort Egs. (4.3) and
(4.4) could also have been obtained by specializing the re-
sults of Ref. 8 to the twist-free case.

Ifthe source is a Maxwell field satisfying the source-free
Maxwell equations, Eqs. (A8), then the ¢, component of the
field must vanish in order for &, to be zero. That is, the
repeated principal null direction of the space time must also
be a principal null direction of the Maxwell field. Taking
Egs. (2.4) into account the conformally transformed Max-
well equations become

~

Dé, =0, Db, =5b, . 6é, =0,
) A 4.5
o, = Aé, —2PP I(bi +(VP)o,
The solution to the first two equations is
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‘7;\1 =<£(1) > ¢A2 =¢l’g ~P(§q§?)ﬂ,
so that, according to Egs. (A7),

b =402, 4y =63 —PESDr .
Hence

¢00:¢01—¢02—‘A=A .
D, =451 0, @, =495r = FIP(VE)

Dy, = B2 — ($2PTSY +¢°PV¢£?>r'3
+ P VGO Pt @.7)

The last two of Egs. (4.5) and comparison of Egs. (4.4) with
(4.7) yield
V) =0, ¥#P=243,
. =2PP 6% + PP ~'$Y),
PO = 3PP - WO — 1PVTK + |49
These equatlons must be solved for the variables P, ¥,
(2) , ¢ 9, and ¢ $ before Eqs. (4.3) and (4.6) constitute an
actual solution. If we put ¢ ¢ and ¢ § equal to zero then our
solution reduces to that of Robinson and Trautman.'? For

this particular case Egs. (4.8) were analyzed in some detail
by Foster and Newman."

5. ASYMPTOTIC BEHAVIOR

We wish to determine the asymptotic behavior of the
NP quantities, i.e., of the metric tensor, the Weyl tensor, the
Ricci tensor, and the spin coefficients. Space-time is as-
sumed to be algebraically special with repeated principal
null vectors that are tangent to hypersurface-orthogonal and
shear-free null geodesics. The Ricci tensor is left as general
as is compatible with the “‘almost asymptotic flatness” of the
space-time. We cannot simply putk =0 = ¥, = ¥, =0in
the results of Ref. 5 for reasons explained in the Introduc-
tion. However, we need not start from scratch since most of
the work has been done in Secs. 2 and 3. The “solution”
obtained there is, unfortunately, very complicated (except in
special circumstances). Therefore, it is instructive to make
power series expansions in order to see the asymptotic be-
havior of the NP quantities.

Accordingly, let us start by expanding each variable in
Eqgs. (2.7)—(2.9) as a power series in the conformal factor £2.
A straightforward calculation leads to the following expres-
sions for the careted NP quantities:

y=4PP ' — LKQ — 30>
— (P9 + KO+ 0@,
V= — PY(PP )2 + APVKQ*>
+[PYL — LPFOVPP Y023+ 02",
6= — %PVf‘”.()’ —ngf“>(24+ 0%,
U= —PP 2+ K0*
+ (.1‘/(21) — T.‘f'm + %meP DVE
+ (%q}(zz) _ ﬁ/}\m—éKj:(Z)—l—%PP -
+02°),
T=Q+§f(2)ﬂ3+if(3)ﬂ4+0(ﬂs),

~

&, =9PN+ P02+ 0@,

(4.6)

a é

PV = — 24843,
(4.8)

o
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5.1)
— 1PVKQ — PV PN+ 027,
¥, = —V[PW(@P )2
+iV(PWK? + 027,
b, = PV(PP ~') — sPVKQ — 3PV¥ P07 + 0 (27),
é,, =(nP),, — [P*VV(PP ")+ KPP ~'10
+ (AP°VUK — 3PP W02+ 02,
f=—1-1000 _1090° + 0(2%).
Higher-order terms could easily be calculated but they be-
come rather lengthy in general. The remaining careted varia-
bles are given by Eq. (2.4).
Equation (3.3) determines (2 as a function of (r,u,x*,x*):

Q=r"—fOr— O 1 0. (5.2)

The uncareted variables in Egs. (3.1) and (3.2) may now
be written as power series in 7 ~ ', Since the spin coefficient 7
does not vanish we transform to a parallelly propagated
frame, where it does. The appropriate null rotation param-
eter is given by

¢ =PVfOr—24 1PV 100 %. (5.3)

The transformation laws for this null rotation can be found
in the Appendix of Ref. § for all quantities except the metric
variables. For the latter they are

g‘q:gif
Xi’=Xi+c§i+'c-§i,
U'=U+co+cd—cc.

o =w+cC,

In this new frame the uncareted variables have the following
expansions:
k=o=€ce=m=¥,=¥,=0,

p= __,.Al+2f(2),—3+%/?~(3)r-4+0(r_5)’
= —PVfOr PVt 0¢ ),
a=%§Pr—l—§[V(Pf(2))]r’3+0(r*“),

B= —KVP)r '—fPr210¢ %],
@406,
p= —Kr'— (P — f(z) fOPP -1y -2 (5.4)
+ QKD — WP 4 1 3PP~ 1fO

+PVVOY L0,

Y= — PP "1+ GEP O | fO _h )2
+ [%pp_— lf(si_ %Kf‘z’ — }f(” %q‘,g)
+ &P (VP)VF® — LP(VPYVf@|r~?
+0¢™ Y,
= — PY(PP =) + |PVKr~"
+[PVED —1PYPP ~ ) 4 uDVf(Z)] re
+0(¢Y,
§1=E°0 ' =fPr >+ 00 9],
X' = [JPEOTFD 4 PV 12 4 0G,
o= —PVfOr-240(¢",
U = PP “r—%K—(S(A’Q)%-%;(Z)—%PP - 1@y, -1
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—Q¥P+ }j(” + 1K —
+0(r7?),
O, =9Or 34 0@r-4 100,
W, = — WPYKr=2—3PTOr-2 1 0(~9,
@, = — UPNE@P ~Yr—' 4+ V(PVK)r?
+00¢7),

3PP~ fO) 2

ff

and
Dy, = PVfOr=* 4+ PUf% 54+ 0(¢"%,
Py = — VPO~ +0(¢~?),
), = (f® — fOPP ~ 1)

+ (PP — PNVFD 4 4fO _3pp 1O
+EKF O+ 0(rY), (.5)

B, =| — )PVEPL — 1PVF® 4 3PY(PP ~ )| =
+0¢™%,

@, =[4P?VIK — 3PP P 4+ GO i fo
+ §f‘”PP - 11 + %f(z)(PP 1)
f(z)PZP «2]’.—2 + 0(’,—3) ,
= (= 4/® + PP Oy

-+ GPP lf(3) V(B) %Kf(z)

—PRVOY 4 L 0 (),
where f® = — }® &) and fO= ~ 1@ §). Equations (5.5)
are the reduced equations. Their left-hand sides must be
equated to the energy-momentum tensor and the resultant
equations must be solved in conjuction with the source
equations.

6. APPROXIMATE EINSTEIN-MAXWELL SOLUTIONS

In this section the source is assumed to be an electro-
magnetic field satisfying the source-free Maxwell equations
(4.5). The physical and the unphysical field variables are
related as follows:

$o =02, ¢, =02%,, ¢, =0¢,. 6.1
Smce the Ricci tensor is related to the Maxwell field by
P =, gz&,g (a8 =0,1,2) we find quite easily that
@Dy = 0(12 ©) and hence that / and f £® vanish. Many terms
in Egs. (5.1)~(5.5) now disappear and it becomes easier to
calculate higher-order terms. The results are

f==1-31080* - 10205+ 0029,
T=0+90° 490+ 027,

—1 _y(‘a)fs__;f(s)r—s*_o(f?),
¢ = APVf@r—* 4 1PV Or-S 1 0( 9,
k=0o=€=m=¥=¥ =4=0,

p=—r ' —1®QRr - 3ORr 4+ 0(¢ ),
a= %(vP)r‘ 1 _ (J(a)ﬁp+ %Pvf“))r_s

— fOTP+ PO+ 0¢ ),
B=3OPY —r~ '+ fOr 4 1f Oy 00N,
r= —§PVfOr S PYfOr =S £ 0(r7),
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= _‘%([JP %W(l)r‘z %q‘,(z) _3
* *W“’ JO+PP Y 100,
= %Kr“ —_— ng)r—2_%wg2) _3
"[%@(23)—%)&(4)4-%1"1’A‘f"m]r""—kO(r‘s),

/1=§156(P26fh“))r‘5 +%V(szf(5))r'6+0(r‘7),
v= —PY(PP ") +iP(VK)r=' + PYPPr-2
+1PVYPr 0,
W, =9 Or P L It 0P 0( Y,
W, = —4P(VK)r—2 —3PVFPr—2 — PUGPr—*
—PVIPr-s 4+ 009,

W, = —V(PN@EP ~Wr-'+4V(@P¥NK»"?2 (6.2)
+TETEP)-
+IV@PNEPy 100,
= — -lliPVf'\(‘”r_" — —ZIGPVfA(”r‘ S+ 0(9,
£i= éiO[r—l __%f"'(f.)r—s _ kf(S)r-s + 0(,.«7)}
i=34%,

X' = }(PEOTF® + PE”Vf“’)r“ s
+ }PERVFO + PEPVFO)r =0+ 07,
U=FP='r— 3K — ¥ — 4 @r>

~ @EP + /O — 3PP 1007,
P = PR+ PR +0C Y,

and
Dy, =PVf'(4)r——6 +Pvf“(5)r_7 +OG-Y,
Dy, = — %V(P 2vj‘\(4))r—6 %V(PZVf(S))r_7 OG- 3) ’

“ _%‘I/(Z)r—‘t_{_(%q/@)_*_y(‘t) 2f(4)PP 1)r—5
+0@™9,
B, = — 4PVEPr— — 4PYG P4

+[ — PV —
+0( 9,

@, = (JP’VIK — 3PP P 4 )2
+(PITEY _2BP WD 4 3PP
+0(™9,

A= — g FO + 6O -

\PVF® 1 4PY(FOBP ~ )| - ¢

(6.3)

24PP ~ '™y L O(r— 9.
Note that f® = — 1@ @ and f® = — 10 (. Ifin Eq. (6.3),
the parameter r ~ ! is replaced by the conformal factor {2
then, to the order shown, we get the correct expansions in
terms of (2.

If we now expand the first two careted Maxwell equa-
tions, Egs. (4.5), and hence obtain the field variables in phys-
ical space-times by means of Egs. (6.1), we find that

¢, =4%r = PN@GP ~ > —4PVGPP
—PN@PP -0,
A . o (6.4)
¢, =¢3r™ ' =PV +4PV[P*N(poP ~H]r°
+PV[PN@EOP D+ 0(¢ Y.
Furthermore,
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b= B 1P LGP G
+r7@P - Y+ 007,
From the remaining two Maxwell equations we obtain
do = (PYEY +2 PP ' §3) + Q3PP ' GO
—K$3 —PV[PV(G3P H1+ 02D,
“ ‘ R N 6.5)
é, = [26P ~'$9 + P?V(FLP Y]
— 0 [P?VV$ + 3PPV(SOP — 1) + PY(PP -
+0(2?%).
The equations ¢aﬁ = ¢, ¢B (a,f = O 1, 2) lead to
Fo= —1439, o= —l(¢‘”¢o +858M),

Y691

and X
By, = 434°0° + (6540 — $IPV@IP -H]a®
+[¢<2>¢° FOPIVEGIP Y
— P43 V<¢a”P*')]n’+0<m)
02—¢o¢304 [¢<‘>¢°—¢°PV¢ 12°

+ (4983~ $0PVEY +4PESVPVEEP ) J ¢

[¢ 049 — ¢<2>PV¢° + PEPV(PAV(P 1 §2))

P43 V<P2V<¢<”P**»m’+o<m> (6.6)
=¢5 §32° — [§2P7VP ~'6Y)

+47P zv(,, $9)ec +0@9),

= 493907 — [§3PV40 + 62P7 TGP ~N]2*

+ [3PIV(PV(P ' 43)) + PV(P 1 9)V4?

- 1P2¢ VP - ‘)].05 + oR2°%,
@, =¢ z¢°92 (62PVES +63P94012° + 02 9).
Equations (6.6) must be equated to Egs. (6.3) and the resul-
tant equations must be solved together with A = 0 and Eqgs.
(6.5) for the remaining variables before Egs. (6.2) and (6.4)

constitute an actual solution.

Comparmg the two express1ons for each of @, and P,
we see that ¢ 3¢ = 0 and ¢ ° ¢ 9 = 0. Therefore, if 2 #0
then ¢, = O(r ") and ¢, = O (r ~ ?). This can be general-
ized to show that as long as ¢, does not vanish identically the
same rgsult follows. To prove this let us assume that
Bo =452 ™ 4+ O (2™ + ") with ¢ {0 for some nonnega-
tive integer m. Then we find from Egs. (2.7) and (3.2) that

j‘z _1_(4+2m)—1”4+2ml$gm)lz+0(gs+2m)’

Dy, =02Dd = — (5 + 2m)dC +2mQ o+ m

+o@7+),
By, =250 + 22°0) = V(PO +2m) 6+ 2m
+ 027+,
¢ ) 6.7)
On the other hand

Py =12 ¢o¢1 ﬂ””’é‘""sﬁ +o@°ermy,
Pux = Dby = 063 + 0@ ).
Comparison of Eqgs. (6.7) and (6.8) leads to the desired
conclusion.
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APPENDIX

For easy reference we collect here various formulas and
equations that have been used in this paper.

The differential operators D, §, and 4 are given in terms
of the chosen frame and coordinate system by*

Y a
p=FZ, LAy [
f =d 30 §

a J a
A=Z U2 42 2

ou an + axt’

Similarly, in the physical space—txme

a a
D= —, =0~ +

ar ar s ox'
4= _cz_ + U i + X d

du or ax'’
The metric equations in M are®

DE'=6¢", Dbo=8f+066 -1,
DX'i=FEi 4 7€,

ﬁ0 4F+ 7 + 7 — f(7+r)
Aé’ Cu+7 PE +/1§‘
5§ 55—'f—w)§ +(2a—r)§
bi — 6w—(r—2a)w+(2a~—7')a)+f(;z i),
§U — 46 = (f — 7’+7’)(0+/1(o—vf

Next we list for various NP quantities the transforma-
tion laws between the physical space-time M and the re-
scaled space-time M. They are, respectively, for the compo-
nents of the Ricci tensor:

Py, = 2Dy + 2°[DDN — (€ + ODN + k02 + k602 1,
@y, =N3D,, + NDEN — 7D + E— N + kAN ],

(A1

@y, = 02, + 021650 —iD0 + G~ B)m +6d01,
D, =02°,, + 40 (DA + 8802 — iDa — S0 (A2)

+B—-a -+ G +é+6dn],
@, = 0b,, + 840 —pba - ia + @G+ Hda,
By = by + 0 '1AA0 — 980 - $80 + G+ Dha),
A .(22A+(D{')(A!2)—-(6.())(5ﬂ)

+ 301550 — DA — D0 + (¢ + f - »ba
+ 782+ (P —é— AR,
for the components of the Weyl tensor:
=0, ¥ =01y,
. . (A3)
O, =0, ¥,=0"'v,, ¥, =v,,
for the spm coefficients:
R=1 "k, 6:=02"%, é=0 ",
=08, A==4, v+=0v, (A%)
p=0 " —-Dn2), =0 "'(r—¥8nN2),
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=0 " '(r+6nN), 4=0"'a-5n2), (A4)
A=p+AIln2, y=y—ANQ,

for the differential operators:

D=02-D, 6=0"'8, d=4, (A5)

for the metric variables:

§i=néi, w:!)_lf“(a‘)—f"ég , Xi___fi’
ox’/
(A6)
U=0 —Zf-‘(t}'— 92 —)?"i@,),
du ax'
and for the components of the Maxweli field:
bo =26y, ¢, =0, ¢,=04,. (A7)

Finally, Maxwell’s equations [Eqs. (NPA1)] take the
following form in spin coefficient notation:

D¢, — 5¢o = (7 —2a)p, + 204, — k¢, ,
D¢, — 8¢, = — ¢y + 214, + (p — 264, ,
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(A8)
=W -2y + 21, — 09, ,
—véy +2ud, + (7 —28)¢, .

8¢, —Ad,
64, — Aé,
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The virial series of the ideal Bose gas
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The radius of convergence py, of the virial series of the d -dimensional ideal Bose gas is estimated
by the method of Padé approximants, using at least thirty virial coefficients, which were
numerically determined. A finite py is found for d = 1 and 2, even though no phase transition
occurs for these d. For d = 3, py is consistent with Fuchs’ analytical bounds, and for d =4, 5,
and 6, py is equal to the critical density p, . These findings are supported by some analytic results

for the equation of state.

I. INTRODUCTION

The equation of state of a gas may be defined parametri-
cally by the two fugacity series,

p= [2 b 2! )
and ﬁ
p= zi b, z", )
=
or directly in powers of p as the virial series,
p= 3 B,p". ®)

n=1
Here p is the pressure divided by £ T, p is the number density,
z is the fugacity, b, = b,(T’) are the fugacity coeflicients, B,
= B, (T') are the virial coefficients, T is the temperature,

and k is Boltzmann’s constant. For a given model, the series
(1) and (2) have a certain radius of convergence z, about the
origin on the complex z plane and the series (3) has a certain
radius of convergence p, on the complex p plane. There has
been a considerable amount of work studying these radii for
general systems to see if p, and p(z ) are related to each to
each other and especially to see if either corresponds to the
gas—liquid phase transition point.' In this paper we will in-
vestigate these questions for the specific model of a d-dimen-
sional ideal Bose gas (IBG). Note that, because the particles
in this model have no repuisive core, most of the results of
the papers of Ref. 1 do not apply here.

For the IBG, it is convenient to make all quantities ap-
pearing in Eqgs. (1)-(3) dimensionless by scaling p and p by
A9 where A 2 = h2/2mmkT, his Planck’s constant, and m is
the boson mass. For example, p is now taken to be the actual
number density multiplied by A ¢. Then the 4, are given by?

b1= lfd/Zﬁl (4)

for ad-dimensional IBG. Note that the temperature does not
appear in the b, because 7T has been combined into the di-
mensionless variables p and p. For d > 2, this mode] exhibits
a phase transition (the Bose-Einstein condensation) at a
density p,. defined by

po=31 “"=¢@d/), )

=1
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such that for all p > p_, the pressure is constant and equal to
p. =61 4+4d/2). ©)

The radii of convergence, z,, of the fugacity series (1)
and (2), with the b, given by (4), are easily found to be unity
foralld. Ford = 1 and 2, p(z ) is infinite, and since p(z) is a
monotonically increasing function of z, the fugacity series
describe the entire physical region 0<p < . For alld > 2,
where p(zz ) = p., the fugacity series describe precisely the
one phase region 0<p < p., and for densities greater thanp,,
one must refer to Eq. (6) for the pressure. Thus, in the fuga-
city series there is a direct connection between the limit of
convergence and the occurrence of condensation.

The problem of finding p, is much more difficult, be-
cause the virial coefficients B,,, although formally related to
the b,, cannot be written in closed form for this model (ex-
cept for the special case d = 2). Ford = 3, Fuchs has shown
that®

12.57=47< pp <& (3/2) + 87=27.72. 0

A striking consequence of the lower bound being much
greater thanp,. = £ (3/2)~2.612 is that the virial series con-
verges far beyond the transition point. Yet p, is not known
any more accurately than by these bounds, and apparently
the problem has not been looked at for other d.

1. ANALYTIC RESULTS

Ford = 2, the B, may be found explicitly in the follow-
ing way. According to Eqgs. (1), (2), and (4), dp/dp may be
written as

@ . S 80 ®
dp dz dz 2@’
where we have introduced the so-called Bose functions g, (2)
defined by

g.@= S 1"z, ©)
=1
When #» = 0 and 1, this series may be written in closed form,
so that
p=8g@= —log(l ~2), (10)
orz=1—e ~* and
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8@ =2/(1-2)=e"—-1. 08}
Thus, Eq. (8) becomes
4 . P (12)

dp S er—1
The right-hand side may be expanded in powers of p with the
aid of the Bernoulli numbers, B * * and then integrated term
by term, giving for the virial coefficients the following

expression:
B, =B%_ ,/n. (13)

Thus B, =1,B, = — §,and B,, =0 (n = 2,3,4,.-). Mak-
ing use of the expression of the B * in terms of the £ function,
one may also express the virial coefficients as follows:

n+41

_ETRen s g

Qr"2n + 1)
This formula provides an asymptotic expression for B, since
§ (2n)—1asn— 0, and theratio test shows thatp isexactly
27. This may seem surprising because the 2-d equation of
state p( p) shows no phase transition for 0<p < «; however,
the latter implies only that p( p) is analytic on the positive
real axis in the complex p plane, and any singularities in p off
that axis will make p, finite. Indeed, the complete analytic
structure of p( p) may be deduced directly from Eq. (12),
which shows that dp/dp has simple poles on the imaginary
axisatp = + 2win, n = 1,2,3,... . Therefore, p has logarith-
mic poles at these same points. Closest to the origin are the
pair of singularities at p = + 2/, which make pg = 21, as
found above.

Unfortunately, this trick used to find the B, does not
work for other dimensions, as z cannot in general be elimi-
nated between dp/dp and p. Still, the following interesting
result can be proven: The functional dependence of dp/dp
upon p in 4 dimensions is the same as the functional depen-
dence of p/p upon p in (d — 2) dimensions. In terms of the
coefficients 4,, in the expansion of 1/p in powers of p, as
defined by the expression

Lo S, (1s)
P n=1
this result says that 4 [~ = nB ¢!, where the bracketed
superscript indicates the dimensionality. If, for example, the
A, of the two-dimensional gas could be found, then the virial
coefficients of the four-dimensional gas would follow imme-
diately. However we have not been able to find a closed ex-
pression for 4 12! | even though we know the result (12)!
Another useful property which can be derived is the
behavior of p(p) about p, (for d > 2, of course)’ making use
of the known behavior of the Bose functions aboutz = 1. In

27+ 1

terms of @ = — logz, those functions have the expansion®
g & (—a)
't —na" '+ n—k)y—
( ) k;}ﬁ ) =
n :/é 1’273,'" )
(—a) st
= — loga —
o — 1) Bt 2 m
+ 3 cn—i =Y o123 (16)
S k! b Yy =y
#n i
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which is valid for |@| < 27. In terms of @, p and p are given by
P=8 ,anle™?), Q17
P =8asnle ") (18)

For d =3, Eq. (16) gives

p. —p =at (3/2) — (4 7'*/3) a*?

— @/ 5(1/2) + -, (19)
pc _p —_ 2 77.1/2 al/Z + a§(1/2)
— @/ E(—1/2) + -, (20)

where p, = ¢ (5/2) and p, = £ (3/2), according to Egs. (5)
and (6). These series are written in order of decreasing im-
portance for @ small. Eliminating a between (19) and (20),
we find

R4 77 P
(pe —p) = Sy . —p)
_( L ;(3/2);(1/2))

6m 8§
X (o —p) + . 21

This series contains only integral powers of (p, — p) to all
orders, as may be seen in the following way. The two series
given by Egs. (19) and (20) may be thought of as simple
power series in & '/, and successive powers of this parameter
may be eliminated from the series of ( p, — p) by subtracting
the series (p, — p) raised to a successive integral power—by
long division, so to speak. The first two terms of this proce-
dure gives Eq. (21). The next term will be of order a %, which
can clearly be eliminated by raising ( p. — p) to the fourth
power. After each step, there will remain a series whose lead-
ing term will contain a '/? raised to an integral power, which
can always be eliminated by raising (p. — p) to an integral
power. Thus, we conclude that the Taylor expansion of p( p)
about p = p_ exists, and consequently p( p) has no singular-
ity at the transition point p..” This conclusion agrees with
Fuchs’ result that p( p) is analytic about p... Furthermore,
Eq. (21) provides the analytic continuation of p( ) beyond
p = p., and shows that the pressure decreases whenp>p, .

Next we will consider the case for d = 5, for which
p. —p=05(5/2) —(@*/2) £ (3/2)

+ (8 77,1/2/15) aS/2 v (22)
p. —p=0af(3/2) - @47"?/3)a’?
—(@/25072) + . (23)
Eliminating a to second order gives the relation
5 (/2) £(5/2)
e — = =V ¢ ..{,_ — e
(pc —p) £G/2) (p. —p) £G/D)
4 77.1/2 )
X 3 (pc _P)3/ + ey (24)

in which the second term contains a fractional power of
(p. — p), so that p is not real for p > p.. On the complex p
plane there is a singularity at p = p., and a branch cut must
connect to it. Although ( p. — p)and (p, — p) are both sim-
ple power series in a, as in the previous case, the elimination
of a does not give a simple power series in (p, — p). The
reason is that the leading term of Eq. (23) is of order « in-
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TABLE 1. The virial coefficients, B,, for various dimensions, d.

n d=1 d=2 d=3
1 1.0 1.0 1.0
2 —0.35355 33905 9327 —0.25 —0.17677 66952 9664
3 0.11509 98205 4025 0.02777 77777 1778 —0.00330 00598 1992
4 —0.03413 86050 9159 0.0 —0.00011 12893 2847
5 0.00900 77375 0204 —0.00027 77777 7778 —0.00000 35405 0410
6 —0.00199 91196 5573 0.0 —0.00000 00838 6347
7 0.00031 17106 1171 0.00000 47241 1187 —0.00000 00003 6621
8 0.00000 23432 7492 0.0 0.00000 00001 0281
9 —0.00002 66697 2643 —0.00000 00918 5773 0.00000 00000 0706
10 0.00001 31427 7163 0.0 0.00000 00000 0027
11 —0.00000 42506 4773 0.000000 00189 789
12 0.00000 09409 2635 0.0
13 —0.00000 00703 6085 ~0.00000 00000 4065
14 —0.00000 0060 16153 0.0
15 0.00000 00404 0756 0.00000 00000 0089
n d=4 d=5 d=©6
1 1.0 1.0 1.0
2 —0.125 —0.08838 83476 4832 —0.065
3 —0.01157 40740 7407 —0.01151 66866 0664 —0.00906 63580 2469
4 —0.00260 41666 6667 —0.00322 74884 4806 —0.00271 26736 1111
5 —0.00079 82253 0864 —0.00120 36191 8526 —0.00107 94758 4448
6 ~—0.00028 69405 8642 —0.00052 35046 3138 —0.00050 27505 1708
7 —0.00011 37836 8679 —0.00025 09020 5384 —0.00025 89549 2916
8 —0.00004 82418 1433 —0.00012 85954 8669 —0.00014 30949 9582
9 —0.00002 14753 7035 —0.00006 92363 9579 —0.00008 32913 7682
10 —0.00000 99191 5471 —0.00003 87103 4623 —0.00005 04630 4140
11 —0.00000 47175 0052 —0.00002 22987 4467 ~0.00003 15630 3208
12 —0.00000 22971 2533 —0.00001 31597 3086 —0.00002 02606 0322
13 --0.00000 11405 1809 ~0.00000 79234 6472 —0.00001 32888 6677
14 —0.00000 05755 8149 —0.00000 48518 3013 —0.00000 88762 2382
15 —0.00000 02945 4015 —0.00000 30140 0411 —0.00000 60219 0440

stead of a /%, and the elimination of

, for example, re-

metastable states, and so it appears that there can be no me-

quires that Eq. (23) be raised to the 3 power. In the same
manner, it can be shown that p( p) has a branch singularity at
p = p, for all odd dimensionalities > 5.

To study the even-dimensionality cases, it is necessary
to use the second expression in Eq. (16) for g, (a). Ford = 4,
it follows that

p. —p =0af () + (@*/2)(loga — 3/2) + -, (25
p.—p= —a(logg — 1) —(@*/2)£O0) + . (26)

Note that, even to lowest order in a, (25) and (26) imply a
transcendental equation for p( p). The first derivative,

dp _ (@ (O @
dp p — loga
goes to zero as a— 0, wherep’' = — dp/da. (Ford = 3, the

first derivative is also zero at p = p,..) However, the second
derivative here is infinite, since

2 n2 ”

dp _pr—p” @ _ 28)

dp? (Y a(loga)®
as a— 0, and therefore p( p) is singular at p = p, . Likewise,
one can show that for all even d>4, some derivative of p will
be infinite at p, and therefore p will be singular there.

Because of the nature of the singularity in p( p) atp, for
d >4, the equation of state may not be analytically continued
as a real function beyond the condensation point. Such a
continuation of p( p) is often identified with the existence of
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tastability for these models. While there is an analytic con-
tinuation of the equation of state beyond p, ford = 3, it
represents unstable states because dp/dp < 0. It also does not
lead to a connection of the gaseous and condensed phases by
means of a Maxwell construction, in the way that the van der
Waals equation does, for example, and therefore seems to
have little physical significance.

The singularity of p( p) at p = p, for all >4 also im-
plies that the virial series cannot converge beyond p = p. .
Yet this places only an upper bound on pg, since p, may be
less than p, if p( p) contains other singularities on the com-
plex p plane, off the real axis, and closer to the origin. The
results of a numerical search for these singularities will be
given in the next section. The case of d = 3 is unusual in that
there is no singularity in the equation of state at p = p, and
therefore the condensation places no bound on py . In this
case, as ford = 1 and 2, py will be determined by singulari-
ties off the real axis.

l1Il. NUMERICAL ESTIMATES FOR THE RADIUS OF
CONVERGENCE

To find p , we first determined the B, by eliminating z
from Egs. (1) and (2). This was done for d = 1-6, typically to
25-place accuracy and to 30th order, with the precise degree
of accuracy and order depending somewhat upon d. The first
15 of these are listed in Table I, to 14-place accuracy. Note
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TABLE I1. The location of the first singularity p( p).

d Po oo | = px

1 (—2.279 + 0.015) + {(1.486 + 0.005)  2.72 + 0.01

2 + 2mi 27

3 (14.10 + 0.03) + i(12.07 + 0.01) 18.56 + 0.02

4 1.65 + 0.03 1.65 + 0.03=£(2)
5 1.341487 1.341487 = £ (5/2)
6 1.202057 1202057 =£ (3)

that the results for d = 2 agree exactly with (13); ford = 3
the virial coefficients decrease most rapidly, indicating a
large radius of convergence, and ford =4, 5, and 6, all B,
have the same sign (for # > 1) and decrease monotonically as
n increases. We then used Padé approximant methods to
obtain estimates of the radius of convergence, py, of the se-
ries (3). Specifically, for a given series f(x) = 2= , f; x ' we
determined the coefficients of the polynomials Q,,(x),

P, (x), and R, (x) such that

Qu (X)df /dx) + P (x) f(x) + Ry(x)

:O(XL+M+N+2). (29)
We obtained the {V /L;M ] integral approximant to f(x) by
integrating this differential equation.® Here

0. =1+ ¥ g%, P= 3 px,

i=1 =0

and
N i
Ry(x)y= 3 rix'. (30)
i=1
When M = — 1, Q,,(x) = 0 so that one obtains the usual

[N /L 1 Padé approximantstof(x). When N = 0, R y(x) =0
and one obtains the [L /M ] d log approximant to f(x).

In this integral approximant method, g, appears as the
absolute value of the smallest root, p,, , of the polynomial Q,,
(in the case M>0) or P, (in the case M = —1). A listing of
our estimates for p, and p, are given in Table I1. The values
were obtained by studying the integral approximants to p,
p/p, and dp/dp. The apparent errors indicated for py, ob-
tained by the method of Baker and Hunter,” reflect the
amount by which the various approximants disagree. For
d = 1, we have a conjugate pair of singularities with negative
real part, whose absolute value gives pg ==2.72. Ford = 2,
simple poles are found for dp/dp atp = 4+ 27i, which agrees
with our analysis in Sec. II. For d = 3, a conjugate pair of
singularities with positive real part are found, and they give
pr = 18.6—well within Fuchs’ bounds, Eq. (7). Ford = 4,5,
and 6, the first singularity is on the real axis and coincides
with the phase transitions at p = p,. For d = 4, the uncer-
tainty of our estimate for p, is rather large but is consistent
with p being equal to p. = £ (2) = 72/6=1.644934. The
calculation places the singularity right on the real axis, in
which case pz must be equal to p_., because on that axis p( p)
is analytic for 0<p <p_. Ford =5, p; was found to equal
p. =& (5/2)=1.341487 to seven digit accuracy, and the na-
ture of the pole was found to be consistent with Eq. (25).
Likewise, for d = 6, p; was found to equal p, to high
accuracy.
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We have thus found, in the examples provided by the d-
dimensional IBG, that there is a relation between p, of the
virial series and a phase transition in the equation of state,
but that the relation is not a consistent one. Ford = 1, 2, and
3, there are singularities of p( p) off the real axis which give a
finite pr , even though in the first two cases no phase transi-
tion exists, and in the third case the phase transition occurs
for p much less than p . For d = 4, 5, and 6, however,

Pr = pP., S0 that the virial expansion is valid in these cases
for all0 <p <p,, and points to the Bose-Einstein condensa-
tion at o . Based upon the analytic structure of p( p) dis-
cussed in Sec. I, we expect that this is true for all d>4.

IV. RELATED MODELS

In this section we give examples of two systems whose
fugacity series are similar to those of the IBG for d = 3 and
5, yet whose virial series can be simply expressed and the
radius of convergence can be easily determined. Firstly, we
consider a system described by the elementary equation of
state,

p=p—4p/(2m"?, 3D
which has a fugacity series with coefficients given by
b =Qm)'\21' 21/ 32)

These coefficients may be derived as follows. From Eq. (31)
and the general relation p = z dp/dz, which may be deduced
from Eqgs. (1) and (2), it follows by integration that

z=cpe V77, (33)

where c is a constant. The power series p(z) follows from the
above by means of Lagrange’s expansion,'” and comparison
with Eq. (2) shows that the b, are given by Eq. (32), if ¢ is
taken to be e/(27) /2. Note that changing c only scales the b,
and does not affect the equation of state.

The notable feature of this equation of state is its simi-
larity to the 3-d IBG. In the Sterling approximation, b, be-
comes exactly / ~ >, the same as for the 3-d IBG. Although
the virial series here contains just two terms, according to
Eq. (31), it may be noted from Table I that only the first two
terms of the virial series of the 3-d IBG are really important.
The radius of convergence of the fugacity series is again
zx = 1, which corresponds to p = (27) 2. This density also
corresponds to the maximum value of pressure, p,

= (277) '?/2, and therefore we may identify the former with
the critical density p. . Beyond g, the pressure decreases and
is unphysical. The radius of convergence of (31), which is
clearly infinite, is much greater than p, . These properties are
all qualitatively the same as those of the 3-d IBG. The infi-
nite value of p,, is perhaps a big difference, and evidently this
example demonstrates that an apparently small change in
the b, may have a drastic effect upon py .

The equation of state (31) is of the same form as the van
der Waals equation of state, in the limit that the core size
goes to zero. Thus, for such a system, the b, are given by an
expression of the form of (32), and the fugacity series con-
verges just up to the spinodal. Although for the complete van
der Waals equation of state its does not seem possible to find
closed expressions for the b, by the procedure used above, it
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does appear that the fugacity series always converges up to
the first spinodal. For the Bragg—-Williams, or Husimi-Tem-
perley,'!!? equation of state, which is similar to the van der
Waals one, and for which fairly simple expressions can be
found for the b,, Katsura has proven that the fugacity series
converges exactly up to the spinodal.'?

Secondly, a system analogous to the 5-d IBG may be
constructed with the fugacity coefficients,

b, =Qm)'? 1" 3e /1), (34)

which becomes / ~ ’/? in the Sterling approximation. These

b, imply the equation of state
p=p/2+(2m"2/6)[1 — (1 —p/p.)"*]

— 2o =4 [(pY
=p-20m" 3, ni(n —2)! (4pc) ’ 9
where p, = (/2) /. This follows from (31)~(32) by virtue
of the relation following Eq. (15), which applies here also. As
for the 5-d IBG, zy equals unity and corresponds to the
density p_ where the pressure is at its maximum and has a }-
power fractional singularity in ( p. — p). For large n,

B, ~ —(2n)~*(1/p.)", (36)

and clearly pp, = p,. Note that the B, of the 5-d IBG, as
givenin Table I, also show the above asymptotic behavior for
large n.

Thus, the behavior of each of these model systems is
qualitatively the same as that of the corresponding IBG. In
particular, for both 3-d models, p, is much greater thanp_,
and in both 5-d models, pr and p, are equal.
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The possibility of finding solutions of the instanton and monopole types to gauge field theories on
arbitrary even and odd dimensional Euclidean manifolds respectively is investigated. Suitable
boundary conditions for both types are given, and new self-duality criteria are developed, for
gauge field theories on N-dimensional manifolds (N > 5) which are also endowed with new

Action and Lagrangian densities.

1. INTRODUCTION

It is our intention in this article to extend the notion of
instanton and monopole solutions to the Euclidean gauge
field system to manifolds of arbitrary dimension N.

From the point of view of application to physics, we
hope that this may improve our insight into theories with
finite action/topological invariants. It is also not inconceiv-
able that field theories on higher dimensional manifolds may
be of relevance to physical theories. On the other hand, it is
hoped that the following development may be of some intrin-
sic interest.

In our presentation below we start in Sec. 2 with the
definitions of the topological invariants, as integrals of func-
tions of the curvature. For all even N-dimensional manifolds
a Pontryagin number is defined in terms of the curvature
only, while for all odd dimensional manifolds a topolgocal
monopole charge is defined in terms of the curvature and the
section (i.e., the Higgs field). The boundary conditions that
those solutions must satisfy are stated, and for even N, ana-
logs of the self-dual solutions of N = 4 are developed. To this
end, an extension of the operation of duality is developed for
even N-dimensional manifolds in Sec. 3. Section 4 deals with
the Bianchi identities for N-dimensional manifolds, and fi-
nally in Sec. 5 we define an action density, leading to equa-
tions of motion which are then solved identically by virtue of
the generalized Bianchi identities and extended criteria of
self-duality for all even N, explicit consideration being given
to N = 6. Also in Sec. 5, we have given a modified criterion
of self-duality for odd N = 3, which agrees with the Bogo-
molny’i bound condition, and have generalized this to arbi-
trary odd N, again giving explicit consideration to N = 3.

The presentation throughout concentrates on the even
N = 6 and odd N = 5 examples, but the extensions to arbi-
trary N are obvious and straightforward, although not triv-
ial. To this end we have added an appendix dealing with the
N = 8 case, thus indicating the way for further
generalization.

In this paper we give no proofs of the existence of the
types of solution considered, nor do we give any explicit so-
lutions. The latter are under investigation at present.

2. TOPOLOGICAL INVARIANTS

A. Instantons: even N/

Following the arguments of Belavin et al.,' we general-
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ize the definition of the Pontryagin number for N = 4, to
higher order (in the curvature) topological invariants,” cor-
responding to the solutions in question, for arbitrary even N,
starting with N = 4:

1
q4 = ‘1—6? f TreyvpoFl‘VFpa d4x’ (1)
1 ¥
de = D.V fTervpmAFfAFpoFfl d6x’ (1 )
Gre

where V,, = 27V/*/NI" (N /2)is the volume of the N-dimen-
sional unit sphere and Dy is a normalization factor depend-
ing on the gauge group and the representation of its algebra
in which the curvature F,,, takes its values.

That ¢, will have an integral spectrum follows from the
fact that the solutions we consider are required to satisfy the
following boundary conditions at infinity":

A, (x)m—:w g~ '(x)d, gx), )

where 4, (x) is the connection which also takes its values in
the algebra of the gauge group G. Then substituting (2) into

F,, =d,4,—-3,4,+[4,4,], 3)

and applying similar arguments as in Ref. 1, we see that the
quantities defined by Egs. (1) must have integral spectrum.

B. Monopoles: odd NV

We define the topological invariants, pertaining to the
solutions in question, corresponding to the magnetic mono-
pole charge for the Yang-Mills-Higgs system (4,4 ), on arbi-
trary odd N-dimensional manifold, starting with N = 3,
which is the ’t Hooft-Polyakov® solution, and foliowed by
N=35,

By = —41;- f Tre, ¢F, dSP, 0))

fTre.-,k,m $F, F,, dS®, @)

where 2, = 27"/%/" (N /2) is the surface area of the N-
dimensional unit sphere, and dS ¥ — Dis the (N — 1)-dimen-
sional “area” element. Here the Higgs field ¢ takes its value
in the algebra of G and hence the field ¢, (@ = 1,...,nforann
parameter group G ) is in the adjoint representation of G. We
expect that the above constructions can be generalized to the
case where ¢, is not in the adjoint representation of G, as has
already been done for the N = 3 case by Schwarz* and the
present author.’

=1
Hs 0

s
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That u,, has an integral spectrum follows from the fact
that the integrals (4), (4'), etc., are Kronecker integrals, sub-
ject to the following boundary conditions:

D¢ — O, (5a)

[x]— o0
6 — 7’1 (5b)
[x]— e

The first condition (5a), is the so-called finite energy condi-
tion used for the N = 3 monopole,’ implying Tré¢* ~72
const, while the second (5b), is a stronger condition for all
gauge groups G larger than SU(2), and was found to be nec-
essary in the N = 3 case by Rawnsley and the present
author.¢

We end this section by extending the arguments made
for N = 3 in Ref. 6 to the N = 5 case here. We define the
“electromagnetic” field for N = 5 to be

yijkl = Trg [ (Fy + %[Di¢’Dj¢ DiFu + %[Dk¢»Dl¢ ])] .

It is straightforward to verify, using (5b), that # ;, reduces
to

F ju =1 Trgd, 40,69, 49,4 + total divergence terms,

such that the “monopole” charge of this “electromagnetic”
field is

1 ”
'(Tﬂjj-yyufijklm as,,, ")

where, in the absence of any contribution from the total di-
vergence terms in # ,;, (4”) reduces to a Kronecker inte-
gral. But comparison of (4”) with (4') shows that these two
integrals are equal for large surfaces on which condition (5a)
is valid, justifying our assertion that integrals (4), (4'), etc.,
are Kronecker integrals.

3. DUALITY OPERATIONS

We define the operation of dual on the curvature as a set
of conjugations whose repeated application results in the
identity operation.

This set of operations is defined for even dimensional
manifolds. We shall consider below the cases of N = 6 and
N = 8 since these two cases are typical of all the others,
namely, those of odd V /2 and even NV /2, respectively (N >4).

For N = 6 we start by introducing the notation

vapa = yv’ } {F ’Fvo} { ,uo" a}’ (6)
and then define the ﬁrst dual as
i
(I)F,uv = 4! uvpm'/lF TA " (7)
and the second dual is
kA ,
(Z)Fuvpa = - 2‘ yvpm‘AFfA (7)

Repeated application of these conjugations then yield,
respectively,
(2)(( D) F) i

Bvpo = 2' ,uvpa'r/{

(I)Frv = Fyvpo-’ (8)

(1)((2)1;')‘”’ — —€

41 uvpoTd (Z)Fparzi = Fyv' (8,)
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Similarly, for N = 8, using in addition to (6) the
notation

;tvpor/l {F v ’Fpa‘f/l } {F ’F vOTA } { ,uo’ PpPOTA }
{ u‘r’ popi } {FM ’Fpaw{ } (9)
we have the following duality operations:
1

(’)F 6' e,uvpar/{x‘r, F poTAxny s (10)

1 ,
(Z)F,uvpo = E G,uvpoﬂ.x'qulxn’ (10 )

1 .
e pvpoTd = -2_! E;tvaprlkan'q . (10 )

Then these conjugations close under the following repeated
applications:

(3)((1)F)pvptrr/1 = —27 euvpa‘ri,n, (I)Fx'r, =L pvporis (1 l)
1 /

(1)((3)F),uv = 'g’- e;tvpor,lmy (3)Fpa1'ﬂ.m] = va’ (11 )
1 "

(2)((2)F );.vaa = _4]_ euvpa‘r/lm; (2)F TAKY =F, prvpo* (11 )

The case for arbitrary N needs no further comment,
except to note that + / in the definitions of these conjuga-
tions occur only for odd N /2 and not for even N /2.

4. BIANCHI IDENTITIES

The Bianchi identities of an ¥ = 3 or 4 gauge theory
arise from the Jacobi identity for the covariant derivatives
which can also be expressed as

€,1,0[0,,[D,.D,]1f=0. (12)
For an N-dimensional manifold, (12) can similarly be ex-
pressed as

€z polDas [D,Dy ]1f=0. (129
It is now obvious from (12°) that for n > 4, there are further
identities of the sort

€uppotingirpo D0 {[DrD, ), [D, D, 1N f=0 (12"
and so forth, until only one index remains free for even N,
and no free indices for odd N.

We illustrate the above procedure explicitly with the
N = 6 example, as that will be applied in the next section. To
this end we recall the definitions of curvature and covariant
derivative,

[D.,D, ) f=F,. f; (13)
D, f=38,f+A,f, (14)

and in particular, when f'is in the adjoint representation of
the algebra of G, then (14) is expressed as

D, f=3d,f+[4,..f])

Using (14') in (12°) and (12”) we get, respectively,
€uvpora D F, =0 or D,?F, ,=0, (15)
€upori D Fpory =0 or D, VF, =0, (15)
where the lengthened derivative operator &, is defined by

gy {Fpa’Frﬂ.}:ay {Fpa’FfA}+ [Au’{Fpa’Fr/I}]’ (16)

(14)
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which looks very similar to the covariant derivative (14’) but
differs from it in that the anticommutator {F,,,F,, } takes
values inside as well as outside the algebra of G.

It is easy to see how larger families of Bianchi identities
will arise with increasing N, and furthermore, unlike our
considerations in Sec. 3, the results here are valid both for
even and odd N-dimensional manifolds. For example, the
identities (15) and (15") also hold for N = 5. Further, it is
clear that for N = 7,8 the following identitites hold:

Do (3)F/_wpa'r,{ = 0’
9,9F, =0,

HVpo

@, VF,, =0.

5. SELF-DUALITY

For the special cases N = 3 and N = 4, respectively, the
nature of the solutions of the equations of motion are very
different. In the N = 3 case only solutions with spherical
symmetry are proved to exist’ and of these only a special case
solution is found explicitly® by integrating the equations of
motion. In contrast to this, for the N = 4 case the (second
order differential) equations of motion are solved by first
order equations of self-duality,” explicit solutions to which
are known,'%!! and in particular for G = SU(2) all solu-
tions are known. '

It is our purpose in this section to seek similar self-dual-
ity criteria that solve the equations of motion for all cases of
even N. As in the above, we consider the N = 6 example
explicitly, whence the extension to arbitrary even NV cases
follows straightforwardly.

Our procedure is essentially that of Ref. 1. We start by
considering one of the following inequalities:

Trf (F,, —F,, Y dsx>0, an

Tr f (Fuupo —PF,,,, ) dex>0. 17

Let us consider (17), since (17") will result in exactly the
same conclusions. It follows that

2 2D
Trf(F,’;v + ZFivm) d,x> - 4' G de- (18)
Had we chosen the action density' to be
2
Y=“@L+Eﬁm) (19)

and had we also required that
F,, =OF,, (20)

v
then the inequality (18) would have become an equality, and
such solutions, corresponding to (20) would be finite action
instanton solutions endowed with a topological invariant g
Before proceeding, we note that as a consequence of
(20),
(20)
which is the condition relevant to the inequality (17°).
Conditions (20) and (20") are the promised extensions
to N = 6 of the N = 4 criterion of self-duality of Ref. 1.
Finally, we check that (20) does indeed solve the equa-
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tions of motion of the gauge field. From the action density
(19) follow these equations of motion:

D,F, +3D AF, ..F,.}=0. @n

Using (20") and (20), in that order, in (21) we find
D,F, =0. 21

sy
We now notice that it follows from (20) and (7) that (21") is
the Bianchi identity (15°), and thus the equations of motion
(21) are identically satisfied by virtue of conditions (20) and
1.

We note that the self-duality conditions (20) and (20")
lead to a trivial solution with vanishing curvature for
G = SU(2). It was also found that vanishing curvature solu-
tions are implied by these extended self-duality conditions
for N = 6, G = SO(6). Thus the interesting gauge structures
are those of SU(n) with n>3.

As a final remark we note that the procedure in this
section is extendable to arbitrary even N, and in particular
N = 8 is considered in detail in the Appendix.

We end this section by applying the above arguments,
as far as possible, to the odd N cases. We start by the N =3
example and consider the following inequality:

Tr [ GewFy — Dig ) dsx>0, @)

which is obviously going to play the role that integral (17)
played for even N. It follows that

TrJ‘HFz,- + YD) dyx> Trje,}k(DEgﬁ)F;k dyx, (23)

where the left-hand side of the inequality (23) is nothing but
the energy of the ‘t Hooft-Polyakov® with vanishing poten-
tial.®* The right-hand side is equal to 27 times the magnetic
charge. This follows by noticing that the integrand on the
right-hand side of (23) is a total divergence by virtue of the
Bianchi identity,

€ ijkfo'}k =0,
whence, by converting the volume integral into a surface
integral, we obtain the integral (4), which is our definition

for the magnetic charge. We can then rewrite (23) in the
following form,

f L dx>2muy, (239

and if we had required the following *“self-duality”
conditions,

%fiijjk = Di¢’ (24)
then the inequality (23") would become an equality and the
minimum thus attained. It is easy to check that (24) solves
the equations of motion of the ‘t Hooft-Polyakov system.
We recognize that (24) is the same condition that Bogomol-
ny’i* requires for the minimal value of the energy to be
attained.

We now proceed to the N = 5 case by considering the
following inequality,

2
Tt [ (£ €panFran — D18 ) >0, 29)
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which by use of the Bianchi identity,
€tim D Fiim = 05 (26)

J
and the definition (4') of 15, can be reexpressed as

Tr f Fdsx>2nus, (25)

where we have taken the Lagrangian .Z to be

It is now clear that the minimum in this case will be
attained if we require the self-duality conditions

5 €ukinFin = D8 (28)
It is also easy to verify that (28), together with the Bian-
chi identities, actually solves the Euler-Lagrange equations
corresponding to the Lagrangian (27).
Furthermore, it is now clear what the self-duality con-
ditions for higher N should be; for example, for N = 7 they

are
1

of Cinkuiisks

F,

akyaksks Di¢~ (28)
We end this section by remarking that, for dimensions
higher than N = 3, the gauge group must be larger than
SU(2), for in that case one can see by taking the trace of (28)
that this leads to the Higgs field being covariantly constant
everywhere, and solutions of this type are not of the (finite-
energy) soliton type. This is similar to the (even) N = 6 case
where G = SU(2) led to another trivial solution where the

curvature vanished.
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APPENDIX

The new self-duality criteria introduced in Sec. 5, for
gauge theories on N = 5 and N = 6 dimensional manifolds,
were said to be readily generalizable to arbitrary N. It is our
aim in this Appendix to indicate this procedure by consider-
ing the N = 8 case in some detail.

For N = 8, the topological invariant, which is the next
order higher than (1') is the following?:

1
DG Vs J- epvpor).xq [Tr(FvapaFrz an;)

— 3 Te(F,, Fo ) Te(F , F,, )| dgx,

gz =
(A1)

pv?t po
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and if we seek finite action instanton solutions endowed with
this topolgoical invariant, then we must choose a gauge the-
ory whose action density is determined by consideration of
the following inequality":

f Tr(FQ2) - OF Q) dx + 4 f [TtF (4)

+ Tr ®F(4)1* dx>0, (A2)
where F(2) denotes the 2-form F,,, and the 4- and 6- forms
F (4) and F (6) are given respectively by (6) and (9), and the
dual forms VF (2), ®F (4), and ®F (6) by (10), (10"), and
(10”).

The expansion of (A2) gives, using (A1)

f {Tr[FQY +OFQP] + 2[TeF(4))7} dx

22D V5qs. (A3)
It is now clear that if we choose the action density for
this N = 8 gauge theory to be
S =Tr[FQ2)* + PFQ2)] + 2[TeF@)]?, (Ad)
then the minimum will have been attained, and the corre-
sponding equations of motion, in the sense of Sec. 5, will be

satisfied with finite total action, if the following self-duality
conditions are satisfied:

FQ="F@) [or F(6)="F(6)),
F#)= —OF@).

(ASa)
(A5b)
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Calculations of Dirac-spinor amplitudes by means of complex
Lorentz-transformations and trace calculus

J. O. Eeg
Institute of Physics, University of Oslo, Norway

(Received 3 August 1978; revised manuscript received 5 January 1979)

A method for expressing spinor amplitudes M = #(p'o" ), u(po) in a formal
covariant way and calculating them by trace calculations is described. By means of
complex Lorentz transformations, an expression for u(pa)i(p’o”) in terms of Dirac
v matrices, four vectors, and the complex Lorentz transformation coefficients is
obtained. M can then be written as a trace of y matrices similar to the expression for
> olM . The method is easily extended to cases when higher spin spinors and

matrices are involved.

I. INTRODUCTION

As is well known, the square modulus of an amplitude
written in terms of Dirac spinors and matrices can be given
as a trace of y-matrix products. Fearing and Silbar' have
pointed out that one often wants an expression for the ampli-
tude itself which does not involve spinors and ¥ matrices.
They have invented a method (hereafter called the FS meth-
od) to calculate the amplitude times some complex number
by means of trace calculus. (This complex number is ex-
pressed in terms of appropriate Dirac spinors).

In this paper we present a method which enables us to
express the amplitude itself in terms of a trace of ¥ matrices.
Because we have to deal with complex Lorentz transforma-
tions, our method is probably more of formal than great
practical interest in the Dirac case. However, when higher
spin spinors are involved, our method rnay be an alternative.
It is also possible to combine our method with the FS
method.

il. TRACE CALCULUS IN THE SPIN-1 CASE

The amplitude (or part of the amplitude) can be written
in the form

M =M p'o’;po) = u(p'o ) yu(@o), ¢))
where u(po) is a Dirac spinor corresponding to 4-momen-
tum p and spin quantum number 0 = + 4. i = u' ¥, is the
adjoint of 4 and I',, involves products of Dirac y, matrices

(sometimes contracted by 4-vectors). The squared modulus
of the amplitude is then

|M p'0'po)|* = Tr{ [u(p'0)a(p'0")) o [upo)ia(po) 1 Ty },

where Iy, =y,I" },7,. The calculation is then straightfor-
ward, using?

- . 1 .
u(po)ii(po) = ”’2’: m 5 (L4 20757 n). @)

N3y, =N, (P),, is the covariant spin vector obtained by
boosting up the unit vector 73} = (0,n3)):

ne®h =L, @G, p. =L, 0P, p?=m0). Q)
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L (p) is the Lorentz transformation from the rest frame

to the frame where the particle has momentum p. For later

use we introduce nfy} and n{3} such that n{p}, / = 1,2,3, consti-

tutes a right-handed system of unit vectors, and we define
the combinations
ni, =4(n) + 2io ng)) (42)
We also define n,(p) for / = 20 = + 1 similar to ng(p) in
Eq. (3), and we have
@) =0, [n,@F=~1, p’=m’ p’= m”,
(4b)
Fearing and Silbar' multiply the amplitude M by a com-
plex number S *, where

S=S(p'd'po) = ilp'dYulpo). 5
Using (2), 5 *M can be obtained by trace calculus:
[S (' p0))* M (p'c'3p0)
= Tr{ [u@'0)a(p'a) ]Iy, [u(po)ia(po)l}, (6)
which means that S *M can be written in terms of p, p/',
20n4,(p), and 20'nq, (p").

Our method is based on the fact that M can be written as
a trace directly:

M(p'c’;po) = Tr[H (pop'o’)], ()
where

H (po.p'0)=u(po)i(p'"). ®
Moreover, we have

TelH (pop'o")) = S (p'0'po). ©)

In the next section we show that the matrix A defined in
(8) can be written in the form:

Hpop'a)
=[(yp+m/2ml(y. by +VsVa 7))
=W hipy +VsVa RO )Xyp + m)/2m, (10

where 1 ¢, , and & {_, are coefficients depending on the spin
quantization in rest frame and p, p’ through real and com-
plex Lorentz-transformation coefficients (details are given
in Appendices A and B). Consequently, using (10), M can be
calculated directly {see Eq. (7)].
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1ll. COMPLEX LORENTZ TRANSFORMATION

In the Kramer—-Weyl representation, the Dirac matri-
ces are

(0 UM) a
Vi = 5. 0 ) 1y

whereo, = (1,0),5, = (1, -- ). an ordinary physical prop-
er Lorentz transformation L (4 ) is generated by an element
AeSL(2C) (i.e., 4 is a complex 2 X 2 matrix with det4 = 1).
A complex Lorentz transformation is generated by fwo ele-
ments A,BeSL(2C) in the following way**:
Ao, B'=0,L",(4,B), B "6,4 '=6,6L",(4,B),
(12)

which gives the following transformation for the 7,,’s:
Ay, A~'(B)

=31+ ys)y, LV, (4,B) + 30 —v5)y, L7.(BA),

(13)
where

IR

From (12) and Tr(6, 0, ) = 2g,,. one obtains the coefficients:
L,(AB)=3}TrG, Ao, B h. (15)

For B = A we obtain a physical Lorentz transformation. For
boosts corresponding to momenta p and p’, we define

L,.op)=L,(4(0)A(@")), A(p)=exp[lope), (16a)

where sinhw = (|p|/m) and p=(1/ |p|)p. Moreover, we de-
fine the combinations

LS=LLer)=}[L,.0P)+L,0p)]  (16b)

L}, corresponds to the real part (but not physical) and L ;,
to the imaginary part of the transformations. Forp =p’' = 0
we obtain
H (00;00) = u(00)i(0o)
=4r-£ P+ DI(E @ + 2075718, (172)
H (00;0 — 0) = u(00)a(0 — o)
=15 @ + Dysyn,, (17b)
where £ ©=(1,0) = (1/m)p® = (1/m")p'®; the n;,’s are
given by Eqs. (3), (4). H (po;p'c’) is now obtained from (17),
(13), and u(p) = A (P)u(00), A (p)=A (4 ()}, as

H(po;p'c’) = A (p)H (00;00)A ~'(p"). (18)

This means that the coefficients in (10) are given by
2h( +)a = 8,,L fxi )ng)) +c(l)L g)ﬂ nﬁ?gg (19)

[/=3foro’=0and /=20 for ' = — 0. Moreover,

¢(3) = 20, c(20) = 1.] More details about 4, ,, are given in
Appendix B. Explicit expressions for M for the cases I, = 1
(e, M=8)Ty=vsTy=7v,,and 'y, = y;7,aregiven
in Appendix C. If we combine our method with the FS meth-
od, we find alternative expressions for 4 {1y which are not
given in terms of complex Lorentz transformations as in
(19). These expressions are given in the last part of Appendix
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C, and can for general I',, be used in (7) instead of (19) and
(B1)~(B6).

IV. THE SPIN- ; CASE

If M (p'0’;po) is the amplitude for some process where a
spin- % particle is produced, the Dirac spinor #(p’c’) in (1)
has to be replaced by a Rarita-Schwinger® spinor u,(p'c") or
a Joos—Weinberg (JW)¢ spinor #/*?)(p’¢").” The RS and JW
adjoint spinors are related by

l—“#(p ) _ u[3/2](pla,l)2 1372, 1/2] 7/ l/m ,

@2 p'o’) = (1/2m)T Q' Yys 2 L',
st 1/23/21

(20a)
(20b)

where — X 7231 are a set of nonsquare co-
variant transformmg matrlces whichis a generahzatlon of
1i[7,,7,] in the Dirac case. Let y,, be a spin-} rest spinor

(i.e., Pauli spinor) and y"*) a spin- % rest spinor. One
obtains

,3/2 0
Xa(rt[,;/ﬂ)t = 0(0',0")0'[1/2 3/ l.n§ g
+ b(0,0)K im0, Q@b

where o!"/>*/2! are vector operator (dipole transition)—and
K [1723/2] tensor operator (quadrupole transition)—matrices
to operate between spin- 4 and spin- § rest spinors (further
details on spin- 3 matrices are given in Appendix D). The
n®s in (21) are the same as in (2)—(4); their / indices take the
values 3 and 20 depending on o and ¢, and a(o,0"), b (0,0")
are numerical coefficients (details are given in Appendix E).

Using (21), an expression similar to Eq.(17) can be
found for u(0)iz, (Oc') and u(00)ia*'*'(0c’), and by means
of complex Lorentz transformations we obtain for the RS
case

H,(pop'a’)
= u(po)ia, (p'o’)
= [(T’P + m)/zm] [ya h(+)a;4 + Vs Va h(—)a;t ]

= [Ya h(+)a;t + YS ya h(—)a;;][(Y?, +m’)/2m']3
(22)

whel.'e h¢ . y*, are given in Appendix E. For the JW case we
obtain

H [1/2.3/2](po.;p/a')Eu(pa,)ﬁ[S/Z](plo,;)
y + m va va
=YET? - LT M gen + sy W )

1/2,3
— (7’;[‘11{: ,3/72) guia) + 75 [ / /2} gyva )
7/5_;/2] lppl/. + (m )3

x s , @3)
where />3 and y1/?! are generalized Dirac matrices
(see Appendix D) and

g =02m P h %, 29
V. CONCLUSION

The advantage of the method given here (over FS) is
that we take the trace of fewer ¥ matrices. This can be seen if
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we compare Egs. (2) and (6) with Egs. (7) and (10). Butin the
Dirac case this is not of much practical interest because
Dirac ¥ matrices are easy to handle and the right-hand side
of (6) involves at most only two ¥ matrices more than the
right-hand side of (7). The FS method is therefore probably
preferable in most practical calculations. For higher spin,
however, [u(po)ii(po)] is much more complicated than for
spin 4, while 1, in (22), say, is not too complicated. More-
over, our method can be a helpful device in studying the
amplitude in some cases. For instance in the Breit frame of p
and p’ (where p’ = — p), the complex Lorentz-transforma-
tion coefficients L (I is very simple.* It should also be noted
that the complex Lorentz transformation equations (13) and
(A1) can be used to write the amplitude as a product of Pauli
matrices sandwiched between spin-} rest spinors (i.e., Pauli
spinors. This can also be done for higher spin.)

The results for S (p'c’;po) and similar quantities defined
in Appendix C [see (C1)-(C6)] will give the same answer as
in the FS method. The connection between the two methods
(see Appendix C) also gives the combined method men-
tioned at the end of Sec. II1. This combined method may be
an attractive alternative for some cases.
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APPENDIX A

The complex Lorentz transformation coefficients can
be calculated dlrectly from (15) with 4 = exp(za)p-o)
B = exp(bo'p"0), [p| = [p’| = 1. But in our case it seems
more favorable to calculate L (¥ directly. combining (13)
and (16), we obtain

A@Y, A T'@)Y=v, L, +ysy, L, (AD
which implies
L2 =4TrV' )y, A@y, 4 @) (A2)

where ¢ *)=1 and y* = — y,. Using A (p) = cosh(w/2)
+ a-p sinh(w/2) and Y =ay, = — y,q, we obtain

A ) =yvy, v={(cosh(w/ 2),p sinh(w/2)),
and similarly

A @)Y=y, 7V, v=(cosh(w'/ 2),f)' sinh(w’/2)).
(A3b)

Let a = (g, ,a) be an arbitrary quantity with four compo-
nents. Using ¥, %, %o = 7,=(¥o — v), we obtain
[d=(a, , — a)]

(A3a)

L{ 2" =v,av —a, vv) +v,dv, (A4)

La" = i€, 05 @V (A5)
Note that

V=1, pv=mv-£9, mui=pc©@. (A6)

Using (A2)—(A3), the coefficients L (£’ can also be
written

LD =4Tr0/ oy, yorE Qv p £ Oy, (AT

172 J. Math. Phys,, Vol. 21, No. 1, January 1980

which gives explicitly
LD =200, vEP—EQvv' +u, vED)
—EVW, v, —g, V4, 0), (A3)
Ly, = i€apvP[26 D6 —g L)), (A9)

which is in agreement with (A4)—(A5) because £ @ = (1,0).

APPENDIX B
Define
N@=L®, 0, , @=L, 60, (B

where the index / can take the values 3 and 20 = + 1, asin
(2)—(4) then, using ﬁ(o) = — n(o), é:(o) = 4 é’ (0), and [i[;
= a-b, we obtain

N3 =o' n}?gﬂ W'-n v, — WrQ) v, (B2)

N§z),, = €apa vy'? ”?I);A’ (B3)

§( +) U#(g (O)-U') — v 5(0) + U;‘(g (0)_0), (B4)

E87) = i 070 E P, (BS)
The coefficients in (10) are then given by [see (19)]

2h  =8,,& %+ ()N (B6)

Note that & (" '—(1/m)p, and £ |, '—0 when p'—p.
Moreover,
(I/mp-£ ) =(/mp' ) = v,

(B7)
pE T =p =0,

(/mp-N )= —(1/m)p N7 =m@[vXv], (BY)
P} = 20p)ond)). (B9)
APPENDIX C

Using (7) and (10), one obtains
Sp'o’po)=iup'oYu(po) = 2/mp-h

=Q/mYp' k) (CchH
P(p'a'poy=u(p'a’yysu(po) = (—2/mp-h _,

=2/m)p"h _ y» C2)
V0o spo)=iip'ayy, u(po) =2k, ., (C3)

A,p'o" poy=up'oYysy, u@po) = —2h_,, (C4)
where the &, ,,’s are given by (B2)~(B6). Similarly, in the
spin- % case we have

S;L (pIUI;PU)EﬂH (pla’)u(Pa) = (z/m)Pah( + )a,u

=Q2/mpih 0 (C5)
P, Q'o’poy=u,(p'cyysulpo) = (—2/mp.h., ",
=2/mWPpLh % (C6)
Voo @0 po)=ii, p'o )y, upo) =2h 0 C7)
Aqu, (p'o';pU)Eﬁa (p’o.’)’}/S 7/,u u(po) = 2h( — pat (Cg)
From (C1) and Egs. (5)-(10) we obtain
2p-h 2p'-h
IS(pla,l,pU)I2=< -0 (+) )( p ,(+))
m m ‘
= Tr{ [u@'a)a@'o")] [u@po)i(po)]}. (C9a)
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Using (2) and the notation s, =s(p,0), =20n,(p),,, we
obtain
16@h . )P h )

=pp' + (psWp's) — (mm’ + pp')s-s'). (C9b)
To show (C9b) explicitly and directly from (B1)~(B8) and
(3) is tedious because 4 { _, involves the four component ob-

jects v and v'. These objects are not 4-vectors and satisfy

certain formulas together with £ and the 4-vectors p and

p'. We also have to use relations like n9)-[n{ 1*

=1 — (n$))’. Similar to (C9) we obtain

2{S (p'c";po)] oo
= Tr{[u(p'o)i(p' o)1+ ulpo)i(po)] |
= @mm") " ie"? p* pP(s —5')
+ (1 — s-s)(mp'* + m'p*) + m’(p-s")s* + m(p'5)s'™"],
(C10)
- 2[S(p‘a’;po)]*h( N
= Tr{[u@p'c)a@'o)]ys v [u(po)i(po)]}
= (4mm') " '[p'sp* +psp* — @'p+m'm)s + 5y
+ e*P(mp’ + m'p)* 5" 57], (C11)
+2[S.(p'opo)]* h( ,
=Tr{{u.0'0Niz(p'o))y . v.lupo)i(po)l}, (C12)

wherey , =landy_ =y;,.

APPENDIX D
The JW equation**’ for spin % is
2 34 8 8 — m 2 x) = 0 ®1)

where $/2)(x) is a [2-(2-2 4 1)]-component spinor field and

O ¢ {372}
[372] _ wvo
Vyva] - T13/2] 4 (DZ)
Lo 0

similar to (11). We have 1 i¢*) = 1and 1 [%3! = 351/, where
si¥/*! are the spin matrices for spin 3. Defining

321 __ 2

0 1 sB321 ¢
1372} _
e (] o) @ =30 ) @0

we have
372 8 372 3/2 , 3/2 8 32 D4

Further details are given in Refs. 4,6,7. The nonsquare ma-
trices X [\/>**) in (20) are given by

(1/2.372] __ (1/2,3/2]
DAY = €4n 2 5 ’

3232 123721 .y s 1723720, (D5)
[1/2,3/2]
s (123721 _ o 0
- 0 ol1723/2] ’
3/2,172 32 172,372\t (172
3Ll gz asayig (D6)
[1/2372) _

The dipole-transition matrices o (372172 oc-

curring in (21) and (D6) are given by

(o
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[3/2,1/2] __ 1 0 -1
01 — T 'y
\/6 1 0
0 V3
Vi o
j 0 1
a2l - ! ’

Vs 0
0o V3

053/2,1/2] — \/2_/; (D7)

1 0

o 1ty
0 0
and the quadrupole transition matrices in (21) are given by
KL:;/Z’VZI_-'—:%(O'E/Z‘VZI Ul+ 0_{[3/2.1/2]0.’()’

K 1[]3/2.1/2] — 0! K I[(II/Z,S/ZIE(K E/Z,I/ZI)T, (D8)

where the o are the ordinary Pauli matrices. The matrices in
(D7) and (D8) satisfy a certain algebra together with the spin

. .1 .3
matrices for spin 5 and spin > for example:

0-[[\-1/2’3/2] 0.}3/2,1/2] — % 51([ . %iek[m a.m . (Dg)
Further details are given in Ref. 8. The nonsquare y!!/%3/2]
~matrices in (23) are given by

i < i, S ©10
APPENDIX E

The coefficients @ and b and the / indices in (21) are
given by

o =uo: azé\/%, b=20a, I=1l=1=3
o' =30 a= —G/V2),

b:l-Za-a, I=l,= ~20, ;=13
3

_ (ED)
o= —o: a=(V6/4)20,
b=2204a, I=1,=20 [ =3,
o' = —30: a=0, b=20-\/5, 11=12:.:20',
Using (20), (21), (A1), (D9), one obtains
iy =€ 2 alo,0)n), + F, (E2)
where
F(qt)a” =17 (:F)GVF(O)V# ,
(E3)

) 0 0
FR=FQ=FQ=0,

FO, = 1ia(0,0 Ve, 1D, + b(0,0)
0
X [%6ks 6rm + %610 6sm - %6sr 6km ]”fl,gr n?l),))s' (E4)

'H.W. Fearing and R.R. Silbar, Phys. Rev. D 6, 471 (1972).
*We use a metric where 2-b = a.b, — a‘b and the following normalization of
Dirac Spinors: #(pa’yu(po) =6, .
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On the stable analytic continuation with rational functions
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We discuss the use of rational approximants in the performance of stable analytic

extrapolation from interior points of the analyticity domain to other interior points. We
show that the instability of analytic extrapolation and the presence of noise sets an

upper bound to the number of parameters that can be used in the solution. We

generalize this result to other classes of functions which are used to fit experimental

data and present a number of practical examples in form factor analysis.

1. INTRODUCTION

The process of data analysis in high energy physics in-
volves analytic continuation as an essential step. The prob-
lem of analytic continuation is known to be mathematically
ill-posed; by this one means that, although the analytic ex-
tension of a function defined on a certain piece of curve Cin
the complex plane is uniquely determined, the extensions of
functions differing on C by any amount, no matter how
small, can be arbitrarily different, at points lying outside C.

Consequently, the problem of the analytic extrapola-
tion of a function given with errors on C—the “data func-
tion”—is, strictly speaking, meaningless. However, if one
knows that the data refers to a function—the *‘true func-
tion”—which is holomorphic in some domain D of the com-
plex plane, it is not absurd to try to devise a method of con-
tinuation, enjoying the property of stability: this means that
its results, dependent on both the data function and the size
of its errors, should converge in some sense to the “true”
continuation, as the errors shrink to zero on C around the
true function. Such stable analytic extrapolation procedures
have been developed lately. '~*

Their prescription for the extrapolation is not uniquely
defined. The function which is taken as the extrapolate of the
data, and for which stability can be proved, obeys an extre-
mal property: usually it is that analytic function for which
some norm ||-|| ;5 on the boundary dD of D attains its mini-
mal value that is still consistent with the errors € of the data
function on C. Crudely speaking, in order that it converge to
the true result, the extrapolate should not oscillate in D more
than is strictly required by the data.

There is much arbitrariness allowed in the precise defi-
nition of this extremal property. By changing the type of the
norm on dD, we change the extrapolation, but we still get a
convergent result in the limit of zero errors. The rate of con-
vergence changes, however, in an uncontrollable way. If we
had some theoretical information about an upper bound for
such a norm on dD, we could estimate, in principle at least,
this convergence rate. Such information is in practice usual-
ly absent.

To summarize, analytic extrapolation methods require

“Supported by Deutsche Forschungsgemeinschaft, Bonn-Bad Godesberg.
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in general the extremal element £, of the problem:

inf{||[f|[sp | Ilf — & || <€}, (1.1)

where || f— £ ||, is some way of measuring the goodness of
the fit to the data on C (this is usually fixed by statistical
considerations to be a y 2 expression). The choices of the
norm ||-|| ;pare at present done in such a way that the compu-
tational algorithm for the extrapolation be maximally simple
or that the aesthetic quality of the extrapolate come closer to
the standards of some physicist.

The methods developed in Refs. 1--5 have been exten-
sively applied in practical analysis. °~°

Despite the concern with aesthetics, the functions in
terms of which the extrapolate is obtained have only a re-
mote connection to the models in use in high energy physics,
or even with standard approximation techniques, like the
Padé one. Conversely, functions which fulfill the require-
ments of analyticity, but singled out by models, rather than
by the mathematical techniques of Refs. 1-5 are used exten-
sively in practice to fit data, without much regard for the
stability problem. The excuse is sometimes that the simplic-
ity of physics should select the solution with the smallest
number of parameters. The most notable example is offered
by rational approximants, which fall completely outside the
scope of Refs. 1--5, despite their eminent physical relevance.

The stability of rational approximants under noise has
been studied to the knowledge of the author, only “experi-
mentally”, in connection with the Padé technique. '° The
results are given as criteria fixing the numbers of terms
which one must use in the solution in order to avoid fitting
the noise and the development of instabilities. There is, how-
ever, no theoretical justification for these rules.

In this paper, we wish to ask the following question: Is it
possible to choose the norm || || ;5 in such a way that the
extremal element of (1.1) is naturally expressed in terms of
rational functions? We shall prove that this is indeed the
case, and show that it is possible to set an upper bound to the
number of terms needed in the extrapolate f, . This bound is
different from the simple one given by the number of experi-
mental points used in the fit, exists even for a continuum
distribution of data, and is related to a peculiar property of
the norm we choose. The estimates we give for it are rather
coarse, but we try to make it plausible by means of practical
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examples that, by further refinement, it can be made quite
low. The existence of this bound shows that we are able to
produce, for any distribution of data, discrete or continuous,
a sequence of rational approximants to it, whose poles lie
outside a known holomorphy domain D and which tend to
the data pointwise inside D.

In Sec. 2 of this paper, we discuss unstable problems in a
general, slightly geometrical setting and analyze the relation
to their reformulation, Eq. (1.1). Most of the results of Sec. 2
are known, but an attempt is made to generalization. In Sec.
3, we show that certain choices of the stabilizing norms do
lead to stable extrapolates which contain a finite number of
parameters, in particular 1o rational functions.

In Sec. 4 we derive an upper bound for the number of
parameters that is needed in the stable extrapolation. The
bound depends on the data function itself and on the noise.
The procedure can be generalized to the other stabilizing
norms, discussed in Sec. 3. In Sec. 5, we discuss applications
to the analytic extrapolation in form factor problems (of the
nucleon and pion). The conclusions contain some general
remarks on the use of analytic extrapolation techniques in
practice. The appendices gather some relevant numerical
results.

All the discussion below refers to the extrapolation
from interior points of the analyticity domain D, lying along
a bounded data region C, to other points interior to D or to
the boundary dD of D, as is the sitation in form factor prob-
lems or phase shift analyses.

2. UNSTABLE PROBLEMS AND “FLATTENED” BODIES

We wish now to review unstable problems in more ac-
curate terms and introduce some notation.

A. Description of the data

We denote by H (D) the vector space of functions holo-
morphic in the domain D. The function of interest, fy(2)
€H (D), is measured at N points z; along the curve C, with
errors 0(z;) and the results are the data function 4 (z;). We
judge if a certain function ' (z)eH (D) is in reasonable agree-
ment with /4 (z) on C, by computing

Y —h()]?
p—m=$ el [1ro-rerae
2.1)

i=1 o’ (Zi)
and then comparing Xf,( J/— h)withacertain value yJ, which
is supposed to be known in advance. In (2.1), dp(z) is a dis-
crete measure with support concentrated at a finite number
of points.

We can generalize (2.1) to the case of an arbitrary posi-
tive measure dp(z) on C, and a continuous data distribution
h (z). Many of the results that follow are independent of
whether dp(z) has discrete or continuous support. However,
true analytic extrapolation can be performed only off an infi-
nite number of points, and we still have to see what we mean
by this when we use only a finite number. For continuous
data distributions we shall assume that _dp(z) is finite and
that heL *( p).

It is natural to regard Xf, as a norm in a Hilbert space
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L*( p) of complex square integrable functions defined on C.
We wish to study the behavior of approximants in the
limit of “errors going to zero.” This means the following:
For any ¢, there exists a data function 4, which is such that
X2k, — fo)<xie; the approximants f, €H (D) satisfy
X(f. — h)<xie. and clearly y2( /. — fo)—0, when e-0. We
notice that, with this definition, we keep the relative magni-
tude of the errors at different points unchanged, and let only
an over-all scale factor go to zero.

B. Stabilizing bodies

If dp(2) is not of finite type, ¥ can be regarded as a
normin H (D ); indeed v, (f) = 0=/ = Ofor feH (D ) by the
uniqueness of analytic continuation. We call this normed
space H .. Clearly, convergence in H . cannot be used to set
upreasonable approximants to functionsin H (D ): Twofunc-
tions in H (D) which are close to each other according to y2
may be very different at points lying outside C. This is just
the statement of the instability of analytic continuation; a
possible proof is given in Ref. 11, Appendix A. We conclude
the open sets in A . are *“too coarse.”

We are interested in definitions of convergence which
require an approximation of the limit function also at points
of D, lying outside C. For the moment we refer loosely to
such an interesting convergence as an “i~convergence.” Oniy
those convergences are really interesting which are strictly

stronger than the )(f, one: f,,—»f:>/yf)( /., — f)—0, but not

conversely.

We say that a set ' CH . is a stabilizer with respect to
a certain i-convergence if it is closed with respect to y> and
any sequence f, €% which converges in the sense of Xf, also
converges according to i. This means that, by intersecting
with #, we can throw out enough elements in each open set
of HXZ, so that Xﬁ convergence becomes equivalent to an
interesting i-convergence. Practically we know then how to
find i-approximants to the true function f,,, if we know that
fo€7": any function f.€.%, which satisfies

xi(fe — h)<xoe (2.2)
is such an i-approximant. Indeed, since /€., we are sure
that such an f, exists; we deduce y (/. — f;)<2y3e and so
lime—»()(i)fe = fO'

We now wish to see how one obtains such stabilizing
sets: A sufficient characterization is given by Tykhonov."

Theorem 2.1: If . is compact with respect to i-conver-
gence, then it is also a stabilizer with respect to it.

Proof: Clearly, .7 is closed with respect to Xf) conver-
gence, because it is closed with respect to /. We can assume
0c.”. Let then f, €. be a sequence of elements which con-
verges with respect to Xf) to an element f&.% and has a unique
limit. From f,, we can extract an i-converging subsequence,
tof'e.#. Then, also y2(f, — f)—0. Since y2(f), — f)—0,
we conclude )(f,( f' —f)=0and, because X,27 is a norm, that

f'=fand f,—f. This is true for any converging subse-
quence, and we conclude that f,—f.
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We shall assume from now on that the set . is also
convex. This is always the case in practical applications,
since convexity mirrors our ignorance best.

C. Stabilizing levers. Critical values

We have shown how we can find approximants to the
true function, in the sense of a quite freely defined i-conver-
gence. This works only if the true function is known to be-
long to the stabilizing body .#. In many cases, we do not
know this, but we can almost always assert that the true
function can be brought inside the body M., M > 0, for a
sufficiently large value of M. We call M a stabilizing lever.

We wish to show now how, even if we do not know this
value of M, we can nevertheless construct an i-convergent
sequence of approximants to the true function.

To this end, for a given M and a data function 4, define
X2 min(M,h ) to be the smallest distance from /4 to M%7 Tt is
relevant that:

Theorem 2.2: There exists a unique function in M7 for
which the smallest distance is attained.

Proof: This is just the statement that the minimal dis-
tance to a closed convex set in the Hilbert space L *(p) is
always attained by some element."

Clearly, y2,,(M) is a monotonically decreasing func-
tion of M. For errors of magnitude ¢ we define M(€,h ) to be
the smallest value of M for which 2 . .(M,h ) = xo€ (if this
value exists) and we call the corresponding extremal func-
tion fy; .- Mo is called the critical value of the stabilizing
lever.

Consider now a sequence of data functions 4, which
approximate the true function f;, increasingly well in X;
norm:

i — f)<xse .2)
and let M, . be such that f,eM,  ..”. Then we are sure that
M(he€) exists and M (h_€)<M,.,.. Consequently
Sst o0 €M e for all €. With the help of Theorem 2.1, we
have now proven the following.*

Theorem 2.3: The functions fy (.5 converge (i) to f;, as
€—0. This statement is, in our opinion, important, because
no knowledge of M,,,. is assumed and we stiil get conver-
gence. We do not know, however, how good this conver-
gence is (unless we know M, ). Even if M, is known, we
shall see that the computation of M, and of the correspond-
ing extremal function f,, =fy . serves estimating the
quality of the extrapolation. We conclude that the problem
of analytic continuation is turned into the well-defined task

of finding M,, and f,, Icf. Eq. (1.1)].

D. Finite numbers of points; geometrical interpretation

Assume now that dp(z) is of finite type, with support at
{z:}X. ;. Itis now natural to define the analytic extrapolation
of data given at these points as the function fM"(s); »on fora
certain choice of the stabilizing set ¥ (convex and /-com-
pact). The existence of at least one such function is ensured
by Theorem 2.2, if f, eM ¥ for some M.

Now, the limit f, Mo(erh —»f, means that we must allow

both é—~0and N— co. If only €0, the functions /3 )., do

177 J. Math. Phys., Vol. 21, No. 1, January 1980

not have as limit the true function, but the function with the
smallest M, which assumes a given set of values at the N
points z,.

If € is sufficiently small and N is sufficiently large, the
functions f,, .1 «~ can (i) approximate f, as well as one
wishes. To see this, let {z,}_ , be a sequence of points on C,
and let £ ) be the function with the smallest M =M %)
which assumes the values f4(2,),..., fo(z ) at the first N points
2y,....zy. If Nis sufficiently large, £ (%) is arbitrarily close (i) to
/- This follows since f &) C M, ..% for all N. On the other

hand, at fixed V, the function f,, ., is arbitrarily close to
S&) if € is sufficient small. This proves our assertion.

min

When dp(2) is of finite type, we can picture the M, prob-
lem in L *( p) as follows: Along the N axes of L *( p), we
measure the values of holomorphic functions at z, 2, ,...,.zy.
The set of admissible values according to statistics is a sphere
(or ellipsoid) centered around the point of coordinates
h,h,,...hy (and semiaxes o, ,0,,...,0y). It is important that
the noise is isotropic with respect to the axes [Eq. (2.1)].

The set of values assumed at z, ,z, ...,z by the functions
belonging to the stabilizing set .# makes up a closed convex
body % . This set is dilated, or contracted by a factor M,
until it just touches the sphere y, = Y&; the corresponding
value of M is M, ."°

1t is helpful to notice that the instability of analytic con-
tinuation is synonimous with the fact that the body ., is
“flattened,” i.e., it has the property that, for any r > 0, there
exists a number &, or dimensions (an index &, in the se-
quence {z, }7_o), so that ¥, contains no sphere of radius »
for N> N,.

To see this, consider the set .*”’ of sequences
{ f(z,)}_, of values assumed by functions in . at the
points {z,, } °_ ,, and for some sequence {f|(z, )} 7_,€5" the
“sphere” of sequences {4;] > ,, so that
3= [ fi(z) — h; /o7 <. The instability of analytic con-
tinuation means that, for any r, there are points {4,]> , in
this sphere, so that there is no f&.% with f(z;) = h,, for all i.
If, on the other hand, ¥, did contain a sphere of radius 7,
for any &, we could contradict this statement.

We conclude there are directions in L *( p) along which
&y gets increasingly flattened, as N increases. We notice
then that the experimental point A, ,4,,...,#, which is the
noise-affected ““measurement” of a point in %, has almost
no chance to lie inside .% , ; the isotropic noise throws it,
with a probability going to 1 as N—« outside . ,. We ex-
pect therefore that the minimal distance from 4 to . is
(almost) always nonzero, even for quite large values of the
scale factor M (see also Sec. 2E).

The simplest example of such a flattened body is an
ellipsoid

N
z Avi=M?

i=

.3)

[y =f(z)], with A; rapidly increasing with /. Its surface has
regions of large curvature (almost “edges”) at the ends of the
big semiaxes and “flat” regions at the ends of the small
semiaxes. We expect then the following effect: There is a
much larger probability for the function which realizes the
smallest y ? in % to lie near the region of “edges” than on
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the flat sides. We expect then that the extremal function can
be very well approximated by a few of its components, lying
on the big semiaxes of (2.3).

In this paper, we shall describe certain stabilizing sets
', whose images .% y do not have just regions of high curva-
ture, but well-defined “edges,” that is, points on their surface
at which a continuum of planes is tangent to .. We shall
show that these “edges” can be described by a smaller num-
ber of parameters than is needed by the whole N — 1 dimen-
sional surface. As a consequence, we expect the exact extre-
mal function (rather than approximants of it) to have, in
these situations, a simple structure, if the data function is
sufficiently simple. This is, in the opinion of the author, the
basic reason why rational functions appear as solutions to
problems like (1.1); we shall deal with this in Sec. 4.

E. Examples

We now discuss some examples, just to show that gener-
ality has been profitabie. Let us namely see how we can
choose % (the “i-convergence”) so that, for any zeD, the
sequence of values of the approximants £, (z) converges to the
value of the true function, f, (2).

e1: There are many ways in which we can identify this
requirement with that of weak convergence in a certain
normed linear subspace of H (D ). Indeed, if Dis mapped onto
the unit disk, for any H” subspace of H (D),'>'® p>1, the
integrals

fey= | L 24)
ap Z' —z

are well defined for any z inside D, and represent bounded
linear functionals on H?, p>1. So, it is sufficient to take the
() compact set of Theorem 2.1 as any weakly compact set of
H?,p>1.For 1 <p < oo any bounded set in H ” norm has this
property (by the Alaoglu theorem’” and the Riesz represen-
tation of linear functionals'”). For p = «, any bounded set
contains a subsequence which converges pointwise on com-
pact subsets of D, by Montel’s principle.'* So, any set .%" of
the type

A, <M, 2.5)

can be taken as a stabilizing set. These stabilizing sets have
been used in practice extensively, particularly the H? and
H 20 0nes.].3,4,5,]5

¢2: Instead of resorting to the Cauchy representation,
we can use the Poisson one (Schwartz—Villat'®), by which we
regard the value at an interior point as a continuous linear
functional over some normed space of real functions defined
on the boundary:
o= £EZ a0,

27 D § —2Z

where o(¢ ) is a function with bounded variation. We choose
then weakly compact sets in such spaces of functions. In
(2.6) £ maps the domain D onto the unit disk.

If £ (z) is real analytic, and the boundary dD consists of a
cut, we have a Cauchy formula, similar to (2.6), in terms of
the imaginary part do({ ):

l<p< oo,

(2.6)
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fo— L[ dot),
T Jeur § —Z

If do(¢ ) = o(& )dE and o(¢ ) belongs to some L?(3D),
1 < p< 0, any bounded set in such an L * is weakly compact
and stabilizes the extrapolation. So, the set . can be chosen
of the form ||a(¢ N, <M.

It is interesting to consider some special cases:

{a) A bounded set in the space of functions of normal-
ized bounded variation on 4D,

LD ldo(C )| <M.

The space of functions of normalized bounded variation is
dual to that of continuous functions defined on dD. The set
(2.8) is then weak-*-compact (by Helly’s theorem or, equiv-
alently, by Alaoglu’s theorem) and again serves our purposes
as stabilizer (i.e., any bounded sequence {u,, } contains a sub-
sequence {u; ] so that f{fdu, converges, for any continuous
function fon dD ). The set .*° described by (2.8) is the one
which produces rational functions as elements of minimal
distance to an exterior point 4.

(b) A closed subset of (2.8) is that of bounded positive
measures. It is the only one which occurs sometimes more or
less naturally as a stabilizing condition, because of positivity
requirements on the amplitude. This set is of interest in the
discussion of the extrapolation from interior points of D,
under an L ~ stabilizing condition.

(c) We shall also use (Sec. 5) the condition

—~ 6,(£)<H()<G: (6, 2.9
which is a closed subset of (2.8) [§,(£) is a given function].

We might be interested in producing approximants
which converge even on the boundary dD of D to the value of
the true function (extrapolation to the cut). For z&dD, the
functional (2.6) is unbounded on the sets described above. It
is nevertheless bounded with respect to the uniform norm of
o(& Ydo(§ )=0(£ )d¢ ) on the subset of functions which are
Holder continuous of some index a>a, >0 on dD. Accord-
ing to the Arzela—~Ascoli theorem, the set of functions ¢ for
which sup, , .ap|6(z,) — 6(2,)|/]2, — 2,|* is bounded, is
compact in the uniform norm. Then, according to Theorem
2.1, within the set of functions for which this quantity is
bounded by some number, the extrapolation to the cut is
stable.'® We discuss an application of this to the pion form
factor in Sec. 5D (a = 1).

It is interesting to see the relation of these facts to the
reproducing kernel methods for analytic continuation, in-
troduced in Ref. 19. To this end, let us notice that stability on
the cut is expressed, e.g., by the statement > (f, — fo)—0
implies sup,.;p | /. (2) — fo(2)[—0. Consequently, according
to Theorem 2.1 we should be able to isolate a compact subset
in the set 4 of analytic functions continuous on the bound-
ary. The following statement is then relevant:

Let L be a Hilbert space of functions analyticin |z] < 1,
whose norm we denote by ||-||, , and which admits of a repro-
ducing kernel H (z,w). Assume the latter is such that, for any
z,|z] = 1, H (z,w) is continuous with respect tow on |w| = 1.
Then a bounded set with respect to || ||, is compact with
respect to uniform norm on |z| = 1.

¢ real. @7

(2.8)
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This is a consequence of the Arzela—Ascoli theorem. To
see this, it suffices to show that the set of functions £, || /1|,
<K is uniformly bounded and equicontinuous on |z| = 1.
Uniform boundedness follows from the boundedness of

H(zz2):
| f@* = [(H @uw), f@) <[ f W] H @2)<K M.
(2.10)
Equicontinuity follows from
[f@) —f@) = |(H (z,,w) — H (z,w,), f@)h[*
<K’|H (z,,w) — H @ w)|I;
=K*H(z,2,)— H(z 2,) - H(2,2,)

+ H(2,,2,))<K*|H (2, .2,) — H(z,.2,)]
+ K H (z,,2,) — H(z,.%)] -
2.11)
We notice that the degree of continuity of fis dictated by that
of H (z,w). Equations (2.10) and (2.11) prove the announced
statement.

Reproducing kernels with various degrees of smooth-
ness on the boundary are discussed in detail in Ref. 19. In
particular, the author introduces there the two parameter
hypergeometric kernel

& IQv+b+DOF+n) .,
H(Zl,zz)-nzzr(zv+b+n+ nre) (3

22)" H
(2.12)

which is sufficient by flexible to accommodate many hypoth-
eses concerning the behavior of the function on the bound-
ary. Practical applications are discussed in, e.g., Refs. 6, 20,
21. The analysis of Ref. 7 uses a space of functions corre-
sponding approximately to the choice:v = 1,5 = 0in(2.12).
More exactly it reads for this case:

_ ¥ 1 % )2

H(z.z,) "go 1) (zFz)°.

If R, denotes the coeflicients of (z¥z,) in (2.12), (2.13),
the norms for which the kernels (2.12), (2.13) are reproduc-
ingare || f||, = £=_oc2R,, where c, are the Taylor coeffi-
cients of /.

e3: After having described some ways in which an inter-
esting convergence can be chosen, we now turn to some prac-
tical examples concerning the flattening of the stabilizing
body, discussed in Sec. 2D.

“Flattening” is equivalent to the statement that the
measurements of the values of an analytic function inside its
holomorphy domain have a large chance to produce results
which are inconsistent with analyticity and a “reasonable,
physical” value of the bound M for a large enough number of
points. The analysis of the data in the spacelike region of the
pion form factor offers such situations, since a value of the
bound M [L = norm, cf. Eq. (2.5)] in the timelike region is
approximately known.

In Ref. 22, the authors obtained bounds, by means of
analyticity, for the value of the pion form factor at various
spacelike points from a timelike bound and knowledge of a
few, “experimental” spacelike values. Their results got in-
consistent with the measured values at those points, if they

(2.13)
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took into account more than three spacelike values. This is
not due to any systematic experimental errors, but just
shows the “flattening” effect of the timelike bound.

Another example of how sensitive a property analytic-
ity and boundedness together represent can be obtained by
computing, for the pion form factor, for instance, the mini-
mal timelike bound for which the centers of the experimental
points are the trace of a function analytic in the cut plane.
This is done in Appendix A, for an increasing number of
such points taken from actual experiments. By the same
mechanism, the computation of the minimal value of the
hadronic contribution to the muon magnetic moment leads
to values 10* larger than the true one, in the situation when
errors are not taken into account (see Ref. 23 for more
details).

We emphasize that these statements concerning “flat-
tening” are strictly equivalent to the statement of the insta-
bility of analytic continuation, and contain no new informa-
tion. In the opinion of the author, they can help, however,
specify in geometrical language the problem of analytic
extrapolation.

3. DESCRIPTION OF THE EXTREMAL FUNCTIONS

We now turn to the problem of actually finding y2,,
and the corresponding unique extremal function for some
stabilizing bodies ..

We shall deal only with the stabilizers described in Sec.
2, e2, e3, i.e., with sets of holomorphic functions described
by

f@) = f k (zw0)do(w) G

where k (z,w) is the Poisson, Cauchy, or a related kernel (see
Sec. 5C). The values of the function f(z) on C, which are
measured, will be assumed to be real, as is the case in prac-
tice. The function k (z,w) is analytic in w, in a neighborhood
of the domain where the integral is performed, and assumes
for zeC real values as a function of w in the integration do-
main. The stabilizers of Sec. 2, el, particularly the L * ones,
have already received much attention.’*'> We shall use the
notation (, ), for the scalar product defined by xﬁ, Eq. (2.1).
We shall assume that { is compact, although this is by no
means essential. A well-known characterization of the extre-
mal element f(z) in .% is given by the following:

Theorem 3.1: For any fe.¥

th =15, > =11, (3.2)
Proof: This follows by writing

O a1 AT

7 b= Af =1 -4 )7];>0 (3.3)

at A =0, for any f€.¥. We shall denote for convenience
n= ——lt—i_:— .
It is the unit normal to the plane tangent to ., at the extre-
mal point /.
We can now describe the points of minimal distance

from % to A, when we choose % to be generated by the set
(2.8).

34)

I. Sabba Stefanescu 179



Theorem 3.2: The function f generated according to
(3.1) by do(w) obeying (2.8) on which the minimal distance
is attained is of the form

f@=3S 1 k@zw), (3.5)
where the sum extends over a finite number of terms and
S l=M (3.6)

Proof: We notice first that, as a corollary of (3.2), if we
choose

do(w) = 4+ Mé(w — wy)dw, w,el, 3.7
we have the inequality
(1, )>|(n,k (wp)), |M (3.8)

for all w, in the domain of integration in (3.1).
We have then the following chain of inequalities, using
(3.1) and (3.8):

(n,f)p = (n, J, k (z,w)dE(w))p

- j (@ w)nk (1)), < f 1d50)) (nk (), |

(3.92)

- o mhH,
<[ 1doty] 2 (3.9b)
<(n,f), (3.9¢)

We conclude that inequalities (3.9a), (3.9b), and (3.9¢) must
turn into equalities. Inequality (3.9a) requires

sgnldo(w)] = sgnnk (w)), (3.10)
for w in the domain of integration. Inequality (3.9b) requires

.k (), | = (n, f/M), (3.11)
at all points of the domain of integration where da(w)#0.

But (n,k (-,w)) , 1s an analytic function of w, which is
real in the compact domain of integration. It cannot assume
either of the values + (n, f/M ) more than a finite number of
times. We conclude

diw) = ¥ 4, 8w — w)ldw! , (3.12)

which shows that the extremal function is indeed of the form
(3.5). Finally, inequality (3.9¢) requires condition (3.6).

By using the same reasoning, we can also get the follow-
ing results:

(a) For the body ., , generated by functions with
positive real (or imaginary) parts:

Theorem 3.3: The function f, generated via (3.1) by
do(w) obeying

do(w)>0, wel (3.13)
on which the minimal distance to .% . is attained is of the

form

F=Y Ak(zw), 4,>0, (3.14)

where the sum extends over a finite number of terms.
Proof: For this situation, Theorem 3.1 implies both
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n,f)=0 (3.15)
and

(n,k (-wy)), <0, wyel. (3.16)
Indeed, according to Theorem 3.1, we have both

(n, >4 (n, ) (3.17)
for all positive A, which implies (3.15) and

(1, ), A (o (w,)), (3.18)
for all positive 4, by choosing

do(w) = A6(w — w,), A>0. (3.19)

Eq. (3.18) implies (3.16). The chain of inequalities analogous
to (3.9) is then

0=0f)= J{d&(w)(n,k (-w)), <0.

Equality in the last step is possible only if (n,k (-,w)) = 0 in-
side suppdo(w). Again, analyticity in w of (n,k (-,w)) implies
the discreteness and finiteness of the support, and so the
form (3.14) for the extremal function.

(b) For the body . generated by functions with bound-
ed real (or imaginary parts):

Theorem 3.4: The function f, generated via (3.1) by
do(w) obeying Eq. (2.9), for which the minimal distance to
7 is attained is of the form

For=3(~ 0] kGwdow, x=axy=b
' G.21)

where the sum extends over a finite number of terms.
Proof: By means of Theorem 3.1 we have the following
chain of inequalities:

), = f do(w)(nk (),

(3.20)

<Z’ U: do, (w)(n,k (-,w))p.]

< f), -

In Eq. (3.22), the points x; are the roots in w of
(n,k (-,w)),, which are situated on a, b. Equality can be ob-
tained in (3.22) if the extremal measure do(w) is alternative-
ly equal to 4 do, (w), where (n,k (-,w)) , is positive/nega-
tive. Analyticity in w of (n,k (-,w)) implies as before that it
can change sign only a finite number of times on a,b, there-
fore, that the sum must stop after a finite number of terms.

We now interpret these results: We see that the func-
tions which minimize y§ must be found among a restricted,
finite-dimensional class of possibilites, depending on the sta-
bilizing body .. Since k (z,w) can be a rational function, we
see that the expressions (3.5), (3,14) are rational. The stable
analytic extrapolation is to be found among these extremal
functions, for that special choice of the scale factor M of %
for which y2,. (M) = y5 (cf. Sec. 2). So, we get a sequence of
rational functions which converges to the true function in
the limit of zero errors. In Eq. (3.14), the rational function
has positive residua, but the stabilizing condition under

doy(w)(n,k (,w)),,
(3.22)
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which this happens is likely to be valid only under special
circumstances.

It is important to notice the formal independence of the
solution from the special form assumed by p(z). In particu-
lar, even if the number of experimental points is infinite, but
the errors are finite, the stable analytic extrapolation under
condition (2.8) is a rational function.

The results of this section are a generalization of those
obtained by Raszillier and Schmidt, for the case of a finite
number of points and an L = bound. They may a priori be
regarded as rather weak, because we do not yet know any
criterion for fixing the number of terms occuring in these
sums. In practice, these methods seem, however, to be sur-
prisingly efficient, in that the number of terms (parameters)
needed by the extremal function appears to very small. In the
next section, we shall show how one can understand this
occurrence, in that we shall place bounds on the number of
terms needed in these sums, as a function of 4 and the errors.
The practical results are discussed in Sec. 5.

4. THE SIMPLIFYING PROPERTIES OF NOISE
A. Edges and simple formulas

In this paragraph we discuss shortly an analytic con-
tinuation problem of the L ? type, in order to show that the
flattening of the stabilizing body implies the existence of
good low-dimensional approximants to the exact minimal
function (for “reasonable” data functions). Plausible geo-
metric reasons for this have already been given at the end of
Sec. 2D. We then show that the stabilizing bodies studied in
Sec. 3 have, indeed, well-defined edges, which can be de-
scribed by “few” parameters; we expect, therefore, that, in
these situations, the exact extremal function can assume a
simple form, not just approximants of it.

The results presented in this paragraph are not new;
those concerning the L  problem can be found in Refs. 1, 15
or in Ref. 24. Those concerning the description of the stabi-
lizing bodies for a finite number of points can be abstracted
from books on the theory of moments.?® The author thinks,
nevertheless, that discussing them helps clarifying the role
played by the theorems of the next paragraph concerning the
number of parameters which appear in the extremal function
(for the stabilizing sets described in Sec. 3).

al: Let x, x,,...,.x, be N points, — 1 <x,,...xy <1,
where the values of a function f; (z) is measured with results
h,,h,,....h, and equal errors 0. We wish to find among all
functions f satisfying

fﬁll_l | £ @[ dz|<M? @1

that one which realizes infy (M ). We assume that M is such
that y2,.,(M)#0. It is well known®* ' that the solution of
this problem is to be found among the linear combinations of
functions

N
f@=3 y H@x), 4.2)
i=1
where H (z,x) is the reproducing kernel of the space of analyt-
ic functions with norm (4.1):

H(zx) = 1/27(1 — z%).
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The function y* can be written as a quadratic form of the
parameters y:
= i Gy H xx) — b 3)
=1 o*
The matrix of this quadratic form is (1/0 2)H ?, where
Hj; = H (x,x;). The stabilizing condition (4.1) can be written
as

S yiyH Gax)<M?, (4.4)

where we have used the fact that H is a reproducing kernel.
We now go over to a basis where the matrix H is reduced to
unity, so that the form (4.3) reads

1 o~
= Ez (7;—h)? 4.5)
and the form (4.4) is
S =S ReM. 4.6)

In (4.5), (4.6), 7,, h, are appropriate linear combinations of
they;, h,, and thex; are the eigenvalues of H. It is clear that
the eigenvalues of H are rapidly decreasing, since two col-
umns of H, H(x;,x;), H(x;,x; , ;) are almost linearly depen-
dent, if N is sufficiently large. In the limit of a continuous
distribution of data, the eigenvalues decrease
exponentially.'®

The extremal values of y,j; are obtained by Lagrange
multipliers and they read:

h.
-l' = —‘ 9 4-7
1 +plo® “7)
2p 2
o =p0*y — X2 -, (4.8)
(1 +po?dy)
and g is the solution of
N A.h2

_— =M. 4.9)

=1 (1 +yolﬂ.i)2

We now make the following remarks:

(1) We expect that, for large i, h,/A; =0, since 4, in-
creases (almost exponentially) with /. So, “reasonable” esti-
mates of the extremal function f(2) = Zj,@, (z) [the @, (z) are
combinations of the H (z,x;)] can be obtained by truncating
the sum at that n, for which 4, ~ 1/uc”. We see that the
extremal function can be better approximated by a given
number of terms if u is large.

(2) At fixed A, the value of u decreases with increasing
M. This follows because the left-hand side of (4.9) is monoto-
nously decreasing as a function of y, for 1 > 0 and one must
choose the root with iz > 0 (see Ref. 24, p. 204 and Ref. 15).
We conclude the extremal function can be approximated
more efficiently by a given number of terms for small values
of M than for high ones. Since yZ,, (M) is a monotonously
decreasing function, we can read off (4.7)—(4.9) the following
statement:

Given 8 >0, 3> 0, there exists a number 7, (h,0,y5,0),
so thatif y2,;.> x5, the solution of the problem (4.3), (4.4) can
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be approximated within & by a linear combination of the first
n, eigenfunctions.

Explicitly, to find ny, we proceed as follows: From
Yiin >Y6, we deduce via (4.8) that >, (h,0,y3 ). We choose
then n,(h,0,3,8) so that 2=, h /(1 + poA,0,)°<8.

This statement is rather useless for the L 2 problem,
since we know its exact solution (4.7). We shall prove, how-
ever, an analog of it for the stabilizing bodies of Sec. 3 for
which we do not know the exact solution. However, there we
shall show this not for approximants, but rather for the ex-
tremal function itself.

a2. We now show that the stabilizing bodies described
in Theorems 3.2-3.4 are such that there exist points on their
surface at which they admit of more than one tangent plane.
We consider only the case of a finite number N of experimen-
tal points, so that the problem can be visualized in R *.

1. We consider first the set ., given by Eq. (2.8):

S |do(w)| <M. A plane PH in R " (y?) is described by a set of
numbers (1, ,n,,...,ny) and a constant a:
X ony:

(ny), ’;‘ =
The plane PH (n;a) is tangent to %, if, for all ce.% ,,
c= (Cl sC2 )

=a; |n,=1 (4.10)

n n.C

S _;2.'. <a 4.11)
i=1 i

(n,0), | =

and there exists a point ¢e.” , for which equality is obtained.
Using the expression (3.1) for ce.# ,, we associate with each
vector n the “polynomial”

Py) = (nk (o, = 3 m, — ke zy)

i=1 i

(4.12)

and notice that if the plane PH (n,a) is tangent to ., then,
for all do(w) obeying (2.8),

' JIPN(n,w)do(w)

Then, from the reasoning of Theorem 3.2, we deduce that a
family of planes given by n = (n,,...,n,) attains its extreme
value a on ., at a point given by a linear combination
32 Ak (zw;), p<N, 22_,|A;| =M, which contains p
terms, if and only if the corresponding polynomial P, (n,w)
satisfies

|Py (n;w)| <a/M
and
|Py(nw;)| = a/M

at p points w; €l at least.

Now, we see that a point c€.” , which is generated by
one é function only, via (3.1), and which lies on the boundary
has its tangent plane associated with a polynomial which
reaches its maximum modulus once along /. Then there is
really no need to prove that if NV is sufficiently large, one can
add to P (w) a small amount of some other polynomial of
degree N, without disturbing either its norm (maximum mo-
dulus), or the point where it attains it. In other words, we can
generate a continuum of planes tangent to . at the point c.
This is the property by which we characterize an edge. We

<a. (4.13)

(4.14)

(4.15)
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see therefore that we can talk now about the “dimensiona-
lity” of an edge, as the number of parameters which occur in
a finite linear combination of the type (3.5). We also con-
clude that the minimum is attained on a p-dimensional edge
only if the analytic function (4.12) has a sufficient number of
oscillations.

Completely analogous results hold for the bodies de-
scribed by Theorems 3.2 and 3.3. We just state them:

2. A plane (n,,...,n,) is tangent to the body %, of mo-
ments generated by (3.1) with the positivity condition (3.13)
at a point given by the sum (3.14) with p terms if and only if
the polynomial Py (n,w) = =_, (n,/3 )k (z;;w), =n}/o?

= 1 has at least p double roots at the points w,, and is posi-
tiveon I (w,el).

This is a well-known result in the theory of moments.

3. A plane (n,,...,ny) is tangent to the body . gener-
ated via Eq. (3.1) by do(w) obeying Eq. (2.9) at a point ¢ of
coordinates ¢;, given by Eq. (3.21), where the sum extends
over p terms if and only if the “polynomial” Py (n,w) Eq.
(4.12) is such that it has p simple roots at x,€ I and no others.

In both these latter cases, we see that, if the minimum is
attained on points consisting of p < N /2 (N, respectively)
terms, we can vary the polynomial P, (n,w) (and so the unit
vector n) by small amounts without violating the conditions
it has to obey in order to describe a tangent plane. So, we can
again safely talk about edges and their dimensionality.

In Fig. 1 we show as an example thebody ., generated
via (3.1) by do(w) obeying (2.8) and see that indeed it has two
sharp corners at 4 and B.

Intuitively, from Fig. 1 we expect now that there are
“large” sets of points in R ¥ for which the minimal distance
to .7y is attained on a k-dimensional edge, with k <N — 1.
In Fig. 1, the minimum distance from (4,,4,) to ., is at-
tained on a one-dimensional boundary; however, for all
points lying in the hatched domain (at corner B ), the mini-
mum distance to %, is attained on the zero-dimensional
corner B. (The same holds for the reflected domain near 4.)

Ideally, given h,0,M we would like to know the dimen-
sion of that edge (possibly N — 1) on which the minimum of

FIG. 1. The body ., generated by the values at two pointsa, = — 9,

a, = — 19 of the possible form factors with absolute area M of the spectral
function less than 1 [Eq (3.1)]. ./, is the convex hull of the curve C, generat-
edby x = 1/(t + 9), y = 1/(¢t + 19) as ¢ varies over the cut (1.401). For all
points (4, ,hk, ) lying the hatched area, the exact minimum of the distance to
7, is attained at B.

|. Sabba Stefanescu 182



X is attained. We cannot do this, but shall instead prove in
the next paragraph a statement analogous to the one at the
end of Sec. 4, al, concerning the correlation between the
dimension of the edge and y2., at given A,o. This is sufficient
to specify the number of parameters appearing in the stable
extrapolate.

We emphasize that the statements of the present para-
graph will not play any direct role in the proofs of the next
section. They just might help making their content geometri-
cally more intuitive.

B. Bounds on the number of parameters of the stable
extrapolate

The result of this chapter is essentially the following:
Given h,o and y3 >0 we construct a number p, (4,0,y3) s0
that, if the number of terms of the extremal function (3.5),
(3.14), (3.21) is bigger than p,, then y2,.. <y3. We know on
the other hand, that a stable analytic extrapolation is given
by the function f,, (Theorem 2.3). This function is such that
XZin = X5, a certain fixed number. As a consequence of the
results of this and the preceding paragraphs, we see that this
function must be looked for in a well-defined parameter
space, with a bounded dimensionality. This makes its search
in principle feasible on a computer. It is a priori surprising
that the solution of such an extremal problem can be ex-
pressed in closed form; this corresponds to the picture of the
preceding paragraph concerning the “edges” of the stabiliz-
ing bodies.

The bound p, (h,0,y3) we obtain may or may not be
interesting, according to whether it is less than or bigger than
N, the number of experimental points. We point out, howev-
er, that this number is always finite, even for a continuous
distribution of data, and it is easy to give examples where, for
a large enough number N of points, it is sensibly smaller than
N.

The procedure we adopt is the following: We write

Xmin = (h —f), = (), — (1, 1), <(nh), . (4.16)
The last inequality follows from Theorem 3.1, since 0c.¥
and then it is true that (n,f_)p >0.

We prove then that (n,4), is bounded by a number
which goes to zero as the number of parameters of the extre-
mal function fincreases. To show this, we use the fact that
this number of parameters is related to the number of zeros
or of oscillations within a certain interval of the analytic
function of w, (n,k (-,w)), and that the magnitude of this func-
tion is controlled by the maximum modulus principle.

We shall prove this for the situation which is of interest
for the extrapolation with rational functions, and choose
k (z,w) to be the Cauchy kernel. We can get almost identical
results for the other situations.

Theorem 4.1: Let k_(z,w) be the Cauchy kernel. Let p be
the number of terms in the expression (3.5) for the extremal
function of (2.8). Then there exist constants C,b such that
O<b<l)

[(n.k (W), <Cb? 4.17)

for w inside the domain of integration I [some part of the real
axis; see Eq. (2.7)].
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Proof: The function (n,kc(-,w))P is analytic in w outside
the data region [a,b ] and goes to zero as w— oo . If the extre-
mal function contains p terms, there exist p real points
X1,X55...,X ,» Where the function (,k (,w)),, assumes the same
absolute value, say |a| (cf. Theorem 3.2). There are then at
least p/2 values, where (n,k (-,w)) , assumes the value a.

Consider then a bounded curve € which surrounds the
data region [a,b ] and avoids the integration region 7. Then,
for we%,

l(n1kc ('»w))p I

<l Ik Gl <supllk.Cal,=Cy . @418)

Let us now map % onto the unit disk, so that I comes
inside a region [ — 8,3] along the real axis, || < 1, and the
point at infinity comes, e.g., at . The (at least) p/2 zeros of
(n,k (-,w)), — a come at x;,x3,...,x} inside this interval. We
use then the maximum modulus principle to get

/2 Z—X; 23 pr2
l(n’kc("w))p - a‘<cl inl 1 —XiZ <C1(1 +Bz) .
(4.19)
But, at B, (n,k,.(-,w)), = 0 and we get
= 420
la|<cz(1+ﬁz) (4.20)

We obtain inequality (4.17) by letting C = 2C,,
b=QB/1+B)".

We now estimate the quantity (n,h),. To this end we use:

Theorem 4.2: For any € > 0, there exists a § > 0, so that
|(n,), | <€ as soon as |(n,k (-,w)), | <6

Proof: We notice to this end that the operator A4:
n(x)—(n,k (-,w)), is compact and one-to-one on its domain
of values. The last property follows from the uniqueness of
analytic continuation. As a compact operator, it transforms
any weakly converging subsequence in L *( p) into a strongly
converging one on / (e.g., in the uniform norm in 7). A se-
quence {n, } such that |(n,,k (,w)),|—0 uniformly on I
must then converge weakly to zero in L %(p). In particular
[(ny h),|—0 since heL *( p).

Notice that the proofis independent of whether p(x) has
discrete or continuous support.

We see thus that, if we know that y2,; >y3, it is suffi-
cient to choose the number of terms p, in the sum (3.7) as

_ In(6(x2/2)/C)
B Inb '

where 8(y3/2) is the value of § corresponding to € = ¥2/2 by
Theorem 4.2.

With this we have shown that a stable analytic extrapo-
lation can be obtained by minimizing y 2 in a p,, -dimensional
space. Recall that Inb is negative and therefore p, decreases
as y§ increases, as expected.

We now wish to describe more closely how we can get
the function 6 (€) of Theorem 4.2. Clearly, we get a majoriza-
tion similar to Theorem 4.1 for any L 2 norm on the integra-
tion interval 7 (e.g., by integrating the uniform bound, Eq.
(4.17), in the conformally mapped variable, Theorem 4.1).
We write this as follows:

4.21)

0

|. Sabba Stefanescu 183



ll4n(|7 = ||(n.k Cw)||7<Cob > . 4.22)

The operator 4 *4 maps then L *( p) into itself, is compact
and self-adjoint. It has then a set of eigenfunctions f; (x)
which is complete in L *( p) and a corresponding set of eigen-
values A, which accumulates to zero. Consider then an ap-
proximation to 4 (x) of order €/2 by linear combinations of
the first &, eigenfunctions

Hh(x)- )

=l () — hN,,<x)||f,E||h |2 <E/4. 4.23)

Let then y, be the component of n(x) on the N, -dimension-
al subspace spanned by these eigenfunctions. If we choose
then

o= /?.,\,,,15'2/4||h,\,”||z , 4.249)
we get
e, <~ ng o~ dnlE< —S— . @425)
: AN,, A, PP
Consequently,

](n’h)|p<’(nN,,’hN,,)lp + |(n,N,,’h ,N,,)‘p
<lln~,,|| o, + Ilnz’v,,ll [L3AR

2lth(, B sl ll, + 5 =€

We have in Eq. (4.24) an explicit expression for & (¢) of Eq.
(4.21). This estimate can be refined by using Lagrange multi-
plier techniques.

If A, decreases exponentially with Ny, A ~a™,
la] < 1, we see that p, o Ny, 1.e., the number of coefficients in
the extrapolate is proportional to the number of eigenfunc-
tions required to fit 4 (x) or to the “structure that is seen in
the data.”

We also expect in this picture that small changes of the
errors [or of the measure p(x)] do not change the number of
parameters needed to attain the minimum. This is indeed the
case, as one persuades oneself by means of some epsilontics.

We now describe the practical procedure that follows
from these considerations, for the determination of the sta-
ble extrapolate. We assume that the data are not consistent
with zero, so that, for M = 0, y2,, (M) > y¢. From formula
(4.21), we can compute p, (y5 — €,h,0), for some € > 0; then
we know that, for small enough M, yZ,. (M) is attained on a
D, -dimensional subspace. We assume then we can vary M in
small enough steps, so that we can correctly approximate
that value M, for which y2,..(M,) = y5. The corresponding
function is the stable extrapolate.

Unfortunately, the estimates the author can get for p,,
although considerably smaller than the number of experi-
mental points N, still lie sensibly above the number of pa-
rameters that the computer seems to require for the exact
minimum. The author believes, however, that the existence
of the bound p, makes it plausible enough that the rejection
of the extra parameters at the minimum is exact and that
further work will improve the estimate of p,. In the next
section we shall describe various applications of the state-

(4.26)
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ments of Secs. 3 and 4, and we shall constantly assume that
we can fix p, by simply choosing a sufficiently small value of
M and minimizing y * for an increasing number of param-
eters. The rejection of the unnecessary ones is quite sharp,
and we can then fix p,. We follow then this number by con-
tinuity as we increase the value of M.

5. APPLICATIONS

A. Nucleon electromagnetic form factors and rational
functions

We have checked this “edge effect,” i.a while perform-
ing an analysis of the nucleon electromagnetic form fac-
tors.?” We assumed, in accordance to physical models, a sim-
ple pole ansatz, like (3.5) for the spectral functions of the
Dirac and Pauli form factors F,,F,,.F,,.F,,, where s and v
stand for isoscalar and isovector, respectively, and required
that the total area under them be bounded by a constant 4:

2 1 ©

Y —J |Fis + F,,|dt<A . 5.1

i=1 K; Jam?

(the k ’s are normalization constants, chosen for scale rea-
sons). We know already (Sec. 3) that the ansatz, with suit-
ably chosen parameters, minimizes y > among all other func-
tions with area bounded by 4. The number of poles required
to reach y2,, is found by inspection, using the minimization
program MINUIT, with its variable metric part. As an-
nounced, for small values of 4, we do not see the slightest
decrease of y2,,, if one adds more poles, after a certain critical
number is reached. Figure 2 shows a curve yZ; (4 ) as ob-
tained with 10 and 15 parameters, respectively, for a certain
range of 4. The positions of the parameters at the minimum
point obtained with 10 of them free are taken as starting
points for the minimization with 15 parameters. As the al-
lowed area 4 increases, the difference between the minima of
the two situations increases. One expects this since, if A be-

1h= T T

\ Curve X2, vsA
13F % 1
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1.1L .

- —
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| 1
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FIG. 2. Curve y},, vs A discussed in Sec. 5A.
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comes so large that y2,,.(4 ) = 0, one needs, in general, N — 1
nontrivial parameters. The numerical results are displayed
in Appendix B.

The results of Secs. 3 and 4 have a rather surprising
consequence: Consider a form factor whose spectral func-
tion has an area bounded by A and a set of spacelike data
generated by it. Let now these data be affected by noise and
try to fit them with functions of area bounded by 4. The best
fit is not in general the original form factor, but rather a
function consisting of simple poles and, with the above argu-
ment, really only few of them.

B. Positivity and rational functions

We have seen in Sec. 2 that positivity (of the real or
imaginary part) can work as a stabilizing condition and that
the stable analytic extrapolation is obtained by means of a
sum of pole terms with positive residua. The theorems of Sec.
4 go through word for word for the case when the imaginary
part is positive.

This is the situation which occurred in Ref. 28 in a
search for the best KNA coupling constant compatible with
analyticity and the positivity of the forward XN amplitude.
The authors noticed that the best fit was obtained when the
imaginary part was replaced by just one pole. This is the
effect described by Theorem 4.2.

Nothing is changed if we replace the positivity condi-
tion by

Im[f()]> — Lko(2) (52)

for ¢ on the cut, where &, (¢) is a known positive function.

Using the fact that y2,.,, is obtained with a finite number
of terms, it is possible to obtain on the computer “rigorous
results” concerning the functions under study. For instance
it is possible to show that the spectral function of the proton
Pauli form factor must get positive somewhere on the cut
(presumably beyond the NV threshold), if consistency is to
be achieved with the data and the p peak of Ref. 29 within y*
< 1. (Weassume again that we can follow the exact minimum
on the computer, according to the discussion at the end of
Sec. 4B.)

It has been shown in a recent paper® that a unique
determination of phase shifts, which relies only on the as-
sumptions of axiomatic field theory, can be obtained by com-
puting first the amplitude in the strip 0<¢<4m?, where posi-
tivity of the imaginary part holds. As a consequence of the
latter, the number of zeros in the complex s plane at fixed real
t is bounded from above. In Ref. 30 it is shown that their
position in the complex s plane is fixed by unitarity at thresh-
old. This might not be a practically effective way, but for the
present purpose let us imagine that one can find other meth-
ods to fix them. Then, one is left with the problem of extrapo-
lating the modulus m(? ) of the amplitude to 0<t<4m?>. It
appears natural to stabilize this extrapolation by means of an
L = function bound on the cuts at fixed energy

|m(t)|<MB (¢), (5.3)

where B () is taken from a Regge model. Using an outer
function, we can reduce this condition in a standard manner>
to
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Im()|<1. (5:4)

It is remarkable that this stabilizing condition leads to the
same geometry as the conditions on the spectral function
(2.8), (2.9), or (3.13). Theorems analogous to 4.1, 4.2 can
alsobe proven in this case. However, the extremal function is
no longer a linear combination of terms, but rather a finite
Blaschke product. The proofs are somewhat more involved
than those in this paper and will be presented elsewhere.*!

In this paper we just point out that we can also trans-
form (with some loss of information) the boundedness con-
dition to one of positivity of the real part of an analytic func-
tion, by using the Cayley transform

C,, =1 —m)/1+m). (5.5

Theorems 4.1 and 4.2 apply then also to this case; there are
some minor differences in the proof of Theorem 4.1: The
analyticity domain of the function (n,kp (-,w)), where k, is
the Poisson kernel, is now the w plane cut along the data
region and along its reflection across the unit circle. The
curve % consists then of two pieces (surrounding the two
cuts); the Blaschke factors must be replaced in (4.19) by
functions which have modulus 1 on the curve € and a zero
on the unit circle. The factor b of (4.17) is the maximum of
such a function on the unit circle. There is no other change.

C. Extrapolation to the cut. The pion form factor in the
timelike region

We have shown (Sec. 2) that a bound on the derivative
of the spectral function stabilizes the extrapolation to the
cut. In the dispersion relation for the pion form factor

F )= if Imlf@)de’] (5.6)

o mfv t,—t

we can integrate under this assumption once by parts, to get

(= t'—t
F - L - Tggt » .
=] ln<t’ - 4m3r>1m[ £eNdt’, (67

T
where we impose
Im[f'(¢]|<DB(t") (5.8)

[B (t)isagiven function on the cut]. We can then apply Theo-
rem 3.4 to find the expression for the extremal function, and
then the reasonings of Theorems 4.1, 4.2 to limit the num-
bers of terms. This was done in Ref. 32, where we tried to
reconstruct the spectral function of the cut in the region of p’
(1600), by using B (1) = 1/(t +2) . If the extremal steplike
functions [Eq. (3.21)] for the derivative are integrated once,
one obtains a spectral function which consists of some mod-
ulated “triangular resonances.” Fits were performed with
three and five parameters for the spectral function and no
improvement was observed when the number of parameters
increased (see Fig. 2 of Ref. 32). The unpleasantly looking
cusps*? disappear if condition (5.8) refers to a line on the
second sheet, rather than to the physical cut.

D. M, Curves

The simplicity of the extremal function for the situa-
tions above can be used in drawing efficiently M, -type
graphs, to determine the best value of some functional over a
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set of analytic functions, or for the location of poles or zeros
of the latter. We recall briefly the basic idea of the meth-
od>!!1.33; We wish that a certain functional F be able to
assume the values F; in the set % of functions which obey
some experimental constraints and an inequality like (2.8),
(2.9), (3.13), with unknown value of the stabilizing lever, say
generically M. This is impossible unless M is large enough,
namely larger than a certain critical value, M, (F;). For all
values of M larger than M (F,), there exist functions realiz-
ing the value F;, and complying with all the other con-
straints. We now draw a curve M, (F,); if it turns out that
there are values of F; for which M, (¥, ) must get exceedingly
large (that is, only “wild” functions realize the value F})), we
can exclude these from the possible values of F. It is plausi-
ble*® to regard the minimum of this curve as really “the most
probable” value of F. If the errors are sufficiently small or
the functional F is luckily chosen (function values at points
near the data region, etc.) these curves are quite spectacular.

Clearly, the precise shape of the curve and its minimum
depends on the stabilizing restriction is use. It is remarkable
that this is so only to a rather small extent and presumably
the reason lies in the very ill-posed nature of the analytic
extrapolation problem.

Let us notice the following: If we know a value M of the
stabilizing lever, then the allowed values of F,, are those for
which M (F,)<M . The possibility of computing exactly the
value M, (cf. Sec. 4) solves then the complete extrapolation
problem, in the sense of Ref. 3 (cf. Sec. 2C).

To get the critical value M (F,) of the stabilizing lever
M, for the situations described in this paper, one draws
curves y2,.(M), for various values of M and an increasing
number of parameters in formulas (3.5), (3.14), or (3.21),
respectively. As in Fig. 2 one notices at fixed M a quick
cutoffin the number of parameters needed, or a ““freezing” of
the additional ones as we try to put more in to bring y 2.,
further down. The present data on the nucleon form factors
allows best fits, in the sense of Theorems 4.1, 4.2 with not
more than three free poles, for each form factor.

As an example, we present the determination of the w
residue, by using the area 4 of Eq. (5.1) as a stabilizing condi-

T T T T
Ao { m?t) 2
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a{w) = —g'(wNN)
300+ fu 1
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\O\
Q
\
\
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FIG. 3. Determination of the w residue, with condition (5.1) as a stabilizing
requirement.
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tion. We draw a graph for the minimal value of 4 versus
possible values of the o residue (Fig. 3). The curve is rather
flat, which shows that the determination is affected by rather
large errors. There are different interpretations of the spec-
tral function beyond w, according to the region of the graph.
The minimum implies a coupling of the ¢ to nucleon-antinu-
cleon, which satisfies SU(3) (together with 7)), but violates
Zweig’s rule.”” The interpretation of SU(3) constraints ap-
pears, however, to be ambiguous. A smaller coupling of @
requires a spectral function showing essentially an @’ =~ 1200
MeV, and almost no ¢ coupling, which is in accordance with
Zweig’s rule.

Curves similar to the M, (F;,) ones can be obtained for
the best value £, of the spectral function of the pion form
factor at a point on the cut; one must draw there graphs
Dy (1), where D is the scale factor, Eq. (5.8) for a bound on
the derivative. Reference 32 shows that the errors of the ex-
trapolation in the neighborhood of the p’ (1600) peak are
really big.

6. CONCLUSIONS

a. We have shown that certain classes of functions,
which are suitable as physical models, in particular rational
approximants, can be brought in the frame of stable analytic
extrapolation methods. This can be done in such a way that
they are extremal functions for the transformed problem of
finding the best extrapolation [Eq. (1.1)]. In other words,
consideration of other functions, belonging to the same sta-
bilizing class is of no effect in finding y 7., .

It is in the opinion of the author remarkable that the
number of parameters needed in such fits can be sometimes
limited nontrivially from above, once the data function and
the errors are given. This gives a sound meaning to the sen-
tence ‘“‘this data is described by this many parameters,” with
the provision that one must specify the stabilizing principle
which is being used.

We dwell again shortly on the meaning of the stable
extrapolations: We see that there are two ways of truncating
a series of terms, like, say (3.5) when performing a fit: (a) to
use the smallest possible number of terms, for which essen-
tially y >~ 1 (this can be done with varying amounts of so-
phistication); (b) to find the minimal area 4, Eqs. (5.1) (or a
minimal value of the stabilizing lever, in general) for which
¥ 2= 1 and use this “critical” function for the fit. Is there any
difference between these two procedures? As long as both
produce a function with the desired analytic properties, no-
body can tell which is closer to the true one. Simplicity
would rule in favor of procedure (a), since in general, it con-
tains less parameters than (b).

What distinguishes (a) from (b) is really the virtual pro-
cess of letting the errors o(x) in (2.1) go to zero: namely, if we
perform by both methods a sequence of fits{f{, f5,..., f 7},

{ £ f . o}, respectively, at errors €, going to zero,
then only the second sequence is guaranteed to tend to the
true function. Although all the members of the first one have
the correct analytic properties, the sequence does not, in gen-
eral, tend to a function with the desired structure. (This is
just the statement of the instability of analytic continuation.)
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So methods (b), “stable methods,” are in this respect, sys-
tematic as opposed to (a).

One expects the difference between (a) and (b) to show
up if the errors are very small, so that the limiting process is
almost carried out. In practice, this is seldom observed, the
reason being presumably that analytic extrapolation is such
an ill-posed problem. Small differences can, however, be
seen in the analysis of nucleon electromagnetic form factors.

b.The results of this paper can presumably be general-
ized to other sets of functions of physical interest. In other
words, there exist many times a stabilizing assumption with-
in which the functions used for the fit are even the best ones,
(the stable extrapolation) in the sense of problem (1.1). One
must decide then whether this assumption is tenable or has
some interest.

For instance, one can accomodate presumably second
sheet (Breit~Wigner) poles by using first for clarity a map-
ping onto the unit disk D and then the representation of the
functions analytic in D,

f@@= ‘1,’1(2—) , 6.1
cpZ —z
where u(2') is an arbitrary complex function of bounded
variation of 2’ extending over CD. The extremal points of the
stabilizing condition

[{ p@du@i<s p>o,

are just second sheet poles, i.e., poles placed outside D. The
well-known argument of Callucci-Fonda~Ghirardi** re-
quires then huge values of S in (6.2). On the other hand,
Breit—-Wigner poles are functions preferred by the fit under
condition (6.2). The use of rational functions®® in amplitude
analysis has many advantages, simplicity being one of the
most important.

(6.2)
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APPENDIX A

We wish to verify the consistency of the “exact” space-
like *“experimental” points 4 (¢;) on the pion form factor with
analyticity and a physically plausible bound on the modulus
in the timelike region. We use the bound of Kiehlmann and
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Schmidt, Ref. 9, which goes along the upper end of the errors
bars of the p peak and continues by a constant to infinity, and
a Breit-Wigner formula down to threshold. Call it m(@),
where a mapping of the cut ¢ plane onto the unit disk has
already been carried out. Dividing off the outer function
0
C@= exp[-zl— f 2 1am(@)do ] ,

(AD)
T e’ —z
we reduce the problem to the one of verifying the consistency

of some values w(z;) of modulus less than one

w(z) =h@)/C{), z;=2z() (A2)
with an analytic function of modulus bounded by one in the
unit disk.

This is done by means of the Riesz representation theo-
rem for positive polynomials and by means of the Cayley
transform relation between the functions of modulus less
than one and those of positive real part in the unit disk. Any
book on the theory of moments would give details about
this.?® The conclusion is that the values are consistent with
analyticity and a modulus less than one on the unit circle if
and only if the quadratic form in &,

g lowee) , (A3)
y 1—-2zz
is positive definite.

We recast this statement in a new form, as follows: It is
first equivalent to the positivity of all the eigenvalues of the
matrix

T=A4— AAA (A4)
where

4, =1/(1-2z2z) (A5)

Ay =h@E)/C)5; . (A6)

Now, the matrix 4 is positive definite, since the function
equal to zero throughout is consistent with a modulus less
than one. So is A4A since it differs from 4 by a similarity
transformation. We conclude that (a) we can bring them
both simultaneously to canonical form, by a real transforma-
tion and (b) the roots of the equation in A

det(AAA —Ad) =0 (AT)

TABLE 1. Numerical demonstration of the flattened shape of the body .**
generated in R™ by values f(#,) at N points — ¢, of a holomorphic function
with modulus bounded by m(t) (see Appendix A) in the 7 plane, cut along
(4m?, ). The point with coordinate 4, (the “measured” values) lies outside
of ¥ and the last column shows the dilation factor M needed to absorb A
inside M.% .

N —t h C M

1 —0.067 1.100 1.359 0.8094
2 3.987 0.102 0.661 0.8703
3 1.069 0.320 0.983 0.8952
4 1.982 0.200 0.825 0.9004
5 0.795 0.378 1.057 2.0222
6 1.204 0.282 0.953 102.83

7 0.294 0.612 1.255 703.51

8 0.176 0.784 1.318 1834.3

9 0.620 0.449 1.115 5576.4
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TABLE I1. Numerical appearance of the “‘edge effect.” The parameters are those of formula (B1). Two runs are being compared: with 10 and 15 parameters,
respectively. The underlined numbers are kept fixed in the run with fewer parameters. As the area increases, the edge effect should get less visible with the
same number of parameters. Notice that those pole positions are most mobile, which have the smallest couplings. The author suggests that the minimum is in
both cases attained on the same function (at lest for 4 = 230) and that the small variations are due to computer inaccuracies. The suggestion is based on

Theorem 4.2.
A n ¢ t, t, 1, L, 7, b
230 10 54.919 100.0 139.79 76.705 90.734 396.11 1527.75
15 54.911 76.250 139.53 76.736 92.799 395.40 1533.62
240 10 52.542 100.0 172.60 78.564 90.734 396.02 2330.99
15 52.518 84.38 168.71 78.421 84.380 411.82 2476.00
al,l al,z al‘z al,z al.Z al‘z al,z al.z
[2} ' " w'" 2 0 o p"'
230 10 35.12 30.974 0.1 — 7.409 0.997 0.09 — 15.45 4.568
15 3512 30.971 .02 —7.395 0.982 0.009 — 15.82 4.585
240 10 36.27 31.104 0.1 —9.320 0.824 0.09 14.26 4,405
15 36.27 31.090 0.92 — 8.941 0.031 0.928 14.82 4.777
230 10 4.594 4.832 — - 0.238 103.55 0.09 22.261 —1.222
15 4.657 4.942 — —0.279 103.52 0.18 22.381 - 1.226
240 10 4.940 5.149 — - 0.224 107.39 0.09 28.632 - 4.662
15 4.720 4.726 — —0.135 107.04 0.09 29.775 —5.199

must all be positive and less than one. The fact that they must
be less than one is nontrivial. We conclude that the condition

4 ~'44A4 |1 (A8B)

is necessary and sufficient for consistency. If the bounded-
ness by 1 is replaced by M, we just write M * on the right-

hand side of (A8). We compute this norm for the data de-
scribed at the beginning (see Table I).

The last column shows the square root of the norm of
{A8) after the point in the corresponding line was introduced
in the quadratic form (A3). The value of M is a measure of
the “squashness” of the stabilizing body %, generated in
R " by the functions of modulus less than one along the unit
circle. M shows the amount with which S has to be dilated
in order to absorb the experimental point of coordinates A, .

APPENDIX B

We fit the four nucleon form factors at once. The posi-
tion of the w pole is fixed in F,; and F,,. The same position of
the poles is assumed in both Dirac and Pauli form factors,
which agrees with physics but not exactly with the theory of
Sec. 2. This is, however, harmless, since unnecessary poles
have vanishing couplings. Superconvergence of
F,,, F,,, Gy, isenforced and limits, together with normai-
ization, the number of parameters. Table II contains the pa-
rameters of the formula

a’(n ki
v @ )
F,-_‘{,,) :Z_tt[‘—/_— (Bl)
k mu)(p:k»)
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Spherical integral representations for finite velocity conduction
of an abruptly activated current through a crystal
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A source current is abruptly switched on within a crystalline medium with unaligned
sets of permittivity and permeability principal axes. The current then propagates with
finite velocity along an arbitrarily oriented conductor. The problem incorporates a
partial zero condition and is tackled by Fourier analysis. The general solution for a
scalar field is derived as a combination of four spherical integrals over the unit sphere.
Two of these are time dependent and could represent the switch-on effect. Their time
independent versions relative to the traveling current edge constitute both remaining
spherical integrals. These must therefore participate in any eventual steady state and
possibly contribute to Cerenkov radiation; their combination is expressible as a single
spherical integral directly associated with a basic differential operator. A steady state is
found to develop inside an expanding ellipsoid which retreats from the current edge.

1. INTRODUCTION

Suppose an electric current of density J is radiating
within a crystalline medium having constant permittivity
and permeability matrices € and p, respectively. These ma-
trices are real, symmetric, and positive definite. Correspond-
ing sets of principal axes are generally unaligned. The elec-
tric and magnetic field vectors E and H satisfy

YXE+Hp=0 VXH—Ee=J, (1.1)

relativetothex = (x, x,, x;) frame, say. Eliminating H, we
have

E, e+ VX[(VYXEp ']=-17,. (1.2)

In this paper, we select a singular source current that is
suddenly switched on at instant ¢ = Q. It then shoots out
from the point x = 0 with a constant finite speed v along an
infinitesimally thin conductor which is arbitrarily oriented,
say, along the positive {, direction of some fixed ortkogonal
frame § = (§,,£,,5; ). This is coorigined with the x frame
and is related to it by a rotational transformation § = xR
with modulus detR = 1. Thus, in particular,

J=H@)[H()-H(E, —ut)] 8(6;,)8(5,).  (1.3)
where ¥ is the unit vector along the (positive £, ) direction of

current flow and H (¢ ) denotes the Heaviside unit function.
Define v = v¥, the current flow velocity. Now

8, —v)SE)8(E) = 8{(x — )R} = 8(x — vt )
(1.4)
since the Jacobian [d(x — v1)R/dx], _,, =detR7 =1, the
superscript T indicating a transposition. Hence, from (1.3),
J, =vH (1)5(x — vt), (1.5)

a traveling point source abruptly activated at r = 0. It speci-
fies the inhomogeneous term of (1.2). In the initial value
problem, one makes the logical assumption that prior to
source activation,

E=0=H, during?<0. (1.6)
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Our immediate objective is the formulation of certain
integrals, especially integrals over the unit sphere. These will
be applied in a subsequent paper ' to a crystal with com-
pounded uniaxiality in relation to a certain combination of a
nondiagonal e with a nondiagonal p. No uniaxiality of any
kind is employed throughout the present investigation. Han-
delsman and Lewis * have established the asymptotic theory
of Cerenkov radiation for a dispersive medium via a system
of integrodifferential equations. These lead to other integral
forms that are analytically tractable for certain crystalline
and optically active media. Integral forms over the Min-
kowski 4-space have also been studied by Johannsen, * with
special emphasis on isotropic and uniaxial media, as well as
an ionized gas.

2. MATRIX TRANSFORMATIONS

Before tackling (1.2), we appeal to the following (see
Ref. 4):

(i) the existence of a real symmetric nonsingular matrix
p '/ satisfying p'/?p'2 = w (VB the determinant detp > 0;
the inverse (u'?) ~ ' = p ~ /2 is symmetric);

(ii) the rule (cAT)X(BAT) = (¢ XB)A ~ 'detA (2.1)

forall 1 X 3 matrices a, B and any nonsingular 3 X 3 matrix A
with its transpose indicated by the superscript 7}
(iii) the definition of the real matrix

T = u—l/Zeuf—l/Z’ (22)
which turns out to be symmetric and positive definite.

Let
Y =015, p;) = (detp) 2xp~ 2 (2.3)
Then in y-space, the gradient operator becomes

d d 4 g,
, = (a , E , -(—9;) = (detp) ~ 2V 2.9

If the row vector F is defined as

F = (detp) ~ '“Ep '3, 2.5)
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it follows from (2.1) and (2.4) that
VXE = (detp)/*(V, X Fp '~ (2.6)

Repeating this principle with regard to (1.2) and accounting
for (2.2), we arrive at

F,7+V,X(V,XF)= — (detp) I, n="% (2.7)
To incorporate (1.5), we first define
w = (w,,w,,w;) = (detp) v~ 72 2.8)
We can then show that the Jacobian modulus
aﬁgy‘—“—) s (detp) ', (2.9)
in which case,
5(x — vt) = (detp)S(y — wt). (2.10)
Let, next,
o -9 9
d; 9,
S(V,) = 2 0 - —1, .11
dy; I,
_9 9 0
W, ay,
a skew symmetric matrix operator with the property
detS(V,)=0. 2.12)
It is then seen that
[V, X(V,XF)]" = SV,)F". 2.13)

By reconsidering the square bracketed quantity in terms of
vectorial operations, we have

S(V,)= VIV, —1IV,V/,

yry?

(2.149)
I being the 3 X 3 identity matrix.

Applying (1.5), (2.8), (2.10), and (2.13) to (2.7), we get

Q(Ea;yvy) F'= — 17 'wH@)S(y—wt), (2.15)

where the 3 X 3 matrix operator Q is defined as

a &
Q(at ,vy) 1= + B(Y,), @.16)
with
P(V,)=7"~ 1SZ(VJ,). .17

Note the property
detQ(0,V,) = detP(V )=0,

which follows in view of (2.17) and (2.12). Hence, from
(2.16). 8°/0t* is a factor of

) =t (5v)
detQ(—V, )| = —L|=, ,

Q (az g o eV
say. This involves the characteristic polynomial of P(V )

and is of order six in d/d¢. Thus, the linear scalar operator
(cf. Ref. 5).

(2.18)

d a &
L (5;, Vy) = ? + ﬁtrP(Vy)+% [trP(Vy)]2

— 1trPY(V), (2.19)

190 J. Math. Phys., Vol. 21, No. 1, January 1980

with tr denoting the trace. Observe, via (2.11) and (2.17), a
second degree homogeneity of P(V ), from which it follows
that for any constant X,

trP(XV,) = X2trP(V,), trP*(XV,) = X*uPX(V,); (2.20)

hence

a d
L{X—, XV :X“L(—,V ) 2.21
( ot y) at "’ @21
Consider the scalar function ¢ governed by
L (% ,Vy) ¢ =H@)o(y — we). (2.22)

Accounting then for (2.4), (2.5), and (2.8), the algebraic res-
olution of (2.15) via (2.18) leads to

Ett = - (detp)vp “Vipol
X adjTQ[—:%, (detp) ~ 172 Vp.‘/z] o2 (2.23)

asecond derivative in the original x-space; here adj " denotes
the transposed adjoint of the Q-matrix. Condition (1.6) im-
plies that E,, =0 before the source is activated. This is guar-
anteed by postulating

¢ =0 overs<0. 2.24)

3. INVERSION
Relative to a translated frame defined by
3.1

$=(5,5,,5,) =y — Wi,

with corresponding gradient operator

V, = (8/9s,,3/ds,,d/0s,), (2.22) becomes

a Ju——
L (;77 —w,, vs) é = H (£)5(s). (3.2)

We introduce the Fourier transform FT[¢ ] whose inverse is

b= ffj exp(ia-s) da ch i "C‘ FT[¢ ] exp( — iot) do.
" o (3.3)

For the horizontal complex integral path ( — « + ic,

oo + ic), we choose ¢ > 0. We shall see that this choice satis-
fies the condition (2.24). The outer triple integral with re-
spect to o = (@, «,, ay) ranges over the infinite three-di-
mensional space R;: — o <@, < o(v=1,2,3),
equivalently, 0<|a| < o, with the unit position vector
E=(E,, &, &) = ala] ~'e 2, the three dimensional unit
sphere. Thus,

ff da:f dal f dazf da3
R, o . —
:f dnf wo?d|al,
09, o

df2 being a surface element of 2, . Fourier transformation of
(3.2), with the homogeneity rule (2.21) incorporated, yields

L(—o0c—awa)FT[¢] =iQ2m) 4o~ 3.5

3.4

Regarding the L function in (3.5), we deduce from
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(2.19) that its primary version

L(—-o0a)=[c?—c2 (@] [c?=c2 (@] (3.6
where, accounting for (2.20), we can express
o, (@)= a|o, (), 3.7
with
0, (§) = { —3trP®) + ;{ [tPE)
— 2[(trP(§))* — trPX(§)1} 12} (3.8)

By the principal axes theorem, there is no loss of generality in
assuming a diagonalized 7-matrix [Ref. 4, (3.45)]:
A2 0 0
T = 0 /1 { 2 0
0 0 A;?
However, € and p are generally nondiagonal. Positive defi-
niteness of * demands that its eigenvalues 4 7 *(j = 1,2,3)
are all positive. Thus, from (2.14) and (2.17), one derives
—tPE) =A7E;+ 6D +A3E3+ED
+AUET+ED>O. (3.10)

Furthermore, assuming, again without sacrificing general-
ity, that

A, »A, >4, >0, (3.11)
one can establish after some extensive computations that
2rP*(§) — [trP(E))*

=[] 23 =231 = || |23 = 23]

+&3AT—4D]
X[ ] 143 =432+ |& [ AT 43|77
+£347 =4 (3.12)

3.9

also,

[trP(§)]* — trP*(E)

=26TA3 A3 +E3ATAT+£34743) >0

(3.13)

Thus,
0<[trP(§)]* — 2[(trP(§))* — trPX(§)] < [trP(§)]2. {(3.14)
By (3.10), then, (3.8) discloses o , (£) to be real and positive,
while

o, E)Zo _(E) over 1n,. (3.15)
Nevertheless, it is seen from (3.8) and (3.12) that ¢, (§) and
o _ (§) do coincide discretely, viz., along the four separate
directions
§= 47— 43| (A

+ ,/l%_/l§,41/2

2|12 2 2 | 172
—A3['20, {43 =43,

X(|A7 =435 0, — |43 =A%) (3.16)
Let
0, v=1 (3.17)
(2 ((1) — a-w, V= 2, (3. 18)
o, =0, (=4 -0, (@)—aw, v=3, (3.19
o_{(a) — a-w, v=4, (3.20)
—0o_(a) ~aw, v=35. (3.21)
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Then by (3.3), (3.5), and (3.6),

¢= (2;)3 f f J; ‘exp(ia-s) da
i

—_J-ao+ic exp(—m't)
) wric I _, 0 —0,(a)

do. (3.22)

The inner o integral must be considered for each |a|€(0, ),
in which case, we shall see that it approaches a singular be-
havior as |a|—0. Such a singularity ultimately contributes
to an integration with respect to || in accordance with (3.4).
The o integrand is meromorphic with, normally, five real
poles at o = w, (a) (v = 1,...,5). If t <O, the path

(— o + ic, » + ic) may be closed by an infinite semicircle,
necessarily drawn into Imo > ¢, and along which the ex-
tended integral vanishes because conditions of Jordan’s
lemma are satisfied. Due to the choice ¢ > 0, all five poles
occur outside the closed contour constructed, so that (2.24)
indeed holds by virtue of Cauchy’s theorem.

Henceforth, we assume that ¢ > 0, whence, in order that
the extended integral along a closing infinite semicircle van-
ishes, this semicircle must, by Jordan’s lemma, be described
within Imo < ¢. The completed closed contour is anticlock-
wise and circumscribes all five poles. These are simple for
almost every &e £2, and V|a|e(0, ). Discrete exceptions
are (i) the four directions of (3.16) along each of which w,
meets w, while w; meets @, to form two separate poles, both
of order two provided

rEwsto, () [=o_(8)]

along the particular § direction; (ii) other § directions
satisfying

g-W =0, &),

(3.23)

~0, (g): a_ (g)v —0_ (g)r

(3.24)

i.e, where w, (v =2, 3, 4, or 5) meets w, =0 to form a dou-
ble pole at o = 0. Should (3.23) be violated by a coincidence
of any of the § directions for (3.24) with one of the § direc-
tions of (3.16), then we have a triple pole at o = 0 and a
separate double poleat 0 = w, (= w,) orato = @; ( = ws ).

It is established in the appendix that, whatever the or-
der of each pole along any specified & direction, a uniformly
consistent value for £ ** . can be determined on the basis
that every poleis simple V&e £2, . The key factor is, of course,
the fact that each pole is simple almost everywhere on £2,,
whereupon residue theory yields

(7t exp(—iot) do
21 wricll}_ 0 —0(a)

- 25: exp| —ivfa) ]

1 M 0fa) ~ o (a) .

(3.25)

J

Observe that this result confirms, in view of (3.7) and the
forms (3.17)—(3.21), an inverse quartic singular behavior
near |a| =0.
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4. THE SPHERICAL INTEGRALS
Accounting for (3.1), (3.17)~(3.21), it can be shown from (3.22) and (3.25) that

y . exp(ios) — exp{i[ay — o, () ¢ ]]
=2"'Qm~°
t=200" 3 ]} oo @ e o)
. N exp(ia-s) — exp{i[ay + o, () ¢ ]}
—-2-12 4.1
@) vlzt JJL,JV(a)[oi(a)—f,v(a)] [a-w +0,(a)] @D
where 0, = o, whenv = +, over which the summation runs. Now (3.7), (3.8), (3.10), and (3.13) reveal that
o.(a) =0, (— a). Consequently, we can show that if
é.(y.1) [ |
cos[ay — o (a) t Jda
= (Q2m)~? . , 4.2
@m f J f T (@[ @ - (@] [0,(@) — aw] “2
then
¢= _Z $.(v,t) — ¢,(s,0). (4.3)
Within tl‘1e context of generalized functions, ®
Jx a~*cos(aX)da= —ir|X| 4.4

for any real scalar X. This rule can be applied with (3.4) and (3.7) to (4.2) to secure the contribution imparted by the singularity
at {a| = 0 arising from (3.25). Thus, recollecting (2.3) and (2.8), we eventually establish in the original x-space,

é.(y,t)

S et g~ %" — o, (§) | A2 @3
@m)? JJa, 0, ©)[02(®) — o> . ®)] [(detp) Eu ="V —0,(®)] '
Moreover, if
r=(r,,72,r;) =X — ¥, (4.6)
i.e., the position vector relative to the advancing current edge, then
=)
v ’0 - 5
$.60) (4m)?* J Jo,
I(detp)1/2§u — l/ZrT Idﬂ (4 7)

X »
0, @038 — o ()] [(detp) g~ ¥ — 0.(8)]
which is time independent in r-space. As a consequence of the coincidental poles phenomena discussed earlier, the integrands
represented in (4.5) and (4.7) are singular on 2, at each of the four § values of (3.16), as well as at any § value satisfying

(detp)' ?gp~ v =0, (§). (4.8)
Cauchy principal value interpretations are therefore applicable to the spherical integrals of (4.5) and (4.7). In terms of these
spherical integrals, a solution for the scalar field ¢ as expressed by (4.3) is now formally complete. The solution for the vector

field E,, is then evaluated from (2.23). Observe that as t—0 , , ¢, (v,2 )4, (,0), and so ¢-—0; coupled with hypothesis (2.24),
this indicates a continuity across 7 = 0.

A. A steady state E\iow, in view of (2.4), (2.14) and (2.17), the 3 X 3 Q operator
of (2.16) is homogeneous of degree two in d/dt, d/0x;

(j = 1,2,3). Hence, its cofactors and therefore its transpased
adjoint

ad_] I‘Q [ (_98;’ (detp.) — I/ZVHI/Z]

Sinceo _ (E) >0, it achieves a positive minimum on £2, .
Suppose

(detp)' 2| xp ~ | <¢ n}lina ®). 4.9)

This describes a domain originating at x = 0 with the cur- . 3 i s
rent activation when ¢ = 0. It thereafter evolves with time =ad’' Q [ i V-, » (detp) V- J 4.10)
about its origin which becomes increasingly separated from
the subsequent current edge at r = 0. We shall demonstrate
that E, attains a steady state relative to this edge and inside
the specified domain.
By (3.8) and (3.14), o, (§)>0 _ (£). So (4.9) implies [(detp)' 2~ '*x" — o, (&) |
that YEe £2,, being linear in x,, x,, x, and ¢ and smooth under (4.10),
(detw)'ZEp ' x"<o (E)r (v= +). (4.10) vanishes identically when acted upon by the adj’ Q operator

are each homogeneous of degree four in 8/9¢, d/9x;
(j = 1,2,3). Here, \J, = (d/8r,, 3/3r,,3/9ry). Soon {2,,
the combination
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of (4.11). Applying this notion to (4.5) and recalling the time
independence of ¢,(s,0) in r-space, we have from (2.23),
(4.3), and (4.11),

E,
= (detp)vp ™’ ~'adj" Q{ — v-7, , (detp) " 7, n'?}

X $.(s,00n ', (4.12)

which is generally nontrivial, but is time independent rela-
tive to the r-frame. In this respect, a steady state develops
within the domain defined by (4.9), or in particular, at any
given x position after a sufficiently long period.

The domain of (4.9) can be geometrically identified.
First we apply the principal axes theorem to the symmetric
matrix p to get the diagonal form

i, 0 0
N-'uN=10 4 0], (4.13)
0 0 pu
for a specific orthogonal matrix N, i.e, N " '=N7. So
! 0 0
p'=N|l 0 u7' O NV (4.14)
0 0 py!

LetxN =X = (X}, X,, X;), i.e., the x; axes and X axes are
separated by a pure rotation. Then

DT ¢

j=1,23
Since p is positive definite, its eigenvalues y; (j = 1,2,3) in-
troduced in (4.13) are positive. Consequently, the steady
state supporting domain expressed by (4.9) is the interior of
an ellipsoid with equation

Cew) 3w Xi=t|mine_ @)

j=1.23

~1/2‘2 le 7T

| xp =xp X' = 4.15)

(4.16)

This ellipsoid expands about its center at x = 0 and retreats
inrelation to the currentedge atr = 0. As(4.9) merely repre-
sents a sufficiency criterion, the particular steady state of E,,
may well extend to a larger domain containing the present
ellipsoid.

B.TheresultantZ, _ ¢, (s,0)

The resultant 2, _ |, @,(s,0) is crucially involved in
(4.12) as well as in the main result (4.3). Its two constituents
are individually represented by (4.7). However, a compact
spherical integral form for this resultant exists in terms of an
algebraic transform of the L operator defined by (2.19). Such
a form can be extracted in the first instance from (3.25).
Alternatively, it is easy enough to obtain from (4.2). Thus,
via the o, symmetry,

$.(s,0)
_ 1 cos(a-s) da .
@) J--”; [0i(@) — & ()] [d2(0) — (w)?]
4.17)

|&-s| d2

1
(4)? f o [L®) — o (®)] [Ew)? — 2 (®)]
(4.18)

I
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which follows from (4.17) via (3.7) and (4.4), and represents
an alternative to (4.7). Accounting for (3.6), then,

2 4.0

v

B _ (detp,)l/z IJ IEF‘A x/zrrl dn
@y JJo, L{— (detp)2gpn "7k}

4.19)

the desired form. As this persists indefinitely in r-space, it

could be interpreted as a possible Cerenkov radiation func-

tion. The complementary resultant 2, _ , ¢, (y,?), which

cannot contribute to E,, in the steady state, would then re-

present the switch-on effect of the source current.

APPENDIX

By the reasoning accorded to (3.22), a typical real pole
of its o integrand at w; = w,(a) can, V|a|e(0, ), attain an
order of m; = 1, 2, or 3 depending on the direction of
§ = a|a| ~'e £2;. However, the subsequent result (3.25) is
formulated on the basis that each m; = 1, this being indeed
the case almost everywhere on £2,. Should m; > 1 along
some isolated § direction, the individual residue contribu-
tion from w; to (3.25) fails since w; equals w,, for at least one
v/, in this event, the residue contribution from the particu-
larw, ( = w;) likewise fails. Nonetheless, this need not imply
the failure of the resultant 27_ | . The objective in this appen-
dix is to demonstrate that such a sum is, in fact, uniformly
valid V&e 42,

When ¢ > 0, the fundamentally correct residue repre-
sentation for the o integral of (3.22) at any &€ £2, should be

o + ic

i exp( — iot)
- do=Y res(w;,, m),
rJ wsie IB_, 00—, (0) /2 @ m)
(A1)
where
res(w;, m;)

vt T Oy lo— o

(A2)
which expresses a finite residue at the o pole w; of order
m; = m,(§). The number of such residues encountered in
(A1) is at most five (achieved only if every m; = 1). The
product I1,:0, #o; in (A2) involves 5-m . factors. Should
every m; = 1 (j=1,...,5), (A1) and (3.25) become identical
expressions.

A o pole of order 2 occurs along any of the four § direc-
tions of (3.16) or when any of the four relations in (3.24)
holds along § directions distinct from those of (3.16). Pre-
cisely, it occurs when two normally separate poles w; and @,
ofordersm, = 1, m, = 1 meet for some instantaneous  val-
ue, say, nef?, . If § is sufficiently near m for each |a|e(0, o),
then o, ~w,, so that
res(, 1) = — L _Sxp(Z i) (A3)

0 —o 0 0, —0
1 exp( — iw, 1)

@ = oy [0, 0 — @

v

3
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exp( — iw, t
+ 9 p(— iyt +0(0; —w,), (A4)
a&)k nv(;éj’k)(l)k — o,

since, on the right side of (A3), the factor accompanying
(w; —w,) is an analytic function of w; within some suffi-
ciently small neighborhood of w, . The leading term in (A4)
is — res{w, ,1), which is now near singular. However, in the
limit as £&—1), the combination

lim [res(w;,1) + res(w;,1)]
3

- 3 exp(—iw,t)

= . (AS)
aﬁ)k HV(?LJ}’( )(Uk

@y lg=y
(A6)

a bounded residue whose boundedness evidently follows
from the mutual cancellation of a singular pair. Once § de-
parts from m, res(w,,2) |g _ 4 Tesolves spontaneously into the
original constituents res(w;,1) and res(w,,1). The transition
and recovery in the 2, composition of (3.25) as § crosses 1 is
clearly consistent with (A 1). Thus, (3.25) is uniformly valid
VEe 12, at least for o poles whose orders never exceed two.
Reconsider (3.16). Suppose along any of the four speci-

fied § directions now denoted by 1, say, o, () = n-w (or
— m-w). Let §—m. Then two separate simple poles «; and
@, withj =2, k = 4 (orj = 3, k = 5) converge towards the
simple pole @, =0 to form, in the limit, a triple poleat o = 0.
Meanwhile, the two remaining simple poles w; and w5 (or
o, and w, ) approach one another to produce, when § =, a
consistent net contribution associated with a double pole as
already demonstrated. Suppose

1 _(9L exp( — iot)
nLoo' N ,no—o,
a finite coefficient. Then

= 1e8(0y,2) | = =1€8(@;,2) | — >

4, = ] (=0,1,-) (AD)

exp( — iw;t
res(w;,1) = P *) ,
wj(wj - (‘)k)n;(,fj,k,l)wj —w,
= —w,) ' dow ' +4, + A0, + A,

+ A0} + ) (A9)
when § is sufficiently near m for each |a|€(0, ). A corre-
sponding representation holds for res(w, ,1), whereupon,
when §~n,

(A%)

res{w;,1) + res{w,, 1)
= —Ayo; oy + 4, +A3(0; + o)

+A,(@] + o 0, + 7))+ (A10)
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But

Ay, ‘o ' = res(w, =0,1), (A1D)

which is presently near singular. From (A10) and (A11),
however,

éim [res(w;,1) + res(w,, 1) + res(w,, )]
-

= limd, = res(e;,3)|; -, =res(@4,3) [ -
g-m

=res(@,3)|¢ - o> (A12)
a finite value resulting from the combination of three singu-
lar quantities whose singular parts annihilate each other,
Again (3.25) remains consistent with (A1), in particular,
throughout an § neighborhood of v, ifj = 2 and k = 4, the
state of affairs is as follows:

w e

i

27T - w e
S
= res(w;,1) outside the neighborhood, (A13)
/=
~res(w, =0,3) |¢ . , + res(w, =ws,2) [, .,
inside the neighborhood. (Al4)

Since no m; exceeds 3 over {2,, the establishment for uni-
form validity of (3.25) is now complete.
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Relativistic unsteady phenomena are established for a crystalline medium with unaligned sets of
permittivity and permeability principal axes, but incorporating a compounded uniaxiality about
some nonprincipal direction. All effects originate from a suddenly activated, arbitrarily oriented,
maintained line current conducted with a finite velocity v. Integral representations studied in
another paper (Chee-Seng) are applied. The original coordinate system is subjected to a series of
rotational and translational, scaled and unscaled transformations. No specific coordinate frame
is strictly adhered to. Instead, it is often expedient and advantageous to exploit several reference
frames simultaneously in the course of the analysis and interpretations. The electric field is
directly related to a net scalar field A involving another scalar ¥ and its complement ¥ which can
be deduced from W; ¥ and ¥ are associated with two expanding, inclined ellipsoidal wavefronts &
and £; these are cocentered at the current origin and touch each other twice along the uniaxis.
Elsewhere, £ leads €. For a source current faster than £:v¢ € extf, W=£0 within a finite but
growing “ice-cream cone” domain, its nontrivial composition being x ~ '/ inside £ and 2y =2
inside part of a tangent cone from the advancing current edge vt to, and terminating at, &; the
function y vanishes along such a tangent cone. Alternatively, for a source current slower than
E:vte intE, if vt is avoided, y > O everywhere, while ¥ = x ~"/? inside § but vanishes identically
outside & However, the crucial scalar field A depends on three separate current-velocity
regimes. Over a slow regime: vte int€, A is nontrivial inside £ wherein it is discontinuous across
E. Over an intermediate regime: vt € int§nextE, A takes four distinct forms on 12 adjacent
domains bounded by &, £ and a double-conical tangent surface linking vt to £. But for a fast
regime: vt€ ext€, A assumes six distinct forms on 18 adjacent domains bounded by &, £ plus two
double-conical tangent surfaces, convertexed at vt, to both £ and £. Singularities are normally
confined to these boundaries. Relative to a moving frame, y is time-independent. Nevertheless, ¥
and, consequently, A evolve unsteadily, principally because of transitions across the expanding
ellipsoids £ and € which also acquire a relative retreat from the current edge v¢. An evolution
scheme is discussed in detail. This produces, among other things, a steady state corollary which,
in turn, covers Cerenkov radiation. A quadrical symmetry exists with respect to a family {Q,} of
constant -surfaces. These are quadric surfaces cocentered at vt and having principal axes
inclined to those of £ (and ). Their interactions with & are closely examined. If vt € ext€, each
Q, is a hyperboloid of two sheets which are asymptotic to the double-conical tangent surface
connecting  to vt; ¥ can become nontrivial on only one sheet, viz., that which is approached by §
as the latter retreats from vz; eventually, two permanent intersections, one following the other,
occur along two expanding and travelling parallel plane circuits. But if vt € int§, each Q, is an
ellipsoid inside which  initially evolves until an encounter occurs, first as a point contact which
immediately grows into a plane circuit; as this traverses Q,, it expands and then contracts to a
diametrically opposite point where contact breaks off. Finally, an elliptical axisymmetry about a
principal direction of {Q,} is demonstrated. Corresponding behaviors hold in relation to €.

1. INTRODUCTION

If a source current is conducted inside a crystal with a
speed comparable to the wave speeds of the crystalline struc-
ture, relativistic steady state effects, which may include Cer-
enkov effects, are ultimately detectable within a moving
frame. This is possible on the hypothesis that, since its acti-
vation, the current possesses a monotonous history over an
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indefinite period preceding observations. However, the evo-
lution process throughout any finite period following a sud-
den activation is unsteady, primarily because of discontinui-
ties across the fundamental wavefronts (i.e., those associated
with a stationary localized impulse) which have not yet
reached infinity prior to a steady state.

The present paper focuses on such an unsteady develop-
ment within a crystalline medium with unaligned permittivi-
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ty and permeability principal axes. However, a fundamental
compounded uniaxiality prevails in the sense that a certain
compounded permittivity-permeability matrix possesses a
double eigenvalue. Nonetheless, the uniaxiality does not
generally occur about any of the six principal directions serv-
ing as those of two inclined ellipsoidal wavefronts. Further-
more, it is inevitably modified by the finite velocity of the
current flow which is arbitrarily oriented. Unless this orien-
tation is along the uniaxis, it normally disrupts the
uniaxiality.

Besieris' has tackled the problem of a moving crystal-
line medium with aligned pairs of principal permittivity and
permeability axes. Both anisotropies are uniaxial about a
common principal direction. Along this direction, the medi-
um moves uniformly, thus preserving the uniaxial symme-
try. Radiation originates from an impulsive stationary point
source in the form of a longitudinally as well as a transverse-
ly placed magnetic dipole. Besieris’ investigation covers var-
ious speed ranges for the medium relative to the appropriate
directional velogities of the fundamental wavefronts; these
are spheroidal. Cerenkov-type phenomena can be found in-
side circular cones. In two preceding papers, Besieris? and
Besieris and Compton® determined the Green’s function for
a moving isotropic conducting medium; other investigators
who worked along similar lines include Lee and Papas,**
Compton and Tai,® Tai,”® Compton,'® Chen and Yen,!' Ka-
lafus,'? Johannsen,'*'* Solimeno."

An analysis of Cerenkov radiation within a crystal has
also been made by Majumdar and Pal'® via a Lorentz frame,
relative to which the medium propagates past a stationary
charged particle. Both sets of principal axes are again
aligned. To achieve uniaxiality, two of the permittivity—per-
meability ratios were assumed equal. Crystalline properties
therefore parallel those of Besieris.” In a subsequent paper,’
Majumdar and Pal extended their Cerenkov analysis to the
case of a biaxial crystal and obtained exact results when the
medium travels along a principal direction. In both papers,
the radiated energy was considered. This was dealt with in
greater detail by Majumdar'® who additionally formulated
(i) a generalized uniaxiality criterion for aligned as well as
unaligned permittivity and permeability principal axes and
(i1) a theorem for deducing double anisotropy results from
those for electric anisotropy only via direct substitutions.
Sastry" also studied Cerenkov radiation within a doubly ani-
sotropic crystal along corresponding lines, but more com-
prehensively. Results were derived for the radiation cones
and energy loss in a generalized uniaxial medium (cf. Ref.
20).

In an earlier paper on the crystalline field equations,
Lewandowski?' established the same uniaxiality criterion as
that of Majumdar and Pal.'* Other aspects of the moving
uniaxial medium already examined include wave reflection
and transmission (Lee and Lo?), and field quantization
(Kong?). Another paper of Kong?* concentrates on an opti-
cal approach from a bianisotropic theory. From a more gen-
eral but formal consideration of the moving medium, Jo-
hannsen* made a brief application to the uniaxial case (see
also Handelsman and Lewis?). Finally, related papers on the
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uniaxial medium have also been published by Clemmow,?’
Felsen,?*?° Mei* and Lu and Mei.*!

2. COMPOUNDED UNIAXIALITY

Consider a crystalline medium with constant permittiv-
ity and permeability matrices € and p; these are real, sym-
metric and positive definite. Within this medium, radiation
from an electric current of density J is governed by the Max-
well’s equations

VXE+Hpn=0 yxH—-Ee=1J,

relative to the x = (x, ,x, ,x; ) frame; E and H are the electric
and magnetic field vectors. Following Chee-Seng,* we again
select a singular source current that is suddenly switched on
atinstant ¢ = 0. It then shoots out from the point x = 0 with
a constant velocity v along an infinitesimally thin conductor
which is arbitrarily oriented, say, along the positive {, -direc-
tion of some fixed orthogonal frame § = (£, ,$,,{;). This is
coorigined with the x frame and is related to it by a rotational
transformation §{ = xR with modulus detR = 1. Thus, in
particular,

J=vly| 'H@)[HE)—HE —|v]1)]8,)8(,), (2.1)
where H and § denote, respectively, the Heaviside unit func-
tion and the Dirac delta function. Since the induced electric
and magnetic fields cannot precede current activation,
therefore

E=0=H overt<0. 2.2)

According to Kline and Kay,* there exists a nonsingu-
lar real symmetric matrix p "2 whereby p = p "p 2.
Clearly, the inverse (u /%) ~' = u ~ '"? is also symmetric.
Furthermore, the compounded permittivity-permeability

matrix
r=p Vep 2 (2.3)

is symmetric and positive definite, and so possesses only
positive eigenvalues A %, A, %, A4 ;% say. Thereis no loss of
generality in assuming the diagonal form

A7 0 0
= 0 Aiy,° 0 |}, (2.4)

since this is attainable with an appropriate orientation of
coordinate axes. However, € and p are generally nondia-
gonal. Corresponding permittivity and permeability princi-
pal axes are normally unaligned.

The previous paper’? deals with the derivation of certain
triple integrals and their reductions to surface integrals over
the unit sphere. That paper covers a situation where all three
eigenvalues of the compounded matrix 7 are distinct, but
does allow the possibility of there being two coincidental
eigenvalues, viz. 4, >4, > A4,. Coincidence of two such ei-
genvalues corresponds to a compounded uniaxiality. A com-
prehensive study of this compounded uniaxial case forms the
objective of the present paper which will employ as a basis
the triple integrals [refer ahead to (2.18)] obtained in the
earlier paper.
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Let us define the vectors®

Y= p,0;) = (detw) *xp ~ 172, (2.5)
w = (w,,w,,w,;) = (detp)' *vp ~ ', (2.6)
§=(5,,5,,5:) =y — Wt 2.7

and, with I denoting the identity matrix and 7 denoting the
transpose, the following matrix and scalar operators

P(v,)=r (Viv, -1y, V) (2.8)

Q( ,vy)—I% +P(V,), 2.9)

L(Zw )= L + Lup(v,) + 4uP(,)P
— %ter(Vy )s (2.10)

where <7, = (3/dy,,d/dy,,3/dy;), the gradient operator in
y-space. The operators Q and L are related by

82 d
wf)- £4(2)

1trP () + 4[2trP* (@)

1/2}1/2
’

Let

o, (a)={-
— (rP(a))?] (2.11)

where the real vector a = (@, ,a,,a;). (Actually, o, (a),

—0, (a),0_(a)and — o _ (a) are the four ¢ zeros of

L ( — o,a), an algebraic transform of the fourth-order L op-
erator.) In terms of the eigenvalues of =,

—trP(a)
=A{(a3 +ai)+4As(ai +al)+ 43 (al +a3)
>0, 2.12)
while
2trP(a) — [trP(a)]?

=[(e, | |45 -AF|"?
— e |27 =23 +ad (A3
X[(lai| |43 —23]"7
+ oy ||AT =23V + a3 (AT - D]
(2.13)

In the procedure adopted by Chee-Seng (Ref. 32, Secs. 1-4),
the Maxwell’s equations incorporating the source current of
(2.1) are first combined into the single vector equation

E.e + YX[(YXE)p~']

= —J, = —vH(t)6(x—vt),
which is then used to formulate the relationship
En -

—4)]

1/2,0 -1

— (detp)vp~ /1
XadJT Q[ ,(detpt) - 172 ]VHV2¢M 172

between the electric field E and a scalar field ¢. The latter
satisfies

(2.14)

L(Lw,)p=H 050 —w) @.15)
and, in consistency with (2.2),
¢ =0 overt<0. (2.16)
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Fourier transformation of (2.15) and subsequent inversion
for ¢, with (2.16) accommodated, then produces

o= 3 b.(y1)—¢,(s0), (2.17)

where

$.(y,t)=(2m) ~°

y J‘J‘J‘ cos[ay — o, (a)t Jda
koo, (a)[o2(a) =, (a)][o, (o) —aw]’
(2.18)

withe | =0, (v = 1 ); the triple integral with respect to
a ranges over the entire three dimensional space R, . Formu-
las (2.17) and (2.18) are results from the preceding paper
that together play a key role in the present analysis. They
hold throughout ¢ > 0. Henceforth, unless otherwise speci-
fied we assume that ¢ > 0.

Hereafter, we adhere strictly to the compounded uniax-
ial system wherein

4 =4, =4, (2.19)

This corresponds to a fundamental wave configuration
that is uniaxial about the y, axis which passes through the
point (0,0,1)u ' in x-space. Permittivity and permeability
principal axes remain normally unaligned.

Incorporating (2.19), (2.11)-(2.13) simplify to give

=4 lal, (2.20)

o (@=[A3(al +e3)+1%3 ] (.21
Now, consider the integrand in (2.18). By (2.20) and (2.21),
the factor
o) =0 ()= £ (' —A)(ai +a}) (v= %)
Its vanishment admits two complex integrand singularities
ata, = +i|a,| (or, alternatively, at @, = + i|a, |). To
avoid encountering both these singularities, we operate on
¢ . of (2.18) with the two-dimensional Laplacian

82 82 N al 82

say, withA >4, >0.

o, (@)

ViTw Tl T 20
to get, via (2.20) and (2.21),
470 (A2 —A3)V¥ e, (vt) =D (ytiwd), (2.23)
where
1 cos(a-y — |a|At)
D (yt|wAd) = FJJL‘ (oW —-1|a||/l ) da
(2.24)
Clearly,
4 (A2 —A2)T% . (50) =D (s0[wd). (2.25)
Likewise,
47A (AP —A3)Ure_ (y.1)
Jff cos{ay —o_ (a)t] o, (2.26)
_ () [aw—0o_ (a)]
=— & (yt|wi;) 2.27)

which follows from (2.26) by comparison with (2.24) after
first noting the form (2.21), substituting the «, integration
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variable appropriately in (2.26), and then introducing new
vectors

Y= 01024 " 'Ap) W= (w,w,, A ~'Aw0;,).

(2.28)
Moreover, if § =§ — Wt = (s5,,5,, 4 ~4;5;), (2.29)
then, 4mA (A2 —A2)V*d_ (5,0) = — & (5,0|W, 4, );

(2.30)

whereupon, applying (2.23), (2.25), (2.27), and (2.30) to
(2.17) and defining

A =470 (A2 = A3)V¥ e, (2.31)
V=V(yt|lwil) = (ytlwl)—P(s0wA),

(2.32)
U=y (5.1 |WA;), (2.33)
weobtain 4 =4 (y,t) =¥ — ¥, (2.34)

a net scalar field whose convolution with a logarithmic Pois-
son kernel provides the inverse to (2.31), viz.,

1 w o
$= 16724 (ﬂz—ﬁﬁ)J_waA (§1:820350t)
XIn[(, — &)+ (v, —§,)°1d6,d¢, . (2.35)

This together with (2.14) serve as a formal representation for
the vector field E,,.

3. THE FUNCTIONS ¢ and ¥

To determine the 4 solution explicitly, we need the val-
ue of the @ function represented by (2.24). To evaluate the
triple integral involved, it will be expedient to use another
reference frame. For this purpose, we first perform a positive
rotational transformation on the integration variable a to
get

k= oZ. 3.1)
Regarding the matrix of rotation, one has Z ~' = Z 7, while
the Jacobian equals

9 _ Getz=1. (3.2)

Jx

Note that |aZ| = |a| and oy = k-(yZ). Thus, (2.24)
becomes
1 cos[k-(yZ) — |k|Az ]
@ wewt) = S| dx, (3.3)
4 220 J Ik, |k|[k-(WZ) — |k|A ]
_ _I_J 5{R-(yZ) — At}

27 0, R(WZ)—A
which ranges with the unit position k = k|k| ~! over the
three dimensional unit spherical surface 2, with element
ds2; (3.4) follows from (3.3) via dk = « ’d |k|df2 and the
rule*

on cos(aX )da = m6(X ).
0

dn, (3.4)

(3.5)

Suppose the matrix Z is chosen to lead to a coordinate
frame k = (k, ,k, ,«; ) whose «, axis is coplanar with the
(original) vectors y and w, and whose k, axis is aligned with
the vector y. Then, relative to this k frame,

YZ = (0,0,]y|), WZ = |w|(0,sinB,cosf), (3.6)
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[ being the angle between yZ and wZ. Furthermore, in terms

of a colatitude #€[0,7] and an azimuthal angle ¥€[0,27):
K = (sinfcosy,sinbsiny,cosf ), dif2 = sinfdbdy.

Hence, from (3.4),
D (y,t|wA) =f I1(8)5(|y|cos@ — At )sinbdf, (3.7)
(0]

where
2
rey= [ ¥ _ 1§ d
2r Jo K(WZ) — A 2mi J» D (2)
(3.8)

with
D (z2) = 2*(2i) ~ '|w|sinBsiné + z(|w|cosBcost — 4 )
— (2i) ~ '|w]|sinBsind. (3.9

In(3.8), § . denotes anintegral over a closed anticlockwise-
described unit circle .7: z = exp(it) (0<¥ < 27).

Suppose

|wlsinSsing #0. (3.10)
Then D (z) can be factorized as
D (2) = (2)) ~ '|w|sinBsind (z — z.)(z — z.), 3.11)

where
z, = {|w|cosBcost — A + [(|w|cosBcost — 4 )?
C _ wWisin®Bsin’0 12}/iw|sinBsind G.12)
is a pole of the z integrand [D (z)] ~ ' in (3.8). Observe that

.||z = 1. (3.13)
Case 1:
(|w|cosBcosf — A )? < wsin’Bsin®6, (3.14)

here, z.#z_but |z,| = |z.| = 1,sothatz(#z)e.” andz€.7;
therefore, in the sense of a Cauchy principal value,

16)= %res_i‘due[D(z)] 14 jresidue[D ()] ~ =0,

. (3.15)
since
residue[D (z)] ~' = + 2i(|w|sinBsin8) 'z, —z)) " "
o (3.16)
Case 2:
(|w|cosBcosf — A )* > w’sin’Bsin’d (> 0); 3.17
here z , is purely imaginary and, moreover,
zeint.?, but z.eext.? if |w|cosBcosd > A, (3.18)
z.€int.?, but z.eext.? if |w|cosBcosf < 4; (3.19)
so (3.8) yields, via (3.16),
I(0)=2i(|w|sinBsin8) ~'(z, —z.) '
Xsgn(A — |w|cosBcosf ). (3.20)

Accounting for (3.12), (3.20) together with (3.15) imply
I(6) = sgn(|w|cosfBcosf — 4 )
H {(|w|cosBcosf — A )> — w’sin?Bsin?6 }

{(Jw|cosBcos® — A )? — w?sin*Bsin?@ }'/ ’
(.21
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pertaining to either (3.14) or (3.17). The situation
|w|cosfBcosd = A (3.22)
falls under (3.14), for which (3.15) holds and is clearly cov-

ered by the overall result (3.21).
Alternatively, suppose

|w|sinSBsind = 0. (3.23)
Then, provided

|w|cosBcost #A, 3.29)
it can be seen directly from (3.8) that

1(8) = (|w|cosBcosd — A )}, (3.25)

which is actually the limiting form of (3.21) at attainment of
(3.23). Therefore, our result (3.21) also covers the situation
(3.23) accompanied by (3.24).

We now turn to (3.7). Aty =0,
@(0,t|w,A)=0 (¢>0).

Otherwise, assuming y = 0 tentatively,

(3.26)
¢(xnwx>=:wy*f [1(8) oo o H (1 —a?)

X 8(a — ly| ~ 'At)da
=|y| H(y*—At*)[1(6)]

(3.27)

cos@ = |y| 'Ar

(3.28)
Now, from (3.6),

|w|cosf = (FZ)*(WZ) = §ZZ"w" = §+w, 3.29)
in terms of the unit vector § = y|y| ~'. Whence
[(|wlcosBeosd — A )? — wisin®Bsin®6 ], 1,

=xlyl (3.30)

with
Y=A(yl —§wt) — (¥ =A%) [w — (3w)2], (3.3])

=ANy—wt) + (wy)? — wiys (3.32)
Consequently, (3.21) and (3.28) lead to
P (y,t|w,A)
_ [,1/" 2H (y)sgn(§-wr — |y|) (y'>A47%?), (3.33)
0 (¥ <A??), (3.34)
valid for
¥ #0. (3.35)

In view of (3.26), the range y* < A ¢ 2 for (3.34) may be point
extended to includey = 0.
The situation

ly| = §-wt (3.36)
is admissible throughout provided, in view of (3.31) and
(3.35), that

Y'#A%?, w#0 and $#W, 3.37)
where W = w|w| " '; in particular, we have y <0 when
¥’ > A ’t?, in which case the associated result (3.33) vanishes
identically corresponding to the effect (3.15) under (3.14)
with (3.22); alternatively we have y >0 when y* <4 %2, in

which case the trivial result (3.34) holds. On the other hand,
avoiding situation (3.36), one can allow
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w=00y#0) or §=w(y#wt), (3.38)
corresponding to (3.23) under (3.24); nonetheless, it must
again be understood that y*#A4 z 2. Regarding (3.38), (2.6)
and (2.14) indicate an absolute vanishment of the time de-
rivative E,, (but not necessarily of E) when w = 0; however
#=£0 and, according to (2.15), represents the scalar field of
an abruptly activated stationary source.

Consider the expression (3.32). From (2.7) we deduce

(wy)? — Wy’ = (ws)” — w’s”, (3.39)

So

Y= —w)s’ + (ws)? (3.40)
whose dependence on y and ¢ arises solely through their com-
bination s; (3.35) demands that s #0. By (3.33), then,

@ (s0lwA)= —y '°H (y). (3.41)
Thus, applying (3.33), (3.34), (3.41) to (2.32), we arrive at

v [2)( “VH ()H (3wt —y]) (P >A4%7),  (3.42)
- x~ 2H (y) (YP<A2?). (3.43)

4. GEOMETRICAL INTERPRETATION IN THE ORIGINAL
REFERENCE FRAME

All results should be recast in the original x frame. Only
then can actual propagation phenomena be satisfactorily
understood.

First we appeal to the following fact**: Since the real
symmetric matrices € and p are positive definite, their re-
spective eigenvalues €;, u; (j = 1,2,3) are all positive; fur-
thermore, by the principal axes theorem, there exist ortho-
gonal matrices M, N whereby

e, 0 0 e, 0 0
M 'eM=|0 € 0], N 'uN=}{0 pu, O
0 0 e c 0 u,
4.1
Note that M ~ ' =M "and N ~ ' = N 7. The eigenvectors

involved in the diagonalizations may be arranged to yield
positive determinants viz. detM = detN=1. On introducing
the vectors

X=xN= (X, ,X,,X;), V=vN=(V,V,,};),42)
it can be verified from (2.5) and (2.6) that

y’=xp ~ 'x'detp=(detp) S ou 'X?, 4.3)
j=1.23

w=vp ~ 'videtp=(detp) ¥ u; 'V, 4.4)
j=T1.2.3

yw=xp~ 'videtu=(detp) ¥ u XV, 4.5)

j=1.23
Throughout, detpw = g2, 5 > 0.
Let us define in x space the surface £:
xp " 'x"detp =A%t (4.6)

Now the right-handed x system is related to a right-handed
X system by a rotation which preserves the shape and dimen-
sions of any surface, e.g., that of £. By (4.3), (4.6) is equiv-
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alent to
(detw) 3 u'X7=A%% 4.7)
j=1.23
i.e., £ is an expanding ellipsoid centered at x = 0. It repre-
sents a fundamental wavefront. Its principal (permeability)
axes are the X, axes (j = 1,2,3). Clearly,
ext (exterior to £)
if and only if xe(é (4.8)
int £ (interior to £).
Thus (3.42) holds if xeexté, while (3.43) holds if xeinté.
These results involve y. Now, we can show from (3.32) that

yti=(ywt — A% — (Wit — A% (y* —A%?); (4.9)

yziiztz

= [(detp.) S ow XV —A? i
J=1.273 A
— l(detp) D Vit —A?
j=T23
X[(detp) 3o XA, (4.10)
j=123 J
which follows from (4.9) via (4.3)-(4.5). Whence,
y=0, 4.11)

with y expressed in the principal X frame by (4.10), is now

recognized as the Joachimsthal’s equation for the surface C
which is tangential to the expanding ellipsoid £ and is point
constricted at the traveling current edge at x = vt, provided
veeexts. If veeintd, C never exists. Actually C comprises two
convertexed cones C , , C_ , one of which C _, say, touches
£. Werefer to Fig. 1. The domain interior to C _ but exterior
to £ is separated by £ into two portions & | and & |, say:

Y uZ _ =intC _ nexté. (4.12)

C.

C.

C. c.

FIG. 1. Case vteexté: Generation of the tangent cone C  and its comple-
ment C | . Nontrivial values of ¥ are obtained within the darkened “ice-
cream cone” domain & | uint{. Elsewhere and off the boundaries &, C
and C : ¥ = 0. N.B. The path traced by the source current over time ¢ is
represented by the vector vz.
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In particular, & _ is a finite conical region vertexed at

x = vtand adjacent tointC , . The vector vz passes into &
from within int£ and is directed away from the partially infi-
nite complementary domain & _ . In Sec. 5 we shall estab-
lish the following explicit results:

I

vicexts, (4.13)
¥ % Vxeint, (4.14)

=12y '’ VxeZ,, (4.15)
0, Vx£D . uintEuEUC. (4.16)

anIf

vteinté, 4.17)

W [)(’ 72 Yxeinté but #w, (4.18)
0 Vxeexté. 4.19)

Note that the ¥ values expressed by (4.14)—(4.16), in the case
(4.13), hold at reception points off the double cone C, i.e., as
required by (3.35).

Defining the moving frame

r=(r,r,r)=X—V, (4.20)
and applying (2.5)—(2.7) to (3.40), we have
Y= (A —vwu 'videtp)rp 'r’detp

+ (rp " 'v'detp)”. 4.21)

Relative to the moving current edge at r = 0, y is obviously
time independent. Our earlier requirement s %0 is now
equivalent to r0, a necessity for x£C; it is also a condition
of (4.18). We emphasize that, regarding both (4.14) and
(4.18), a reception point at the initial current origin x = 0
(eint& ) is acceptable unless v = 0.

By (4.3)—(4.5), (3.36) is equivalently given by

(detp) 3 p, '(X, — LV,0 ) = wt?,
F=123

the equation of another ellipsoid £, . Its center is the travel-
ing point x = Lvralong the current path. Like £, §, expands,
but possesses a fixed point at x = 0. Additionally, it passes
through the current edge at x = v¢. The three principal axes
of £, are parallel to those of £. By virtue of (3.31), (3.36),
(4.8), and (4.11), if vreexts, &, intersects & along the latter’s
contacts with C . But if vzeinté, then £,vinté, Cinté. Ac-
cording to (3.36) and (3.37), the reception point x may be
taken along &, provided x¢£né,, when vreext£, v+£0 and that
x avoids the current edge at vz, a consistency with the re-
quirement r#0. Corresponding comments apply to (3.38).

(4.22)

5. ESTABLISHMENT OF THE GEOMETRICALLY
EXPLICIT ¥ VALUES

The geometrically explicit expressions (4.13)-(4.19)
must be derived from (3.42) and (3.43). The Heaviside func-
tions H (y) and H (§-wt — |y|) evidently play key roles.

Case 1 vtcexté: Here, by virtue of (4.4) and (4.8),

v~ 'videtn>A % (5.1)
The geometrical configuration of Fig. 1 can be constructed.
Now,

y:—A22=s> 4 28wt — (A2 — wi)t?, (5.2)
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=rp " 'rTdetp + 2rp ~ 'vrdetp
— (A2 —vp " 'vdetp)r? (5.3)

Consider, in r space, the point ar. If aref, (4.8) and (5.3)
imply that

a’rpn 'rdetp + 2arp ~ 'vr detp

— (A2 —wpWidetp)t’=0, (5.4
a quadratic equation in a with leading coefficient
rp 't detp=s’>0, (5.9

it being implicit that the reception point r#0. Both a roots
to (5.4) are, on accommodating (4.21),

a, =t(—rp” videtp + ') (rp~ 'rdetp) .

(5.6)

For our proof, we consult Fig. 2. First, we select any
reextC _ nextC _ . Thentheline passing through ther origin
(atx = vt)and point r never intersects £, so that « . mustbe
complex. Therefore the real function

Y <0 VxeextC_rextC, . (5.7

Furthermore, extC _ nextC | Cext{. Accounting for (4.8),
then, (3.42) yields:

¥=0 VxeextC_nrextC,, (5.8)

a partial verification of (4.16). On the other hand, for any
reintC _ uintC | , such a line always intersects £ at two sepa-
rate r points, viz., @ , rand o _ r. Hence @ . must be real
and distinct, so that

¥>0 VxeintC_ uintC, . 59

Then from (4.21), (5.1) and (5.5),

C.

C.

ext C_Next C,
extC_ AextC,

extC_ Auxt G,

remtC-nextCs

tes. C-
FIG. 2. Case vteexté: Geometric consideration for the a | ranges initially

indicates the following: (1) reextC nextC, :a , iscomplex, (2)
re? ta, >1,3)rey :0<a, <,(@rentC, :a, <O
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1< frp~ 'videtn| VxeintC  uintC , . (5.10)

We note in passing that if reC, thena |, =a _ , confirming
satisfaction of (4.11).

Now int£ CintC _ . Whereupon, applying (5.9) and
(4.8) to (3.43), the result (4.14) follows.

It now remains to turn our attention to the domains
9 ,,%2 andintC_ ,each of whichisinside C_ or C
but outside £, wherein at any reception point r, y7=0 so that

H($wt—|yN)=H(—sy)=H(—rp 'x"detp).
(5.11)
Consider any re& , . Fig. 2 reveals that the vectorsr
and a | r are in the same direction, i.e., @ ;. > 0. So, neces-
sarily, by (5.5), (5.6), and (5.10),

rp~ 'vdetp <O. (5.12)
But, as Fig. 2 further discloses, |a ,r| > [r|. Hence
a, >a_ > 1. Inparticular, @ _ > 1 implies

i 'x"detp < — ¥ <O0. (5.13)

Thus, via (4.8), (5.9), (5.11), and (5.13), (3.42) simplifies into
the form (4.15).

AtanyreZ _,inequality (5.12) holds for the same rea-
son. However, Fig. 2 indicates that

I>a, >a_(>0). (5.14)
Using 1> a , , we deduce from (5.6):
i 'x detu> y'’t>0 Vxes . (5.15)

Alternatively, for any reintC | , the two vectorsrand a | r
are oppositely directed, i.e., a , <0, so that by (5.6) and
(5.10), we must have

rp~ 'x"detpn >0, (5.16)
which, combined with (5.5) implies
rp” 'videtp>0 VxeintC, . (5.17)

Consequently, incorporating (4.8), (5.11), (5.15), and (5.17),
(3.42) reduces to

¥=0 VxeZ _uintC_, (5.18)
which together with (5.8) implies (4.16).

Case 11 veeinté: In view of (4.4) and (4.8),

w=vp ~ 'vdetp <4’ (5.19)
So by (4.21) and (5.5),

¥Y>0 Vx(s£w). (5.20)

Thus, via (4.8), the result (4.18) follows from (3.43). Finally,
we choose any reextf; then

yowr<|wit <At < |y| (5.21)

via (4.8) and (5.19). Whereupon (4.19) follows from (3.42).
Our verification is now complete.

6. RELATIVE EVOLUTION

Let us consider the propagation of ¥ relative to the
advancing current edge. Although y is time independent,
nonetheless (4.13)-(4.19) constitute an unsteady representa-
tion, primarily because of the transitions at finite instances
across the expanding ellipsoidal wavefront €. The latter’s
directinvolvement is a switch-on effect of the current source.

Lim Chee-Seng 201



If, instead, the current is switched on during some infinite
negative time, then at any finite positive time, no direct par-
ticipation of £ is physically detectable, at least within finite
ranges, because £ now exists at infinity. The study of Ceren-
kov radiation from a particle moving in an isotropic or crys-
talline medium is normally conducted under such a steady
state environment. However, in his investigation into the
moving isotropic medium problem, Compton' (see also Ref.
26) did discuss unsteady possibilities arising from a suddenly
activated point source. From our present analysis, the steady
state behavior can be extracted as a corollary from the evolu-
tion process.

The vanishing of expression (5.3) provides an equation
for £ within the r frame. Let # = r|r| ~ . We deduce via Fig.
2 that if vecexts, then for any f directed into intC _ , £7s
equation must possess two real |r| roots representable by

el =c, @t c_ (@, (6.1
where c , (f) are (|r|,¢ )-independent positive ¢ roots to
e '#detp + 2chp v detp — (A2 — v v detp)

=0. (6.2)

Likewise, it can be demonstrated that if vzeinté, then for
each F, there is only one real |r| root, say,

|r| = c(®)e, (6.3)

¢(F) being a positive ¢ root to (6.2), to which ¢( — £) is, inci-
dentally, also a positive ¢ root.

Not only does £ expand about the fixed origin x = 0,
but it also suffers, according to (6.1) and (6.3), a relative
retreat from the current edge at x = v¢, assuming v#0. In
fact, along £ any particular point which maintains a fixed ¥
direction retreats from x = v¢ with a uniform relative veloc-
ity. Now both ends of the current, viz., the initial and subse-
quent positions of its edge at x = 0 and v¢, serve as locations
of two principal energy sources. The energy released is
trapped partially (vzeext£ ) or fully (vteints ) inside €. The
retreat of ¢ from both principal energy sources confirms the
Sommerfeld radiation principle that energy propagates
away from any source. Qur present analysis never incorpo-
rates this principle. Its satisfaction may be interpreted as an
indirect outcome of our applied initial condition (2.2) or

C.

FIG. 3. Case vtcexté: Relative evolution over three consecutive times.
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¢

FIG. 4. Relative evolution when vteinté.

(2.16). Now, nontrivial ¥ values are proportional to y ~'/?

and hence to [x — vz | ~ ' by virtue of (4.21). Thus at any
fixed x point of reception, there is an attenuation with in-
creasing time (unless v = 0). But at any fixed r point for
reception following the current edge, there is no attenuation.
A possible explanation for the attenuation is that, although
the current keeps flowing, the principal source at x = 0 acts
impulsively with current activation; it then immediately
ceases transmitting so that its initial energy flux is never
sustained. On the other hand the principal source at x = v¢
does maintain a continuous energy supply to the extent of
preserving permanently the nontrivial ¥ field at any fixed r
position. According to (4.21), y =0 (r =0),

A%ty v detp (x = 0). Consequently, ¥ is singular at

r = O but not at x = 0 (for v£0). This reinforces the proposi-
tion that the principal source at x = vt, but not thatat x = 0,
stays active throughout 7> 0.

Figure 3 portrays the evolution scheme for three con-
secutive periods 7 = ¢, , t,, ¢, over which vicexté. The paths
relative to x = 0 and r = 0 for two typical positions of £ with
|r|-distances given by (6.1) are clearly traced (broken lines).
Both these positions diverge as £ expands. Meanwhile the
gaps between them and the current edge increase. The cones
C, and C _ are, in a sensg, translated along with their com-
mon vertex at x = v. Simultaneously, they expand with &
but maintain a fixed solid angle at the vertex, relative to
which, therefore, they do not appear to vary. This process
develops uninterruptedly. Ultimately, when t = oo, £ is at
infinity in relation to the two infinitely separated origins
x = Qandr = 0;soisthedomain % _ ; however, the domain
& . virtually occupies the interior of C _ . Thereupon, a
steady state prevails with solution

v {ZX - 172 at any finite reintC _ , 6.4)
o at any réCuintC _ . (6.5)
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In the steady state, (4.21) again represents y which is in-
volved in (6.4) and Eq. (4.11) for C= C _ uC_ . Results
(6.4) and (6.5) correspond to Cerenkov radiation from the
moving current edge. Evidently, on approaching the steady
state,

(6.6)
The case: veeinté is depicted in Fig. 4, again over three

consecutive times ¢, , ¢,, £, . Broken lines indicate the paths,
relative to x = 0 and r = 0, described by two r points of the

type

¥—0 at every finite x point.

fe(F), 6.7)
with reference to (6.3). When ¢ = o, the evolution also at-
tains a steady state wherein the points x = 0, r = 0 and the
ellipsoid £ are infinitely apart from each other; moreover

W=y 2 atevery finite r(#0). (6.8)

At such a point, the infinite ellipsoid £ is undetectable. The
same remark applies with regard to (6.4) and (6.5).

— fe(— ),

7. THE COMPLEMENT ¥ AND THE 4 SOLUTION
The resultant expressed by (2.34) involves the comple-
ment ¥. From (2.32), (2.33), (3.42), and (3.43), we deduce
7 [2;2 TVH (P H W -5 (F>430%),
7 H () <2317,

7.1)
7.2)
where y = §|§| ! and, via (3.40) and (4.9),

=A% — W) + (W5)% 7.3)
=t (W — A - (W —-A)F -13t?). (19
The overall validity reception criterion is, in view of (3.35),
7 #0. (7.5)
Again an effective interpretation would be a geometri-

cal one given in the original x or r frame. This should, in

particular, provide a clear contrast with our geometrically
based ¥ values. For this purpose, we first write the symmet-

ric matrix . ~ /2 in the form
a,
po'” a8, | = (af,a],a]), (7.6)
a,
a; being the jth row (vector) of p ~ /2. By (2.5), then,
y = (detp)"?(xal,xal,xal). ()
In view of (2.4), we can write r = 7 2¢ /2 with
A! 0 0
2= 0 A7t 0 ) @& =4,=4)
o 0 A;!
(1.8)
Thus,
u~2r 2= (Aal, Aal, A,a7). (7.9)
Whence, via (2.28) and (7.7),
¥ = (detp)'?(xal,xa], A —'4,xal) (7.10)
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=A ~(detp)’xp~ V2p 12 7.11)
Likewise, starting from (2.6), we can show that
w=A " !(detp)Pvpn = 2r 12 (7.12)
so that by (2.29),
§=A4 ~'(detw)rp~ 172 (7.13)
From (2.3),
€'1=|J.71/21"1p,_1/2. (7.14)

We can then proceed to derive from (7.11), (7.12), (7.14),
and (2.4):

= A34xe” 'x"dete= 134 *dete Y €~ X2 (7.15)
Jj=123
W=A24%e 'Vdete=A3A%dete ¥ € 'V, (7.16)
J=123
Fw=A21%xe " 'vdete= 124 2dete & 'X,V;, (1.17)
= 1,2, 3

where, accounting for (4.1),
X=xM= (X, .X,.X;), V=wM=(V,,V,,V,).
(7.18)
Note that dete = €, €, €, >0. The right-handed X system is
related to the x system by a rotation with orthogonal matrix
M, and therefore to the X system of (4.2) by a combined
rotation with orthogonal matrix N —'M.
Through (7.15), we see that

xe ~ 'xTdete= (dete) z

j=1,23

€ 'XI=4""* (1.19)
is the equation for another expanding ellipsoid &; its princi-
pal (permittivity) axes X, ,.X, ,X; are generally unaligned
with the principal axes of £, which is cocentered with £ at
x = 0. More precisely,

extf
72Z A2t? if and only if xe £ (7.20)
inté

Furthermore, from (7.4) and (7.15)—(7.17), we have

=¢2
X = [(dete) 3
J

e X Vit—4 "’-tz]z
AL “Th.3

(dete) z ej“V}tz
i=123

x[(dete) 2

j=1.23

—A _2t2]
& 'XI—4 ~2t2]. (7:21)

So, if vteext£, then ¥ = O is another Joachimsthal’s equation
for the tangent surface C (to £ ) comprising two cones C,
and C_ which are convertexed at x = vt, with C _ , say,
touching . Criterion (7.5) requires that each reception point
x¢C. Comparison of (7.1) and (7.2) with (3. 42) and (3.43)
reveals that a radiation pattern analogous to that for ¥ can
be easily deduced via the following substitutions:
£=6, C=C, C,=C,, y=%

Suppose the finite conical domain &2 ,
infinite domain & _ are defined via the same analogy: & |
:>@ . If vteinté, ‘then analogous to the situation where
vte 1nt§ Candhence C, and Z , never exist. We can now

(7.22)
and the partially
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assert:

V=, (7.23)

Therefore, ¥ is analogously determined from (4.14)-(4.16)
and with reference to Fig. 1 when vze ext¢, as well as from
(4.18) and (4.19) when vte int£. It depends on

¥=A3A%[(A ~2 — ve 'v'dete)re ~ 'r’ dete

+ (re  'v'dete)’], (7.24)

obtained from (7.3), (7.12)~(7.14) and (7.16). Hence, within
the r frame, y is time independent like y.

The combination (2.34) for the 4 solution is naturally

influenced by the geometric disposition between £ and £.
Some idea of the geometry is therefore crucial. Consider

n(g): V(YZ_/{ZIZ) _ vy2 ’
vy =A% vy
n(f) _ V(yz -4 _%tz) _ V;’Z ’
vE -4i)| VP
the instantaneous unit normal vectors to & and £ respective-
ly, 3/ being the gradient operator in x space. But
Vy; = 2(detp) %y, 7 (xa) = 2p,a, (detp) 2. (7.26)
So

(7.25)

nE) = v, vl (7.27)
j=1.2.3 j=123
(@) = yia +ya, +4 A5 ya, (7.28)
I)’la1 + .8, +4 7743 ysa, I
Next, we note that £ meets £ if and only if
y= + (0,0,4¢). (7.29)
Let b; denote the jth row of
b,
nw'?=1 b, (7.30)
b,

Then, via (2.5), the encounter £én£ occurs at two moving
points x = X,,X_ given by
x, = +b,As (detp) ~ 2
Moreover, from (7.27)—(7.29) we have
nE) oy = xagfay| =0, . (73D)

confirming that the ellipsoids £ and £ meet tangentially at
the points x, and x_. Evidently, one ellipsoid is enclosed by
the other. To be more precise, we consider any xeint£. Then
by (7.20),

AMES A0 + 7)) H Y
so that xe inté. As inté #int&, therefore

int€ Cinté. (7.33)
Observe that the tangential contacts between & and & occur
along the uniaxis (Sec. 2) which is obviously parallel to b, .

We are now ready to formulate explicitly the A4 function
of (2.34) with the aid of (4.13)—(4.19) accompanied by Fig. 1,

plus (7.22), (7.23), and (7.33). ~
The simplest case is that for a slow current: vteint; here

(7.31)
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FIG. 5. Intermediate current—velocity regime: ve intén exté. The various
subdomains of int£ normally support nontrivial representations of 4. Triv-
ial values occur over the four subdomains .%,, % ,, %, 4, of ext&.

Y V=7 Y inside & x#w, (7.34)
4= ¥ 7 between £ and £, (7.35)
0 outside £. (7.36)

Next, suppose the current flows within an intermediate
velocity regime: vt lies between £ and £. Then a single double-
conical tangent surface, viz., C=C N uC ,to §— is point
constricted at x = vz. Let us refer to Fig. 5. The domain int§
is normally partitioned by & and C into eight subdomains,
viz. int§ and Z , (both already defined) together with
DD 4,... 7 . The domain ext£ is partitioned by C , and
C into four partially infinite portions %, ,%#,,%,,%,.
Generally, then,

y Vr—2p ~Vover 7., (7.37)

A X V2 _ g - V2inside &, (7.38)
- y o over ,%,,.. 7.,  (1.39)

0 over K|, Ry K, %, (7.40)

Finally, we examine the case for a fast current :vteexté.
Here, two double-conical tangent surfaces, viz.,
C=C,uC tofandC=C, uC  to £, are coincidental-
ly point constricted at x = vt (see Fig. 6). We ignore degener-
ate situations wherein adjacent C _ n&and C £ contacts
overlap the £n £ contactatx , orx .Then C _ partitions
the finite conical domain % , (represented in Fig. 1) into
threesegments & ', 2 ° & ~ . Also,Eand C _ divide int&
into int£, subdomains & ,,%,,...% ,, while the remaining
space outside & is divided by C and Cinto % |, % ,,... % .
Whereupon,

r y Vg inside &, (7.41)

2 V2o2p 2 over F° (7.42)

4| 2 1 over Q 9, (7.43)
v Vi_ap -2 over 2,,9,, (7.44)

" over 4,9 ,,2s,%,, (7.45)

L 0 over #, R, Py (7.46)
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FIG. 6. Fast current: vie exts. Nontrivial representations of A are found
within the various subdomains of intf U% | , viz., the darkened region
(Fig. 1) of nontrivial ¥. Elsewhere, precisely over the subdivisions #,,
A ey H oyt A== 0.

As t— o0, £ and & progress towards infinity relative to
both x = 0 and r = 0. Amongst the results (7.34)-(7.36) for
the slow current, only (7.34) remains appropriate. Thus,
during the ultimate steady state,

A=y "2~y ~'? atany finite r(#0), (7.47)
whenever
ve 'videte <A 7 (7.48)

an explicit ¢ independent expression of slowness. For a cur-
rent velocity within the intermediate regime, equivalently,

but wvp'videtp<A? (7.49)

we note in particular that the originally bounded conical

domain & , (Fig. 5) grows into intC _ itself; in the limit

(7.37)—(7.40) reduce to

4 [X 22y -7 atany finite reintC _, (7.50)
N "7 at any finite réClintC _, (7.51)

the complete steady state solution under (7.49). Finally, in
the case of the fast current, i.e.,

ve  'videte>A 2

vp 'videtp> 472, (7.52)
it is evident from Fig, 6 that

Z2°—intC_and £ *uZ ~—intC _rextC_ , (1.53)
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in the course of which #,,%#,,%, are repelled towards in-
finity by £, while #,...,.%#, and %, remain intact; from
(7.41)~(7.46), we deduce that in the steady state,

A:

2y ~ 2 _27 -2 atany finite reintC _, (7.54)
2y 2 at any finite reintC _ nextC _ ,(7.55)
0 at any re% ..., % ;, Ry (7.56)

Now, in y space, £ is a sphere while £ is a prolate spher-
oid. Consider the fundamental propagation with v = 0. [NB
Although, by (2.14), E,, = 0 when v = 0, the associated fun-
damental problem as posed by (2.15) with w = 0 and (2.16)
is, nonetheless, never a trivial one. In particular, its ¢ solu-
tion as well as the inducing A4 quantity, both related by
(2.35), remain nontrivial.] The function y= A %y ? is spheri-
cally symmetric about y = 0, while y = 4 ;¥ like the sur-
face £, is axisymmetric about the y, axis, i.e., the uniaxis.
The net effect measured by the corresponding 4 solution of
(7.34)—(7.36) is consequently axisymmetric about this
uniaxis. It is within this context, and with reference to the y
frame, that our terminology of compounded uniaxiality ap-
plies. Strictly speaking, unless the current velocity is orient-
ed along the uniaxis, it disrupts such a fundamental uniaxia-
lity, causing y and hence ¥ to be axisymmetric about the w
direction instead in y space. It additionally causes y and
hence ¥ to be axisymmetric about the W direction in § space.
However £ and £, being independent of current velocity, re-
main unchanged.

We shall next verify that the fundamental uniaxiality
can be recovered by aligning the current flow along the
uniaxis, viz.,

v= % |v| [by] " b, = + [v| [by |~ I(O’O’I)Pl/z’(7-57)
i.e., by (2.6) and (2.28),
w= (0,0w;), w=4 ~'4,(0,0w,),

with
wy = + |v| |by| ~ '(detp)'2 (7.58)
Hence from (3.40) and (7.3),
Y=A2—w)(s] +53)+A7%;
=AP-w)1 +23) + 4705 —wst ), (7.59)

Y=@A3—W)(si +53) +4 74583

=AW +3)+4 AT —wit )
(7.60)

which are obviously axisymmetric in y space about the y,
axis. Thus we recover the fundamental uniaxiality. Note that
y and y are also axisymmetric about the s, axisin s space. As
the current conductor obviously passes through a contact
point between & and £, only two current velocity regimes are
admissible, viz., the slow and fast regimes, corresponding to
which the respective solutions are given by (7.34)—(7.36) and
(7.41)(7.46).
We now turn temporarily to the situation wherein

M = N =1Iin (4.1), i.e., € and p are diagonal (such a restric-
tion being abandoned elsewhere throughout this paper). In
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particular, one can presently take

m? 0 0
p2=1 0 u? o (7.61)
0 0 ‘u;/z

Whence, (2.3)and (2.4) yield A “2=¢€, u '(v=1,2,3), s0
that the compounded uniaxiality criterion of (2.19) simpli-
fies to

€6 '=pp; (7.62)
which represents the criterion exploited by Besieris,' Ma-
jumdar and Pal,'* Lewandowski.*' From (4.2) and (7.18),

X =X =1x, V=V =y. According to (4.7) and (7.19),

(detp) Y p; 'xj=A1%7

=123
(dete) 2 € 'x]=4""?

j=123

are the new equations for £ and £; these now share common

permittivity and permeability principal axes x,, x, and x;.

The new uniaxis is the principal x, axis through the én &

contacts of (7.31) which now occuratx , = +pu;"'?

X €5 2 (0,0,1). As in the general case, axisymmetry of the

fundamental structure normally exists only in the y space.

However, should (7.62) be satisfied by e, =€, andpu, =pu,,

this axisymmetry extends into the x space.

(7.63)

8. CONSTANT y SURFACES

As we already know, when vtcexts, the function y takes
the constant zero along the tangent surface C,uC. and no-
where else. In the case: vzeinté, however, y never vanishes. A
point of curiosity therefore arises. This concerns the possible
existence of other surfaces of constant y values, particularly,
positive y values. Such surfaces would then be symmetry
surfaces of ¥ within the domains wherein Y30 and is non-
singular. They need not, however, be surfaces of constant &,
e.g., due to the latter’s discontinuity across £ when vzcexté,

We need a certain canonical representation for y. First
we perform on the s frame of (2.7) a rotation with orthogonal
matrix K: K 7= K ~ 'and detK = 1, until we arrive at the s*-
frame:

s* = (st.s%,5%) =sK 8.1
The third column of K is chosen to be the vector w “|w| ~'
with unit magnitude compatible with orthogonality. Then
s* = s-w|w| ~ ; also s* 2 = s 2. Whereupon, defining the di-
agonal matrix

A2 —w 0 0
H=| o i*—-w o], (8.2)
0 0 A
(3.40) leads to
y=s*Hs*" =rGr” detp, (8.3)
where
G=p~ *KHKp~ 2. (8.4)
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Clearly,

GTEp. - I/ZK(P - V2KH) TEP‘ - VZK(KH) T‘H - 12=gq,
(8.5)
which is therefore symmetric and so possesses real eigenva-

lues G,, G,, G,, say. Furthermore, according to the princi-
pal axes theorem,

G, 0 0
L-GL=|0 G, o], (8.6)
0 0 G,

for some orthogonal matrix L: L” =L ~'and detL = 1,
say. By (8.2), (8.4), and (8.6), then,

G, G, G, =detG=(detH) (detp) ~'

=A2(A? —w)*(detp) 7, 8.7
a positive value. Hence either
G, >0, G,>0 and G,>0, (8.8)
or two of the G;’s are negative and one is positive, say,
G, <0, G, <0 and G, >0. (8.9

We next introduce a new coordinate r* frame derived from
the r frame by a rotation with the orthogonal matrix L:

r* = (r5r¥r¥) =rL. (8.10)
Thus, (8.3) becomes
Y=(detp) Y G r¥, 8.11)

j=123

the desired canonical form. For any real constant y,,,

X=X (8.12)
is now recognized as the equation of a quadric surface Q,
centered at the current edge r = 0 and whose principal axes
are the r}* axes. By letting y, range over suitable values, we
generate a family {Q, } of quadric surfaces of constant y
values. Within this context, we say that the function ¥ pos-
sesses quadrical symmetry. The analogy associated with
(7.22) and (7.23) implies that the complement ¥ is, likewise,
quadrically symmetric.

According to (8.3) or (8.11), Q, is time invariant rela-
tive to the translated r or r* frame, i.e., it is transported,
without change, with the current edge. Now as we already
know, the ellipsoidal wavefront £ not only expands in rela-
tion to the x frame, but also retreats from r = 0. Inevitably,
at some stage, it makes contact with Q, . We seek more infor-
mation on the modes of contact, the subsequent intersections
between @, and £ as well as the time durations of such inter-
sections which will, among other things, indicate whether
they persist indefinitely or terminate eventually. Some of
these questions will be answered in Secs. 9 and 10. Signifi-
cant physical situations arise only under y,, >0, which we
tentatively assume.

The fundamental case where v = 0 is special; since
r =X, (4.21) reduces to

(8.13)

which identifies Q, as an ellipsoid similar to and concentric
with £. However, unlike &, Q, is a time-invariant ellipsoid. It
is crossed, with complete instantaneous coincidence, by the
expanding £ when ¢ = y.?°4 — 2

y =A%xp " 'x"detp,
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Hereafter, we assume that v#£0, i.e., w#0. From (4.8)
and (4.9), we deduce the following whenever £ meets Q, .
Regarding s* of (8.1), its third component

P (8.14)
where

|wis* * =12 — w)t + y\/% (8.15)
furthermore,

¥ s L (s wr )Y =A% (8.16)

We then go on to conclude that £ may meet O, along, at
most, two possible sets of s* points, viz.,

{s**} and {s* } : s*= = (sko skt s%t), (817)
with s¥ * given by (8.15) while

w (st ) + (s ) ]=[Ae (v = 21) — 1]

X [Ar(fw] +4) + 1], (8.18)
w (st )+ (s Y= (w] —2) +x.]
X[Ar(wl +4) —x)?]. (8.19)
The meeting along {s* * } occurs if and only if
(55 )2 + (s3 % )°>0. (8.20)
Equation (8.14) is equivalently
r(vp ~ Ddetp = |w|s¥ *; (8.21)

i.e., any single meeting between £ and Q,, under (8.20) occurs
on a plane /7 * having an invariant orientation with its per-
manent unit normal '

i (8.22)
However, according to (8.15) and (8.21), /T * is a traveling
plane with instantaneous distance

07 )=y

(8.23)

measured from r = 0. More precisely, we deduce from
(8.17)—(8.19) that if the strict inequality in (8.20) holds, then
the meeting on /7 = occurs along a time-dependent closed
circuit with equation

[e(kp = )P+ [r(opn 2

= (detp) ~'[(s¥ )’ + (s¥*)*], (8.24)
where k, and k, denote, respectively, the first and second
rows of the matrix K 7.

At this stage, we suspect that when the equality in

(8.20) holds, £ touches Q, tangentially. To test this, we first
verify via (2.5) and (7.6) that

(detp) ~jyp = 7w |sE ]

V{yw—A%)> =2(detpn)"*(yw—A%) w; a;,
= 1,2,3
’ (8.25)
which is then applied together with (7.26) to (4.9) to get
Vi —x.)=21%(det)"? ¥ a(y, —wt)
j=12,3

_+_ 2(dew)1/2

(w;y — wy;)w'a, .
j=T123

(8.26)

Now, suppose the equality in (8.20) holds. Then
sttt =0=s¥*, so that by (8.17), £ meets Q, whenever
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s* = (0,051 *), (8.27)
i.e., via (8.1),

s= (0,0,s%* )K" = w|w| ~ls¥*, (8.28)
or

y=wlw| " '(st* +|wlr). (8.29)
Thus,

wy=wy, (j=123). (8.30)

Since ¢ > 0 and it is implicit that the x point v#¢£, then (8.16)
discloses that s¥* * 20 and s* * + |w|t #£0. Whereupon, ap-
plying (8.29) and (8.30) to (8.26) and comparing with (7.27),
we deduce that if

n(@,) = X=X (8.31)
IV —x»)
the instantaneous unit normal to @, , then
n(Q, )sgn(s¥* + |w|t) =n(& )sgns} * (8.32)

at the encounter £nQ,,. Hence this encounter is indeed tan-

gential. Now, from (2.6) and (7.6),
w = (detp)'*(va],vaj,vaj ); (8.33)

also,

S afa=pl. (8.34)

j=1,2,3

Then using (8.29), we have

S oy e =v (detp) 2 w| T (sHE + [wlt ).
,3

j=1.2
(8.35)
Consequently, by (7.27), (8.32) and (8.22):
n(Q,)=vp '[vu [ 'sgnst* =n(/T 7 )sgnst ¥,
(8.36)

i.e., as should be expected, IT = serves as a common tangent
plane at the contact between £ and Q, . Finally, we establish
from (8.28), (2.5)~(2.7) and (4.20) that this contact occurs at

(8.37)

which lies on the current axis. It corresponds to the single
element of {s**}.

r=vjw| " 's¥*,

9. HYPERBOLOIDAL SYMMETRY

In this section, we shall extract specific details on the
quadric surface @, of constant y( = y, ) for the case where
the current edge vreexts. Here, the function y vanishes ev-
erywhere on the tangent surface C = C , u C_ and, accord-
ing to (5.7) and (5.9), changes sign across C. This phenom-
enon together with the canonical form of (8.11) rule out
possibility (8.8). Thus only (8.9) is admissible. As ¥ =0
throughout extC _ nextC . , we shall restrict all interests to
intC_ uintC | wherein y > 0. In particular, the symmetry
quadric surface Q, lies within intC _ vintC , if and only if
Y. > 0. Its equation is, therefore, by (8.11),

|G3|r$* — |G, [$? — |G, |r¥* = |y, [(detp) ', (9.1)
i.e., @, is a hyperboloid of two sheets confined within
intC_ uintC _ to two subdomains:
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I >y 12 1G5 |~ 2 (detp) ~ 72 (9-2)

One sheet Q 7, say, lies inside the tangent cone C. which
serves as the asymptotic cone to Q ;. The other sheet Q
lies inside the complementary cone C., the asymptotic cone
toQ.F.

Evidently, Q ;' never meets £. However, according to
(8.18)—(8.20), a meeting along {s* ~ | between £ and @
occurs if and only if

t>t _, where t_ =y?A " '(|lw|+4)"" (9.3)
moreover, another meeting along {s* * | arises if and only if
t>t,, where ¢, =y!2A " '(jw—4)"'. (9.4

Clearly, t . represents an instant where an encounter be-
tween £ and 0, originates tangentially. Sincer, >¢_,the
tangential contact at t = ¢ _ precedes thatatr =7 . Once
each encounter is achieved, it is never broken. From (9.3),
(9.4), (8.15), and (8.37), it can be deduced that both tangen-
tial contacts occur at the same r location, viz.,

(r)1=1 = (l'),;,{ = —VX:,H/{ N l|W| - l. (95)

This repetition should of course be anticipated from our
knowledge that both such contacts must occur along the
current axis which intersects Q |~ exactly once, plus the fact
that Q . (as well as Q ") is invariant relative to the r frame.
Now

[ve | = |vly}2A '(wl+4) < r|,_, , (9.6)

i.e., the preceding tangential contact occurs directly on the
left extension of the current path away from the latter’s ini-
tial origin at x = 0. However

Ve, | = Ivixr”A AWl =) T > el O

i.e., the succeeding tangential contact occurs directly along
the “lighted” portion of the current conductor.

A time sequence relative to the r frame can be conve-
niently constructed by first translating each of the observed
phenomena depicted, over different instances, in Fig. 3 until
the various C. cones with parallel generators coincide.

Cc.

FIG. 7. Cuse vteext£: Three stages of development of ¢ during its approach
towards and subsequent interaction with Q  ,viz.,t<t ,t <t<t,,
t>t, . Thecurrent axis intersects O, at the common r location of the two

tangential contacts expressed by (9.5). The complementary hyperboloidal
sheet Q" and its asymptotic cone C ' are not displayed. (NB The vector v¢

is shown explicitly forz<¢ )
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FIG. 8. Hyperboloidal symmetry throughout the time range t> ¢ | .

Meanwhile the centers of the corresponding & ellipsoids
must become detached. The resultant effect is the same as
that of a medium moving with velocity — v past a stationary
point source at r = 0. The various stages are portrayed in
Fig. 7. Originally, during r <t , £ is apart from Q |~ but is
approaching Q . and is expanding simultaneously. It first
touches O,  atinstant ¢ _ , at the r point given by (9.5), and
thereafter, over the period (¢ _ ,z , ), maintains a continual
intersection with Q .~ along an expanding closed circuit on
the moving plane /7~ with the invariant unit normal of
(8.22). However, the left propagation of the expanding &
brings it eventually into tangential contact again with Q | at
instant ¢, and at the same r point of (9.5). As with the first
tangential contact, this second contact immediately devel-
ops into a closed circuit. The latter expands, throughout
t>t, , along another moving plane /7 " parallel to and
trailing /7, . The plane IT * and its particular circuit of
intersection with & are described respectively by (8.21) and
(8.24), together with (8.15), (8.18) and (8.19).

Figure 8 provides a detailed instantaneous representa-
tion over the partially infinite time range >, . Along
those finite portions of Q - within & * and int¢, ¥ pos-
sesses a Ayperboloidal symmetry with respective constant
values 2y, ', ¥, '/*. But along those indefinite continu-
ations beyond &, viz., broken line portions of Q ", ¥ = 0.
Likewise, ¥ = 0 along the other sheet Q ;' (broken line sur-
face) of the hyperboloid inside the asymptotic cone C | . The
r¥ axis is the axis of the hyperboloid,; it is generally inclined
to the current axis, the actual inclination being, in principle,
determinable via (8.2), (8.4), (8.6), and (8.10). The inclina-
tion depicted in Fig. 8 is acute. This is incidental. It may well
turn out to be obtuse; nevertheless, our main interpretation
remains effective.
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I
X=X,

L&)
X=X,

i)
fX=X1

FIG. 9. Variation of y across colevel elliptical cross sections of Q| sheets.

Consider the subfamily { Q. } of hyperboloidal sheets
generated inside C_ by letting y,, run over suitable positive
values. Suppose Q 7,0, ,Q 5 ,- represent a sequence of
sheets encountered via a retreat from C. towards the #¥ axis
(see Fig. 9). Now, for any ¥ satisfying the strict inequality in
(9.2), y takes the constant value y,, along an ellipse I', (r¥),
the intersection of Q , with the plane at distance |r¥} from
the point r = 0. Furthermore, if the same strict inequality
holds over the various v's, this plane intersects {Q ] to
form a family of colevel concentric ellipses {I", (r¥)}. We
now deduce from (9.1) that

(9.8)

Evidently, at any r¥-level, y increases through the values
X15X2» as point r traverses the ellipses Iy (#¥),1, (7% ),
to reach, ultimately, the #¥ axis, thereby attaining a maxi-
mum value |G, |r¥*detu. However, y is unbounded inside C..
Observe, on the other hand, that ¥ stays bounded inside C..
Consider, next, an elliptic cylinder of uniform cross sec-
tion, a typical cross section at level 7¥ = r¥,, say, being cir-
cumscribed by the ellipse I', (%, ) where the cylinder inter-
sects the hyperboloidal sheet QO ;= (see Fig. 10). Along
I, (r%,), y therefore takes the constant value y, . Along the
surface of such a cylinder, y depends solely on the axial co-
ordinate r¥. In particular y, again increases through
Y15X2 X3 this time, indefinitely and as the axial coordi-
nate r¥ runs over r¥, ,r% 7%, In these respects, we say that
- y exhibits an elliptical axisymmetry.

O<y, <X: <X; << |Gy |r¥detp.

10. ELLIPSOIDAL SYMMETRY

We shall next examine Q, in the case where vzeint£.
Here, (5.20) holds for the canonical form (8.11) so that (8.9)
becomes incompatible. Rule (8.8) now applies instead. There
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R(Fav):x’X1

L{fie): x=x,

L) x=x,

FIG. 10. Elliptical axisymmetry: Single parametric dependence of y on r¥
along an elliptic cylindrical surface.

is another way of viewing this: the real symmetric matrix H
of (8.2) is positive definite as its eigenvalues

A%2>0, A% — w(repeated)>0

in view of (5.19); also, the real matrix p ~ '/’K is nonsingu-
lar; consequently, the matrix G of (8.4) is positive definite so
that its eigenvalues G, , G,, and G, do satisfy (8.8). Thus,
assuming y, > 0, the central quadric Q, governed by (8.12)
is presently an ellipsoid.

FIG. 11, Case vt € int£: Three stages of development relative to the r frame,
viz., t<t_,t_ <t< |t, |,t> |z, | Thecurrent axis intersects Q, at the
two symmetric r points (r), _ and (r),., - The closed circuit (of intersection)
£n Q., which originates and terminates at these two points and propagates
with the plane .4/7 -, is represented over four different instances during the
course of its expansion and subsequent contraction within the period
t_o<t< |t |
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Again, Q. plays a significant role only if it supports
nontrivial values of ¥, which we know exist strictly inside
the ellipsoid £. The latter’s variable geometric relationship
with @, is therefore an important factor again. Let us con-
sider developments relative to the r frame. Now £ travels and
grows from an origin initially coincident with the center, at
r = 0, of the invariant ellipsoid @, . Hence, it first evolves
inside Q, which meanwhile plays an insignificant role. How-
ever £ must eventually cross Q, which then acquires signifi-
cance as a surface of constant ¥ (£0). To discuss the matter
on firmer grounds, we appeal to (8.18)-(8.20) which dis-
close: no meeting can be associated with {s * |, while a meet-
ing along {s} occurs on the plane /7 | if and only if

(10.1)

with ¢ | formally displayed in (9.3) and (9.4). The equality
signs correspond to two tangential contacts. According to
(8.15) and (8.37), and in direct contrast to the situation
posed by (9.5), both these contacts occur at two symmetric r
locations, viz.,

o |t

b

(1), = —w 4 "w["L () = N w]

(10.2)

Developments are schematically presented in Fig. 11.
In a primary stage, the evolution of £ inside Q, progresses
until the instant ¢+ when tangential contact between both
ellipsoids is first established at r = (r), , directly on the left
extension of the current path. Thereafter, in the course of its
translation and growth, § intersects Q.. along a closed circuit
on the plane 77~ with its normal constantly paraliel to
vu ' As IT 7 propagates in the general direction of v, the
closed circuit of intersection expands, initially from its origin
atr = (r), , and then contracts again. Ultimately, it degen-
erates at instant |¢ , | onto the diametrically opposite point
r = (), where the encounter between & and ¢, turns tan-
gential again, this time along the yet “unlighted” part of the
current conductor. Immediately, then, £ breaks contact per-
manently with Q. From (8.15), (9.3) and (9.4), we see that

=30+, (10.3)

i.e., in view of (8.23) and (10.2), /T | crosses the current edge
at a mean instant and mean location in relation to contact
making and contact breaking. Throughout ¢> |7, |,

int£ O Q. , along which the corresponding ¥ solution of
(4.18) takes the constant value y ;= '/2. However, during

t <t< it, |, W=y, ""*over that portion of Q, inside £,
but vanishes identically over the complementary portion

|w|s¥*~ =0 when
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outside £. Thus ¥ is ellipsoidally symmetric. As in the pre-
vious situation with hyperboloidal symmetry, one can go on
to demonstrate an elliptical axisymmetry of y.
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Stability of streets of vortices on surfaces of revolution with a reflection

symmetry
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Helmbholtz’s theory of ideal vortex motion in two dimensions is generalized to flows on curved
surfaces. The existence of a generalized vortex stream function is proved and used to generate
conservation laws. In particular, the angular moment of circulation is related to invariance under
scale transformations. The theory is used to derive criteria for stability of vortex streets on
surfaces of revolution having symmetry under reflection in a plane whose normal is the axis of
revolution. For the special case of the sphere it is found that only those vortex streets having six
or fewer vortices per ring can be stable and that, in contradistinction to the results of von
Karman, both symmetric and staggered vortex streets can be stable.

1. INTRODUCTION

The theory of vorticity is a field theory and, as such, is
governed by partial differential equations. Helmholtz,' how-
ever, pointed out that under the restrictive assumptions of
perfect, incompressible, two-dimensional flow in which the
vorticity is concentrated at / isolated points, the problem of
determining the fluid motion is reduced to the solution of a
system of first-order ordinary differential equations. Lin?
proved that this system can be put into Hamilton’s form
provided that all boundaries are rigid. The Hamiltonian is
called the vortex streamfunction and is closely related to the
kinetic energy of the fluid.’

Lamb, in his well-known text,* briefly outlines a meth-
od for determining the motion of vortices on a curved surface
under the assumption that the depth of the fluid is small in
comparison with the principal radii of curvature of the sur-
face. It is the purpose of this paper to examine such vortex
systems in more detail. After defining the velocity field (Sec.
2) and the velocity (Sec. 3) of a vortex the equations of mo-
tion are derived and it is shown that for a large class of sur-
faces an analog to the vortex streamfunction exists casting
the equations of motion into symplectic form (Sec. 4). The
constants of the motion associated with simple symmetries
of the surface of flow are compared to with those of a vortex
system in the plane (Sec. 5). The connection of the angular
moment of circulation with invariance under scale transfor-
mations is also discussed. The theory is then applied to vor-
tex streets on surfaces of revolution having symmetry under
reflection in a plane whose normal is the axis of revolution
(Sec. 6). Criteria for their stability are derived and it is found
that in the particular case of the sphere there are both sym-
metric and staggered stable configurations, in contradistinc-
tion to the results of von Karman for infinite vortex streets in
the plane.’

Ideal vortices have been used for many years to model
atmospheric cyclones but almost exclusively in the tangent
plane approximation (i.e., the surface of the earth in the im-
mediate vicinity of the cyclone is assumed flat).5 The atmo-
sphere is assumed of constant density and very close to hy-
drostatic equilibrium so that its thickness is nearly uniform.
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The cores of the vortices are assumed sufficiently large that
the velocities induced by bending of their cores’ is negligible.
It is tempting to try to extend such theories beyond the tan-
gent plane approximation by means of the methods intro-
duced in this paper. Unfortunately, none of the models is
then acceptable because the variation of the Coriolis param-
eter with latitude cannot be included satisfactorily. In par-
ticular, the Coriolis terms create a source of vorticity so that
the vorticity is no longer advected by the velocity field. It is
also observed that at mid-latitudes the wind is nearly geo-
strophic (pressure gradients balance Coriolis forces), where-
as geostrophic flow and potential flow are incompatible un-
less the Coriolis parameter is constant.!® One must conclude
that the vortices treated in this paper would not provide a
satisfactory model for terrestrial cyclones. However, they
might still be used as a first approximation for cyclones in an
atmosphere in which the Coriolis force is not predominant.

2. IDEAL VORTICES ON CURVED SURFACES

We wish to examine flows on a surface characterized by
the Riemannian metric: g, (x',x) ,i = 1,2, j = 1,2, wherex'
and x? are some coordinates. In the limit that the depth of the
fluid is very small in comparison with the principal radii of
curvature of the surface, one may suppose that the fluid ve-
locity is everywhere tangent to the surface and does not vary
with depth. The fluid velocity can then be represented by a
covariant vector field ¥ .

It will prove convenient to choose coordinates x,y such
that

8, (x, ) =8,;h%(x, y)
The line element for the surface is then!
ds® = h *(x, y)(dx* + d y?) .

For simplicity is is assumed that the whole region of flow is
parametrized unambiguously by these “harmonic” coordi-
nates. This amounts to a restriction to those surfaces topo-
logically equivalent to arbitrarily connected sub-domains of
the complex plane.

Provided that the depth of the fluid is uniform the re-
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quirement for incompressible flow is

5 av, av
Vi=h "*x, )( + y)::O, 2.1)
dy
the general solution for which is
yo= 9% y - =2¥ 22)
ay : dy

for some real-valued function ¥ (x, y) having continuous
mixed second-order derivatives in the region of flow.

The velocity field of a vortex at (x',x?) is defined to be
the incompressible velocity field having zero vorticity every-
where throughout the region of flow (henceforth denoted D)
except at (x'",x%), i.e., satisfying (2.1) and

eV, =2mydx' — xS — x*) 2.3)

where €'/ is the antisymmetric tensor density with €' = 1.y
is a constant known as the vortex strength. In harmonic co-
ordinates (2.3) becomes

Vv aV
: L =2 pd(x — x)8(y — ¥) 24)
dx dy

Substituting (2.2) into (2.4) one obtains
VY = —2m8(x —x)S(y — V), (2.5)

where \/* = 3°/3x* + &/3 y* and we consider only vortices
of unit strength.
If A (x, y;x', y") is regular throughout D and satisfies

A =0, (2.6)
then
1 4 (x, y;xl» yy=A x, ', y)

— il -xXY+ -2l Q@D
is a solution of (2.5) provided that the point at infinity lies
outside D. By suitable choice of coordinates this is always
possible unless there are no boundaries and the surface is
closed. Koebe'? has proved the existence of functions ¥ and
A satisfying (2.6) and (2.7) for arbitrary rigid boundary con-
ditions, while Lin? has proved their uniqueness and reciproc-
ity [i.e.,that ¥ (x, y;x', y') = ¥ (X', y';x, ¥)]. Thusthe velocity
field of a vortex is well-defined on all surfaces topologically
equivalent to multiply connected regions of the plane with
rigid boundaries.

For surfaces topologically similar to the sphere the
above definition is insufficient as it is impossible to have a
single point of isolated vorticity. Rather, there is a constraint
that the sum of all vortex strengths must vanish. (Choose a
closed contour. It divides the surface into two regions. The
path integral of the velocity around the contour is equal to
the integral of the vorticity in one region and the negative of
the integral of the vorticity in the other. This yields
27 2 ¥, = 0.) The function ¥ of Eq. (2.7) must therefore be
interpreted as the streamfunction of a two vortex system: one
with strength 1 at (x', y’) and one with strength — 1 at infin-
ity. Notice that a system of vortices at (x,, , y,) with respec-
tive strengths 7, .3y, =0, is still given by: vy, ¥ (x,, , y,)
as the vortex at infinity disappears due to the constraints on
the 7’s.

Since A is a real harmonic function in D, if D is simply
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connected there is a conjugate harmonic function

2 (x, y;x', ¥"), unique up to an additive constant such that
CE+iA)Y(x, yx',y) =g(z2), z=x + iy, is an analytic
function in D."* Moreover, g(z,2") — i In(z — 2") = ¢ (z;2") is
analytic everywhere in D except at z', and Im¢ = ¥. Thus, ¢
is a complex potential for the flow:

V., —iV, = @L(Z_) (2.8)
dz
It is unique up to an additive constant. The complex notation
will prove useful for the calculations in Sec. 6.

3. THE VELOCITY OF A VORTEX

If (x'(¢), y'(¢)) is the position of a vortex at time ¢, then
its (physical) velocity isu, = A (x', y)X";u, =h(x',y)y
where the dot denotes time derivative. One determines the
velocity of a vortex as follows.

The physical velocity field of a vortex is related to its
covariant velocity field by v, =4 = '(x, p)V, s,

=h (x,y)V, . Expanding the physical velocity field in
terms of (z — z')and (£ — Z ") (it is most convenient to use the
complex notation) one finds:

v, —iw,=h (zz)—2~ d¢(zz)
_ —ih l(z’,f ) idh Z,Z) -2z
B (z—2" oz z—2)
ChEEY) dg(z _1dh '(z',z")
dz
+0(|z—z|), 3.

where for convenience we have used the same symbol, 4, to
denote the metric function despite the change in arguments
from (x, y) to (z,2). The first term in (3.1) yields a velocity
field whose streamlines are concentric circles, the second,
one in which the fluid flows radially. Neither of these terms
prefers any direction and therefore cannot contribute to the
motion of the vortex. The third and fourth terms are uniform
fields in which the vorticity concentrated at z’ must be con-
vected according to the Helmholiz vorticity theorem.! The
higher-order terms all vanish as z — z’ so that they, too, can-
not contribute to the vortex motion. The velocity of a vortex
of strength ¥ at 2’ is therefore

u, —iu,=yh 'z _')— (g(z;z’)

tilnfh@n)] + 2 (z)) : (3.2)
¥

where ¢ *(2) is the complex potential for the flow due to ex-
ternal influences (e.g., other vortices). The first term gives
the motion induced by the presence of boundaries. For ex-
ample, for a vortex in the plane (# = 1) bounded by r = R,
(r=1x*+ »*}'», one finds ¢ (z;2') = iy In(z — 2')
+ iy In(R* — zz ') so that g(z;z') = iy In(R * — zz ") and
there is an induced velocity due to the boundary: u, — iu,
= —iyz'/(R?>—ZzZ'). Thesecond term gives the velocity
induced by the curvature of the surface of flow. In the case of
a closed surface with no boundaries these also include the
effects of the vortex at infinity.

For the more general case when a complex potential
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cannot be defined similar arguments yield for the velocity of
the vortex:

! ’ a r ’
Uy =7/h l(x’y)a_y'(A(x’y;x’y)

+ (A G p)] + f’ﬂ)
I4

’ ’ a ’ i
u,= _}/h 7'(XJ)EX—(A(J‘,}’;X,J’)

+L1In[A(x, )] +

Yrxp . (3.3)

14 y=

It might seem paradoxical that a vortex velocity field
should contain radial terms such as the second in (3.1). This
arises since v does not satisfy the divergence-free equation
/'v = 0, but rather \7-v = — v-\7 In 4 [from (2.1)]. By pro-
jecting onto the plane “fictitious” source terms are intro-
duced giving rise to the radial term.

4. THE VORTEX STREAMFUNCTION

Using (3.3), the equations of motion of a system of vor-
tices with respective strengths and positions 7, and (x,,, y,,) ,
n=1,..,N, are

. d ,
x)l:h 72(xn!yn)_—(Zykw(x’y;xk’yk)
c?y k

+ ynA (x’y;xn!yn) + %7/11 ln[h (x’y)])x:x”

Y=y,

0 a !
Vo= —h lz(x,.,y,,)——(Z?’kq’(x»J’;xk’yk)
ay\ %

+ 7. A & p5x,, 9,) + iy, In(h (x,y)])xﬂ” 4.1)
Y=y
(the prime denotes a sum over all k%4n).
Making use of the reciprocity of ¥ and A, (4.1) can be
rewritten

; _, 00
Xy = (?/nhz(xn’yn)) 13’]’_(x]9y1""’x1\lsyN)

_, on
l—(xl’yl"--’xf\”yfv); (42)

.}}n = - (ynh z(xn’yn))
ox

h

N
=13 3 7.V &0 YaiXe, Vi)

=1 k

+3 i Ve {A xu p0i%0s v0) + In[A *.,y)]} 4.3)

"= 1
2 is a generalization of the vortex streamfunction given by
Lin.?

As shown in Appendix A, (4.2) can be put in the sym-
plectic form: x = o~ 's7£2, where x is a 2N-dimensional
vector, o is a symplectic 2-form and 7 is the exterior
derivative.

In the absence of boundaries one has (again making use
of the complex notation),

d(zz2)= —iln(z—2"), g(zz)=0 “4.4)

and the equations of motion are
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. —1i dn[h(z,.z,
= h e Ty, SR

k Zn_zk n

4.5)
Routh' first drew attention to the properties of the vor-
tex streamfunction under conformal transformations. His
results were generalized by Lin? who showed that under the
conformal transformation z — Z, the vortex streamfunction
transforms as

, (4.6)

N=02+17,In

i

where tildes denote transformed quantities (Lin’s « is our
27y). Using (4.2) rather than Lin’s (5.1) and duplicating his
analysis, it is easily shown that on curved surfaces the vortex
streamfunction transforms according to (4.6) provided
h(z,Z) = h (£,Z). This ensures that the surface of flow re-
mains invariant under the transformation.

5. CONSTANTS OF THE MOTION

Since the equations of motion can be put in symplectic
form, there are conservation laws associated with infinites-
imal transformations which leave the vortex streamfunction
invariant. In particular, if § is a Killing vector for the surface
of flow which is respected by all boundaries, then symmetry
and the uniqueness of £2 imply that £2 is invariant under
translations along .

If, for example, s = h (x)then{, =0;&, = lisaKill-
ing vector with which is associated the conservation law

N
3 7 [0y, = const 5.1)

n=1

Ifh=h@)withr=(x*+ y)"?,thené, = — y;
&, = x is a Killing vector with which is associated the con-
servation law

N
S Va fh *(r )r ,dr, = const. (5.2)

n=1
For flow in the plane, (5.1) and (5.2) yield the conservation
of center of circulation and moment of circulation,
respectively.

The vortex streamfunction itself is conserved as a con-
sequence of the symplectic form of the equations of motion.

For the vortex systems in the plane there is another
conserved quantity known as the angular moment of
circulation

N
z 7/'1 (xn yn - ‘xn yn) = const. (53)

n=1
A generalization to curved surfaces is obtained as follows.
Suppose 4 is a homogeneous function of order 4, i.e.,
h (ax,a y) = a*(x, y) . Physically this means that the surface
is invariant under scale transformations (x, y) — (ax,a y). If
the boundaries are also invariant then the uniqueness of 2
implies that

2(ax,,ap,,..,ax5,aYn) =a" 2 (X, V1 Xn, Vn)
+ b (a) 5.4

for some constants vand b (a). Differentiating with respect to
a and putting a = 1 gives:
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N
D (x,, o2 + ¥, a2 )= v{2 4 const. (5.5)
n=1 axn a yn

Using (4.2) and the fact that £2 is a constant of the motion
one finds,

N
Eynhz(xn’yn)(x.n Y —xnyn):conSt7 (56)

n=1
which reduces to (5.3) when 4 = 1. Thus, the angular mo-
ment of circulation is a conserved quantity associated with
invariance under scale transformations.

6. STABILITY OF VORTEX STREETS ON SURFACES OF
REVOLUTION

The theory of the preceding sections is now applied to a
problem similar to the classic questions of Thomson'* and
von Karman®: Are double rings of vortices arranged sym-
metrically around the axis of a surface of revolution stable?

A surface of revolution is characterized by: A = h (r),
r = (x* + y?)'”?. Introducing the angular coordinate
¢ = arctan ( y/x) the line element becomes ds® = 4 *(r ) (dr

+ r%d ¢ %) . If in addition it is required that the surface be
symmetric under reflection in a plane whose normal is the
axis of revolution and which contains the line » = 1, the line
element must be invariant under the transformation
r— r ~ ' . This imposes the further restriction that

rh(r)=r h(r Y. (6.1)

The symmetries of such a surface suggest that the mo-
tion of a ring of vortices each with strength y, uniformly
distributed around the line » = r , and a similar ring with
vortices of strength — ¥ on the liner =r ', should be
especially simple. Such a configuration is called a vortex
street. There are two possible cases: staggered and
symmetric.

A. Staggered vortex streets

The vortices of a staggered vortex street are situated
initially at

r.=ro ¢=2min/N, n=1..,N,
r.=rg ' ¢=Q@Qm+ Dmi/N, m=1,.N,
strength — ¥ 6.2)

strength ¢,

or, in complex notation,

z, =r, exp[2min/N], n=1,.N, strengthy,
z,, =ry "exp[@m + Dmi/N], m=1,.,N,
strength — y. (6.3)

Trying a solution of the form
z, =r(t)expl@min/N) + iwt ],
z,, =r " \¢)exp{[@m + Dmi/N ] + icot } (6.4)

in the equations of motion (4.2) one finds:

N _ E - p(ro)
1472 2 2
where p(r) = 1 + [r h'(r )/h (r)], and the unit of time has
been taken to be r 24 %(r ,)/v . (6.5) also involves the evalua-
tion of the sums,

,  (6.5)

r¢)y=ro o=
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S {1~ exp @min/N)] - =} — 1), (6.6)
i {1 —xexp[@n+ Dmi/N]} '=N/1+xY)
no==1 (6.7)

(see Appendix B). The vortex street thus rotates rigidly
about the axis of revolution with angular velocity given by
(6.5).

To examine the stability of this configuration consider
small deviations from the motion:

z,(t) = [ro exp Qmin/N) +¢€,)}e, n=1,.,N

2, @)={ry "exp [@m + Dmi/N]1 +6,,(t)}e,
m=1,..,N 6.8)

Substituting into the equations of motion and expanding to

first order in the €’s and & ’s yields:

E'.n ___(2, (fn _ek)

7 {1 — exp [2mi(k — n)/N 1}*
A0 {1 —ry texp (Q0n —n) + Dai/N 1P
+ P(ry)e, + Q(r)é, exp (4min/N))

xiexp ( — 4min/N), (6.9
5"1 — (__ Z, (5m - ‘5k)
7 {1 — exp [2mi(k — n)/N 1}

Y, (6171 —en)
,,2::1 (1 —r2exp{[2(n —m) — 1]7i/N })?

Py D8, = Qs B, expl2@m + Dri/N 1)

+

xiexp[ —22m + Dmi/N 1, (6.10)
where
Pry=p(r)+(pr)— N —Y, (6.11)
Qry=irp'(r)+ p(rlo. (6.12)
The solutions are of the form
€, =aexp [2mi(1 + M)n/N + idt ]
+ bexp [2mi(1 — M)n/N — it ]
(6.13)
S, =cexp [@m+ D + M)mi/N +idt ]
+dexp [2m + 1)1 — M)mi/N —idt ] .
Substituting into (6.9) and (6.10) gives:
A+QUry)]a+4b+roT, w(r3)d=0,
Aa + [—/1—+—Q(r(,)]b+rf)T, »‘\4(’(2))0207
(6.14)

Ty s+ [—A+Q(r)]c+4d=0,
T, y(rida+Ac+ [A+Q@ry)]d=0,
where
A=S8,, y +Pry)+Ti(ry?)
=Q(ro)—IMWN—M)+N/(ry+rq ), (6.15)
Nt 1 — exp(—2milk/N)

SL: z -z

N-L)Y2-L),
[ — exp(— 2mik /N)]? ( X )

(6.16)
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T, (x)= ‘“xizTNﬁkaz(x; ))
N exp[(2k + 1)L7i/N ]
1 {1 — xexp [k + Dmi/N 1}
NxV—L[(L — Dx¥ — (N =L+ 1]
(1 +x") ’
L=1,.N, (6.17)
and where (6.1) has been used to evaluate P(r 5 ') and
QO(r; 1) . There are nontrivial solutions of (6.14) only if
a= +ridandb= +ric. Then
[’1 +Q(ro) 27T, _M(rtz))]a+Ab=0’
Aa + ["A +Q(r0)ir(2)T 7M(r(2))]b=0,
whence for nontrivial solutions:
/I%W:Fr?)[Tla m) =T () Ay +4°

- [Q(ro) ir(z)Tl »M(r(z))][Q(ro)i‘rng +M("<2))]

(6.18)

=0,
6.19)
A is real and the M th modes are stable if:
ré [Tl o-M(r(z)) - T, 7M("g)]2
> 44— [Q(ro) £ 7Ty 3)]
X[Qro)£r3T, u(r)]} (6.20)

Making use of (6.15)—(6.17), one finds that for the stability of
the staggered vortex street:

(2C+D)4g—2C+D)>0, M=1,.N, (621)
where
C=(Q—A)YN?=1ix(1 —x)—Lsech’(ly), (6.22)

D=r[T,, y(r3)+ T, _yu(r3)}/N?
_ xcosh [(1 —x)y] — (1 — x)cosh (x )
B 2 cosh’(t y) '

(6.23)
g=Q/N*°, x=M/N, y=Nlor{. (6.24)

Since the stability criterion is invariant underr , — r; 'and
under M — N — M, it is sufficient to suppose that {<x<1
and y> 0.

When x = 1 (M = N) then D = | sech’(}y) = — 2C
whence the lower signs in (6.21) require that for stability

(6.25)

The upper signs give a left side of zero. These modes corre-
spond to a small rotation of the system about the axis of

revolution, and to a small enlargement of the separation of
the rings of vortices. Both are stable modes. [Note that for
each M there are four modes since (6.19) is quadraticin A, .]

q <0

B. Symmetric vortex streets

The vortices of a symmetric vortex street are situated
initially at
r n =7 0

¢ =2min/N, n=1,.,N, strengthy,

r,=ry"', ¢=2mim/N, m=1,..,N, strength — ¢ .

(6.26)

Proceeding exactly as for the staggered case one finds that
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the configuration rotates rigidly about the axis of revolution
with angular velocity

ot N N pCo) (6.27)
1—r2y 2 2
and that it is stable if
(RE+ F)49* —2E+ F)> 0, M=1,..N, (6.28)
where
E=1x(1 —x) + Lesch® (1 y)
Fe (1 — x) cosh (x}{)—i—xcosh[(l—x)y] (6.29)
2sinh’ (1 )
q* =[4ro P'(ro) + p(ro)w*| /N2, (6.30)

Again we may suppose that 1<x<1 and y> 0.

When x = 1, E = 2F = lcsch’(} ) . The upper signs in
(6.28) then require that g* > 0 for stability. The lower signs
are interpreted as in the staggered case.

As shown in Appendix C, 2E + F> 0, so that the crite-
rion for stability is reduced to

4g* —2E—F> 0, M=1,.,N—1, ¢g*> 0. (6.31)

7. A SPECIAL CASE: THE SPHERE

Suppose the surface of flow is a sphere. Its line element
in spherical polar coordinates is ds* = R *(d@?
+ sin’*6d¢ *) . Introducing the coordinate r = tan(6) one
can rewrite the line element in harmonic form: ds*
=4R*(1 +r?) ~*(dr* + r’d¢ ?), whence
h(r)=2R(+r)" Y pr)=0—=rd/(1+r?
7.1

A. Staggered vortex streets

From (6.5), (6.12), (6.24) and (7.1):
Q= —}—itanh’(y/2N) + IN tanh( /2N ) tanh(l y) .

(7.2)

Treating y and NV as independent variables and differentiat-
ing, it is easily seen that:

g-Q—> Oify>0and N> 1. (7.3)

y

Thus, for each N there is exactly one y, such that
Q(yn,N)=0.Now, let @ = y/2N. Then one can write

tanha ( (1 + tanh’a)a )
- _ — ytanhl

e 4a \ tanha Y 2V
But

1<M"_h‘<}l <142 ifa>0

tanha

since

1< <l4+a ifa>0.

tanha

Therefore,

Q <Oifytanhly<l,ie, ify<1.55
@> Oifytanhiy>1+ y/2N.
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Let y*, tanh y*, = 1 + y*, /2N . It is easily shown that
d y*/dN<O . Moreover, y*, < 1.6 if N> 12. Checking

N = 1,..,,12 numerically one finds that y, < 1.6 if N> 3 so
that Q> 0 and the vortex street is unstable, if y > 1.6 and
N> 3.Ifyp < 1.6, then

4g —2C+ D
>4Q/N*>—2C> — N "> — 1+ 1IN ~> 4+ 1sech’ (1y)
> —3/(4NH +0.0297> 0 (7.4

if N> 5. Hence if y < 1.6 and N > 5 there is instability if
2C + D <0. Numerical analysis shows that if y < 1.6 and
x = 0.58 then

2C+D<}—1isech’ ) +D<0 1.5

Since dD /dx > 0(Appendix C), (7.4) holds for 1<x < 0.58.If
N> 6 there is always a mode with x < 0.58 [either M = 1NV

or M = XN + 1)] so that there is always an unstable mode.

Therefore all staggered vortex streets with N > 6 are unsta-
ble. Examining all other cases numerically one finds:

N =2,stable if 0 < y < 1.10, i.e, if 90°> 0 74.5°,
N =73, stableif 1.55 < y<1.63,ie,if74.6 < 0 <754,
N> 3, unstable.

B. Symmetric vortex streets

On the sphere
Q*= —1—Lttanh’ (p/2N) + N tanh( p/2N) coth ( y)

€ — 14 IN, since tanh(ax)/tanh x <1,
ifa<l. (7.6)

Therefore

4g* —2E+ F<(2N - 1)/N? —x(1 —x). 1.7
If N is even one can put x = , whence

4g* —2E+F< —(N*—8N+4)/N2< 0, ifN>7.

(7.8)
If N is odd one can put x = (1 + 1/N), whence
4g* —2E+F< —(N*—8N+3)/N*<0ifN>7.(79)

Therefore all symmetric vortex streets with N > 7 are unsta-
ble. Upon examining (6.31) numerically one finds:

N =2, stableif y> 4.245 ie.,6 <38.2".
N =3, stableify> 5.302,ie,68 <44.9°.
N =4, stableif y> 7.596,1i.e., 0 <42.3°.
N =5, stable if y > 10.430, i.e., 6 < 38.8"
N = 6, stableif y> 17.76, i.e,, 0 <25.7°.

N =1, unstable

One sees, then, that the curvature of the surface of flow
produces qualitatively different results than those of von
Karman for flows in the plane. In particular, there are both
staggered and symmetric stable vortex streets.
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APPENDIX A: MATHEMATICAL FORMALISM?S

Let M be a two-dimensional manifold with metric ten-
sor g. One may define a two-form o* by: o* = e(detg)'l‘ ,
where € is the antisymmetric tensor density withe'? = 1.
There is a natural extension of o* to a two-form on the 2V-
dimensional manifold M ¥, namely, the unique two-form o
satisfying: o(dx' X...Xdx"d y' X ...xd y")y =2 _ 7,
X o*(dx",d y"), where y, , n = 1,...,N, are constants. Note
that kero = 0 and o is differentiable everywhere. ¢ thus in-
duces a symplectic structure on M ¥ (N.B. \7o* = 0 since
nontrivial three-forms cannot exist on a two-dimensional
manifold).

Suppose now that 2 is some scalar functionon M V. A
natural flow is induced, the equations of motion of which are

id?:a '€ = gradf?, (A
where x denotes position on M * and ¥/ is the exterior de-
rivative. Notice that df2 /dt = \7f2dx/dt = o(£2,2) = 0 so
that £2 is conserved. In harmonic coordinates o* = & *(x, y)e
and (A1) becomes (4.2).

In harmonic coordinates, the requirement that G gener-
ate an infinitesimal coordinate transformation, X = gradG,

becomes:
., dG

X”: (Yrrhz(xn’yn))r y n= 1,...,N,
ay, (A2)
X7 = = (b y)) o2, m= 1N,
ax

n
These may be used to generate the constants of the motion in
Sec. 5.

APPENDIX B
All the special sums necessary for the calculations of
Sec. 6 can be evaluated easily once:
il exp(2wiMn/N)
Ry@) = 3 —Sp@mMn/N)
=1 [1 —zexpQRmin/N)]
z complex, M =1,..,.N (B1)

is known. Suppose first that |z] < 1. Then

N
Ry(2)= Y exp(2miMn/N)
1

x S kz* 'exp [2min(k — 1)/N (B2)
k-1

The infinite series is absolutely convergent allowing the re-

ordering of the sums:

Ry@= Skt
A -1

The second sum vanishes unless M + &k — 1 =r N, ran
integer.

EV: exp [2mi(M + k — Dn/N] (B3)

no-

Ry@= S N¢N-M+ Dz
ro= |
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= Nd /dz[z" ~M+'/(1 —2")]
_NIN-—M+ 12" M+ M — 2]
(1 -2y '

(B4)
Both the right side of (B4) and the right side of (B1) are
analytic in all regions of the complex plane excluding the
2N th roots of 1; hence, by analytic continuation, (B4)is valid
for all z.

To evaluate T,,(x) put z = xe™"

Sy = liml [Ry@) - Ry, ()],

which is evaluated straightforwardly using 1’ Hopital’s Rule.

APPENDIX C: PROPERTIES OF D AND 2E + F

a) Let f(x, y) = cosh[ y(1 — x)] + (1 — 1/x)cosh( yx).
Then

%L =x " ’cosh(yx)[1 — x y tanh( yx)]
x

+ y(sinh(px) — sinh( p(1 - x)))

> 0 ifl<x<1 and y<1.2/x.
One can always choose 1<x<3} whence if y < 1.6, f /dx > 0
and f(x, y)> f(, ) =0. Therefore, D = x f(x, y)
X csch’(1 y) > 0and 8D /9x = | csch®(} p)d/dx(x f)» O if
y< L6
b) Let g(x, ) = (1 — x) cosh(x y) + x cosh[(1 — x)

X y] — cosh(} y) . Then
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gi = x(1 — x)sinh(x y) — sinh[(1 — x) y] — Isinh} y
y

<}(2sinhl y) — Isinhly =0 ifi<x<1.
Therefore, g(x, )>g(x,0) = 0 whence 0< F<icosh} y
Xcsch®ly . Thus 2E + F>2E — F»1 + lesch’ly — Leoshl y
X csch’l y = 41 — sech} »)> 0
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ERRATA

Erratum: Exact solutions of some multiplicative stochastic processes [J.

Math. Phys. 20, 45 (1979)]
K. Wédkiewicz

Institute of Theoretical Physics, Warsaw University, Warsaw 00-681, Poland
and Department of Physics and Astronomy, University of Rochester, Rochester, New York 14627

Because of a printing error Eq. (2.4) should read:

ZLF ] = exp[ —4 [ dr dn () F )

F *(Tz))}.

XA (ry, TZ)(f(Tz)

Erratum: Note on the stability of the Schwarzschild metric

[J. Math. Phys. 20, 1056 (1979)]
Robert M. Wald

Enrico Fermi Institute, University of Chicago, Chicago, Illinois 60637

The first sentence below Eq. (10) should state domA4
Cdom4 2. Equation (14) should be corrected to read

J1rer o an<aigi 24 i gy

[That £, lies in domA ~ '“>—and thus that [[4 ~ /2 £, |[ is
finite—may be verified as follows. Except for the / = O scalar
case (where stability can easily be proven directly), for the
radiative modes of scalar, electromagnetic, or gravitational
perturbations, analysis of the static solutions shows that for

any C > compact support fo one can find a vector yedomA
such that Ay = £,. Thus £, Cdom4 ~' Cdomd ~ %]

Equation (19) should be corrected to read,

@ [ 1P+ R

+%J-ﬁ)Af()dr,+%f|ﬁ))zdn. (19)

The stability conclusions are, of course, unaffected.

Erratum: Characteristic surfaces and characteristics initial data for the
generalized Einstein—-Maxwell field equations

[J. Math. Phys. 20, 1745 (1979)]
Gregory Walter Horndeski

Department of Applied Mathematics, University of Waterloo, Waterloo, Ontario, Canada
(Received 4 September 1979; accepted for publication 3 October 1979)

The following remark should be added immediately be-
fore the last paragraph of Sec. 3.

Remark: Since the data presented in sets I-VIII is char-
acteristic, Eq. (2.12) implies that this data must satisfy a
further constraint, viz., that the 9X 1 vector appearing on
the rhs of Eq. (2.12) must lie in the image of the 9 X 9 charac-
teristic matrix. This condition is met by the data presented in
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sets I1, V, and VIL The data given in sets I and IV will satisfy
this constraint provided A4 = 0, in which case the resulting
data is a special case of the data presented in sets II and V
respectively. The data given in set VIII will satisfy the re-
quired condition when B “B, 5= — 1/k. At present it does
not appear to be possible to modify the data given in sets I1I
and VI to be compatible with the additional constraint.
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